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Preface 


The chief objective and central purpose of this book is TO PROVIDE MAXIMUM 
HELP FOR STUDENTS AND MAXIMUM SERVICE FOR TEACHERS. 


PROVIDING HELP FOR STUDENTS: 


The learning of algebra is of crucial importance. Without a solid foundation in 
algebra, all subsequent work in mathematics is seriously impaired. This book has been 
designed to improve the learning of algebra far beyond that of the typical and traditional 
book in the subject. Those who need help in algebra will find this text most useful for 
these reasons: 


(1) Learning Each Rule, Formula and Principle. 
Each important rule, formula and principle is stated in simple language, 
is made to stand out in distinctive bold type and is applied to one or more sets 
of solved problems. 


(2) Learning Each Procedure. 
Each algebraic procedure is developed step-by-step, with each step imme- 
diately applied to problems alongside of the procedure. 


(3) Learning Each Set of Solved Problems. 

Each set of solved problems is used to clarify and illustrate a rule or 
principle. The particular character of each such set is indicated by a title. There 
are more than 2700 CAREFULLY. SELECTED AND FULLY SOLVED 
PROBLEMS! 


(4) Learning Each Set of Supplementary Problems. 

Each set of supplementary problems provides further application of a rule 
or principle. A guide number with each such set refers a student needing help 
to the related set of solved problems. There are over 3300 ADDITIONAL 
RELATED SUPPLEMENTARY PROBLEMS. Each of these contains its required 
answer and, where needed, further aids to solution. 


(5) Understanding Each Chapter. 
Understanding is emphasized throughout the book. Introductory units in 
each chapter are used for this purpose. These units clarify the underlying ideas of 
the chapter which are essential for such understanding. 


(6) Enriching the Learning of Algebra. 

The work of students can be considerably enriched by the challenging ma- 
terials and problems contained in this text. These enrichment materials look 
ahead to the 10th and 11th years of mathematics and substantially enlarge the 
scope of the standard traditional course of study in algebra. 


(7) Accelerating the Learning of Algebra. 
The readiness and willingness of an able student will enable him to accelerate 
the algebra course and, through the use of this text, accomplish the work of the 
standard course of study in much less time. 


PROVIDING SERVICE FOR TEACHERS: 


Teachers of algebra will find this text most useful for these reasons: 


(1) Teaching Each Chapter. 


Each chapter has a central unifying theme, Each chapter is divided into two 
to twelve major units which support the central theme of the chapter. In turn, 
these units or chapter divisions are arranged in a graded sequence for greater 
teaching effectiveness. 


(2) Teaching Each Unit. 


Each of the chapter divisions is a master lesson. Each such unit contains 
the materials needed for the full teaching development of those principles and 
procedures which are related to the unit. 


(3) Teaching Sets of Solved Problems. 


(4 


— 


Using this text, the teacher and the class can completely cover many more 
solved problems. In so doing, the class will gain greater understanding of the 
way in which each principle applies in many varied situations. In order that 
lesson development may proceed from the simple to the more difficult, the solved 
problems have been carefully graded from one set to the other and also within sets. 

Furthermore, the text seeks to present the best solution or solutions of each 
problem. Where more than one method of solution is equally valuable, each such 
method is included. These methods have been selected on the basis of the author’s 
extensive practical classroom experience. 


Preparing Homework Assignments. 

The preparation of homework assignments is facilitated because the supple- 
mentary problems are related to the sets of solved problems. It is suggested that 
in class the underlying principle and the major steps used in solving problems 
be given greatest attention. At home, students can complete the solved problems 
and then proceed to do those supplementary problems which are related to the 
solved ones. 


OTHERS WHO WILL FIND THIS TEXT MOST ADVANTAGEOUS: 


The text can be used most profitably by many others besides students and teachers. 
In this group, we include (1) the parents of algebra students who wish to refer their 
children to the wealth of self-study materials available in the text, or who may wish to 
refresh their own memory of algebra in order to help their children directly; (2) the 
supervisor who seeks to accelerate select groups or to provide enrichment materials to 
supplement an algebra course of study; (3) the person who seeks to review algebra quickly 
and effectively; and (4) the person who seeks to learn algebra through independent study. 


The author acknowledges his deep gratitude to Mr. Henry Hayden for the artistry, 
arrangement and typographical design of each page of the book. These have added 
immeasurably to the effective presentation of its content. 


BARNETT RICH 


Brooklyn Technical High School 
April, 1960 
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Chapter 1 From ARITHMETIC ~ 
To ALGEBRA 


1. REPRESENTING NUMBERS BY LETTERS 
In this chapter, we are going to lead you from arithmetic to algebra. Underlying algebra as 
well as arithmetic are the four fundamental operations: 
1. ADDITION (sum) 3. MULTIPLICATION (product) 
2. SUBTRACTION (difference) 4. DIVISION (quotient) 
The answer for each operation is the word enclosed in parentheses. The answer in subtrac- 
tion may also be called the remainder. 


In algebra, letters are used to represent numbers. By using letters and mathematical sym- 
bols, short algebraic statements replace lengthy verbal] statements. Note how this is done in the 
following examples: 


Verbal Statements Algebraic Statements 


7. Seven times a number reduced by the same number I. in —n = 6n 
equals six times the number. 

2. The sum of twice a number and three times the 2. In + 3n = 5n 
same number equals five times that number. 


3. The perimeter of a square equals four times the 3. p =4s 
length of one of its sides. 


In the first example, '7n'' is used instead of "seven times anumber". When multiplying a 
number by a letter, the multiplication sign may be omitted. Multiplication may also be indicated 
by using a multiplication sign, a raised dot or parentheses. 

Thus, seven times a number may be shown by 7Xn, 7+n, 7(n) oF 7n. 

Omitting the multiplication sign, as in 7m, is the preferred method of indicating multiplica- 
tion, However, the multiplication sign may not be omitted when multiplying two numbers. "Seven 
times four" may be written as 7x4, 7-4 or 7(4) but never as 74. 


1.1. Stating Products Without Multiplication Signs 


a) 7Xy¥ Ans. Ty e) bxcexd Ans. bed 

b) 3x5xa Ans. 15a f) TX11xhxk Ans. TThk 
c)lxw Ans. lw g) zX8Xn Ans. 4n 

d) 10xrxs Ans. 10rs h) .OTxpxqxt  Ans...07Tpqe 


1.2. Changing Verbal Statements To Algebraic Equations 
Using letters and symbols, replace each verbal statement by an algebraic equation: 


a) If six times a number is reduced by the same number, the result must be five times the number, 
Ans. 6n —n =5n 


b) The sum of twice a number, three times the same number and four times the same number is 
equivalent to nine times the number. Ans, 2n +3n+4n = 9n 


c) Increasing a number by itself and 20 is the same as doubling the number and adding 20. 
Ans. n+n+ 20 = 2n +20 


d) The area of a rectangle is equal to the product of its length and width. Ans. A= lw 
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2. INTERCHANGING NUMBERS IN ADDITION 


Addends are numbers being added. Their sum is the answer obtained. 
Thus, in 5+3 =8, the addends are 5 and 3. Their sum is 8. 


Numerical addends are numbers used as addends. 
Thus, in 3+4+6=13; 3,4 and 6 are numerical addends. 


Literal addends are letters used to represent numbers being added. 
Thus, in a+b =8, a and b are literal addends. 


RULE: Interchanging addends does not change their sum. 
Thus, 2+3 =3+2 and 3+4+6 =4+6+3. 
In general , a+b =b+a and b+ct+a=atbtc. 
Interchanging addends may be used 
(1) to simplify addition. 
Thus, 25+82+75 by interchanging becomes 25+75+82. 
The sumis 100+82 = 182. 
(2) to check addition. 
Thus, numbers may be added downwards and checked upwards: 


add down check up 
148 148 

| 357 357 | 
762 _162 
1267 1267 


(3) to rearrange addends in a preferred order. 
Thus, 6 +c +a becomes a+bh+c if the literal addends are to be arranged alpha- 


betically. Also, 3+x becomes x+3 if the literal addend is to precede the numeri- 
cal addend. 


2.1. Interchanging Addends To Simplify Addition 
Simplify each addition by interchanging addends: 


a) 20 +73 +280 ce) 2+oate rt e) 1.95 + 2.65 + .05 + .35 
b) 42+113 +58 d) 1+ 224++t44 f) 9.4 + 18.7 + 1.3 + .6 
Ans. a) 20 +280+73 ce) 2+ itt ot e) 1.95 +.05 + 2.65 + .35 
300 +73 = 373 2+24=4t 2+3=5 
b) 42+58 +113 d) 1F+4+23844 f)9.4 +.6 + 18.7 + 1.3 
100 +113 = 213 2423 = 43 10 + 20 = 30 


2.2. Rearranging Addends 


Rearrange the addends so that literal addends are arranged alphabetically and precede nu- 
merical addends: 


a)3+b c)d+10+e e) 15 +x +410 g)wty +x 

b)ce ta | d)c+12+6 | f) 0 +s +r | h)b+8+et+a 
Ans. a)b +3 | c)d+e+10 | e)x +25 | g)wtxty 

b)ate d)bt+e+12 f)rt+s +20 hyat+bh+e+8 
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3. INTERCHANGING NUMBERS IN MULTIPLICATION 


Factors are numbers being multiplied. Their product is the answer obtained. 
Thus, in 5x 3 = 15, the factors are 5 and 3. Their product is 15. 


Numerical] factors are numbers used as factors. 
Thus, in 2x3x5 =30; 2,3 and 5 are numerical factors. 


Literal factors are letters used to represent numbers being multiplied. 
Thus, in ab=20, a and 5 are literal factors. 


RULE: Interchanging factors does not change their product. 
Thus, 2x5 =5x2 and 2x4x5=2x5x4. 
In general, ab=ba _ and cha =abc. 


Interchanging factors may be used 
(1) to simplify multiplication. 
Thus, 4x13x25 by interchanging becomes 4x25x13. 
The product is 100x13 = 1300. 


(2) to check multiplication . 
Thus, since 24x75 =75x24, 


24 check: 15 
x75 x24 
120 300 

168_ 150_ 
1800 1800 


(3) to rearrange factors in a preferred order. 
Thus, bca becomes abc if the literal factors are arranged alphabetically. Also, 
x3 becomes 3x if the numerical factor is to precede the literal factor. 


3.1. Simplifying Multiplication 
Simplify each multiplication by interchanging factors: 


a) 2x17x5 c) TEXT x4 e) 1.25 X4.4x4x5 
b) 25x19x4x2 d) 334x233 f) 83x 225 x34x4 
Ans. a) 2xX5X17 c) TEX4X7 , e) 1.25x4x4.4x5 
10x17 = 170 30x7 = 210 5x22 = 110 
b) 25x4x19x2 d) 3353 x23 f) .33x34x225 x4 
100 x 38 = 3800 100 x 23 = 2300 1.1x 900 = 990 


3.2. Rearranging Factors 
Rearrange the factors so that literal factors are arranged alphabetically and follow numerical 
factors: 
a)b3 byca c)di0e d)c12b e)15x%10 f)20sr g)wyx h)b35ca 
Ans. a)3b b)ac c)10de d)12be e) 150x f) 20rs sg) wxy h) 35abe 


4. SYMBOLIZING THE OPERATIONS IN ALGEBRA 


The symbols for the fundamental operations are as follows: 


1. ADDITION: + 3. MULTIPLICATION: x,(), *, no Sign 
2. SUBTRACTION: — 4. DIVISION: +,:, fraction bar 
Thus, +4 means "add n and 4". 4xn,4(n),4-n, 4n mean "multiply n and 4". 


n—4 means "subtract 4 fromn''. n+ 4, 7:4, a mean "divide n by 4". 
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RULE: Division by zero is an impossible operation. Hence, 2 is meaningless. 
Thus, 4+0 or x+0 is impossible. 


Hence, é or + is meaningless. 


Also, 2 is meaningless if n=0. 


4.1. Symbols In Multiplication 
Symbolize each using multiplication signs: 
e) 5 multiplied by a and the result divided by b 


a) 8 times 11 c) 6 times c 
b) 8 times x d) 8 divided by x f) d divided by the product of 7 and e 
e) 3s 


Ans. a) 8x11, 8-11, 8(11) or (8) (11) c) bec or be (avoid bxc) 
b) 8x or 8x (avoid 8x x) d) 8 or 8+% g is preferred) f) ee 


4.2. Division By Zero 
When is each division impossible ? 


a) 32 b & efi dy 


Ans. a) if b=0, b) if ¢ =0, c) if x=5, d) if x=0 or y =0 


5. EXPRESSING ADDITION AND SUBTRACTION ALGEBRAICALLY 


In algebra, changing verbal statements into algebraic expressions is of major importance. 
The operations of addition and subtraction are denoted by words such as the following: 


WORDS DENOTING ADDITION WORDS DENOTING SUBTRACTION 
sum more than difference less than 
plus greater than minus smaller than 
gain larger than lose fewer than 

increase enlarge decrease shorten 
rise grow drop depreciate 
expand augment lower diminish 


In adding two numbers, the numbers (addends) may be interchanged. 
Thus, "the sum of n and 20" may be represented by n+20 or 20+n. 


But in subtracting one number from another, the numbers may not be interchanged. 
Thus, a number less 20" may be represented by n—20 but not by 20—n. 
Also, ''20 minus a number" may be represented by 20—n but not by n—20. 


5.1. Expressing Addition Algebraically 
If n represents a number, express algebraically: 
a) the sum ofthe number and 7 c) the number increased by 9 
b) the number plus 8 d) 15 plus the number 
Ans. a)n+7 or T+n c)nt9 or 9+n 
b)n+8 or 8+n | d)15+n or n+15 


e) 20 enlarged by the number 
f) 25 augmented bythe number 


e) 20+n or n+20 
f) 25 +n of n+25 


5.2. Expressing Subtraction Algebraically 
If n represents a number, express algebraically: 


a) the difference if the number is | e) the difference if 15 is subtracted 
subtracted from 15 Ans. 15—n from the number Ans. n—15 

b) the number diminished by 20 Ans. n— 20 f) 50 subtracted from the number Ans. n—50 

c) 25 less than the number Ans. n— 25 g) the number subtracted from 50 Ans. 50—n 


d) 25 less the number Ans. 25—n h) the number reduced by 75 Ans. n—15 
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5.3. Changing Verbal Statements Into Algebraic Expressions 


Express algebraically: Ans. 

a) the no. of lb of a weight that is 10 lb heavier than w lb a)wt+il0 
b) the no. of mi in a distance that is 40 mi farther than d mi by) d+40 
c) the no. of degrees in a temperature 50° hotter than ¢ degrees c)t+50 
d) the no. of dollars in a price $60 cheaper than p dollars d) p—60 
e) the no. of mph in a speed 30 mph (miles per hour) faster than r mph e)r+30 
f) the no. of ft in a length of / ft expanded 6 ft fy l+6 
g) the no. of 02 in a weight that is 10 oz lighter than w oz g)w—10 
Ah) the no. of yd in a distance that is 120 ft shorter than d yd h) d—40 


6. EXPRESSING MULTIPLICATION AND DIVISION ALGEBRAICALLY 


WORDS DENOTING MULTIPLICATION WORDS DENOTING DIVISION 
multiplied by double divided by ratio 
times triple or treble quotient half 
product quadruple 
twice quintuple 


In multiplying two numbers, the numbers (factors) may be interchanged. 
Thus, "the product of n and 10" may be represented by n10 or 10n. The latter is preferred. 
In dividing one number by another, the numbers may not be interchanged. 


Thus, ''a number divided by 20" may be represented by on but not by 20 . 
Also, ''20 divided by a number" may be represented by 20 but not by a0 . 
6.1. Representing Multiplication Or Division 
What statement may be represented by each ? 
y Sw 
a) 5x b) c) 7 
Ans. a) 1. 5 multiplied by x b) 1. y divided by 5 c) 1. five-sevenths of w 
2. 5 times x 2. quotient of y and 5 2. Sw divided by 7 
3, product of 5 and x 3, ratio of y to 5 3, quotient of 5w and 7 
4. one-fifth of y 4. ratio of 5w to 7 
7. EXPRESSING TWO OR MORE OPERATIONS ALGEBRAICALLY 
Parentheses ( ) are used to treat an expression as a single number. 
Thus, to double the sum of 4 and x, write 2(4+x). 
7.1. Expressing Two Operations Algebraically 
Express algebraically: Ans. 
a) a increased by twice b a)a+2b 
b) twice the sum of a and b b) 2(a +b) 
c) 30 decreased by three times c c) 30—3c 
d) three times the difference of 30 and c d) 3(30—c) 
e) 50 minus the product of 10 and p e) 50—10p 
f) the product of 50 and the sum of p and 10 f) 50(p +10) 
§) 100 increased by the quotient of x and y g) 100 sie 


h) the quotient of x and the sum of y and 100 h) ya i00 
i) the average of s and 20 1) sie 
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7.2. More Difficult Expressions 


Express algebraically: Ans, 
a) half of a increased by the product of 25 and b a) 5 + 25b 
b) four times ¢ decreased by one-fifth of d b) 4c — g 
c) half the sum of m and twice n c) mee 
d) the average of m,r and 80 d) moreso 
e) 60 diminished by one-third the product of 7 and x e) 0- % 
f) twice the sum of e and 30 diminished by 40 f) 2(e+30) — 40 
g) two-thirds the sum of n and three-sevenths of p g) 2(n + =P) 
hk) the product of a and 5 decreased by twice the difference 
of ec and d h) ab — 2(c—d) 
i) the quotient of x and 10 minus four times their sum i) af — 4(x +10) 
7.3. Changing Verbal Statements Into Algebraic Expressions 
Express algebraically: Ans. 
a) a speed in mph that is 30 mph faster than twice another of r mph a) 2r +30 
b) a weight in lb that is 20 lb less than three times another of w lb _b) 3w— 20 
c) atemperature in degrees that is 15° colder than two-thirds another of t° c) 2 — 15 
d) a price in cents that is 25¢ cheaper than another of D dollars d) 100D ~— 25 
-e) a length in inches that is 8 in. longer than another of f ft. e) 12f+8 


8. ORDER IN WHICH FUNDAMENTAL OPERATIONS ARE PERFORMED 


In evaluating or finding the value of an expression containing numbers, the operations in- 
volved must be performed in a certain order. Note in the following, how multiplication and division 
precede addition and subtraction ! 


To Evaluate A Numerical Expression Not Containing Parentheses 


Evaluate: a) 3+4x2 b) 5x4—18+6 
Procedure: Solution: . 
1) Do multiplications and divisions (M & D) 1) 3+4x2 1) 5x4-—-18+6 
in order from left to right: 3+ 8 20 — 3 
2) Do remaining additions and subtractions (A & S) 2) 11 Ans. 2) 17 Ans. 


in order from left to right: 


To Evaluate An Algebraic Expression Not Containing Parentheses 


Evaluate x + 2y -= when ~=5, y=3, z=20. 


Procedure: Solution: 
1) Substitute the value given for each letter: 1) x + 2y =a 
_ 20 
5 + 2(3) 5 
2) Do multiplications and divisions (M & D) 2)5+ 6 —4 


in order from left to right: 


3) Do remaining additions and subtractions (A& S) 3) 7 Ans. 
in order from left to right: 
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8.1. Evaluating Numerical Expressions 


Evaluate: 
Procedure: a) 24+4+8 b) 24+8+4 c)8x6—10+5+12 
1) DoM&D: 6 +8 24+ 2 48 — 2 +12 
2) Do A&S: 14 Ans. 26 Ans. 58 Ans. 


8.2. Evaluating Algebraic Expressions 


Evaluate if a=8, b=10, x=3: 
Procedure: a) 4b — a b) 12x + ab c) 30 + 4 _ 2 
1) Substitute: 4x19-4 12x3+8x 10 Sxs+ixi-—2x3 
2) Do M&D: 40 -2 36 + 80 6 + 8 - 2 
3) Do A&S: 38 Ans. 116 Ans. 12 Ans. 
8.3. Evaluating When A Letter Represents 0 
Evaluate if w=4, x=2, and y=0: 
a) wxty b) w +xy c) wie d) ae, e) rer f) 7 
. . 4+0 2x0 2 4x2 
Solutions: 4x2+0 4+2x0 os 4 430 0 
4 o 2 8 
8 +0 4+ 0 2 4 4 0 
8 Ans. |. 4 Ans. 2 Ans. 0 Ans. > Ans. | meaning- 
less Ans. 


9. THE USES OF PARENTHESES: CHANGING THE ORDER OF OPERATIONS 


Parentheses may be used 
(1) to treat an expression as a single number. 
Thus, 2(xty) represents twice the sum of x and y. 
(2) to replace the multiplication sign. 
Thus, 4(5) represents the product of 4 and 5. 
(3) to change the order of operations in evaluating. 
Thus, to evaluate 2(4+3), add 4 and 3 in the parentheses before multiplying; 
that is, 2(4+3) = 2-7 =14. Compare this 
with 2-4+3 =8+3 =11. 


To Evaluate An Algebraic Expression Containing Parentheses 


Evaluate - (a+b) + 3a — 2 if a=7, b=2. 
Procedure: Solution: 
1) Substitute the value given for each letter: 1) 2(7+ 2) + 3-7 — a 
2) Evaluate inside parentheses: 2) 2-9+3-7— 2 
3) Do multiplications and divisions (M&D) 3) 18 +21-—1 


in order from left to right: 


4) Do remaining additions and subtractions (A &S) 4) 38 Ans. 
in order from left to right: 
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9.1. Evaluating Numerical] Expressions Containing Parentheses 


Evaluate: 
Procedure: a) 3(4—2) + 12 | b) 7— 4(14—6) | c) 8 +4(4+2) | d) 20-—5(4—1) 
1) Do( ): 3-2 +12 T— 4:8 8 +4°6 20 — 5:3 
2) Do M&D: 6 +12 74 8 +2 20 — 15 
3) Do A&S: 18 Ans. 3 Ans. 10 Ans. 5 Ans. 


9.2. Evaluating Algebraic Expressions Containing Parentheses 
Evaluate if a=10, b=2,and x=12: 


Procedure: a) 3(x+2b) — 30 b)8+2¢+x) | c) 3x—F(atb) 
1) Substitute: 3(12 +2°2)— 30 g + 2(2 + 12) 3-12 — 4(10 +2) 
2) Do( ): 3-16 — 30 8 + 2-17 36 —+-12 

3) Do M&D: 48 — 30 8 +34 36 —6 

4) Do A&S: 18 Ans. 42 Ans. 30 Ans. 


9.3. Evaluating When A Letter Represents 0 


Evaluate if w=1, y=4 and x=0: 


a) x(2w +3y) b) y(wx +5) egy t+2)+5 | d) wy +x) 
0(2-1 +34) 4(1°0 +5) 3(4+%4+5 ws — 1(4+0) 
0-14 4+5 £6445 4—4 
0 Ans. 20 Ans. 7 Ans. 0 Ans. 


10. MULTIPLYING FACTORS IN TERMS: NUMERICAL AND LITERAL COEFFICIENT 


A term is a number or the product of numbers. 
Thus, 5,8y,cd,3wx and rst are terms. 
Also, the expression 8y +5 consists of two terms 8y and 5. 
A factor of a term is each of the numbers multiplied to form the term. 


Thus, 8 and y are factors of the term 8y; 3,w and x are factors of the term 3wx. 
Also, 5 and (a+) are the factors of the term 5(a+b). 


Any factor or group of factors of a term is a coefficient of the product of the remaining fac- 
tors. 


Thus, in 3abc, 3 is the numerical coefficient of abe while abc is the literal coefficient 
of 3. Other examples are the following: 


NUMERICAL LITERAL 
TERM | COEFFICIENT | COEFFICIENT 


(1) 
(2) 


(3) 
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An expression contains one or more terms Connected by plus or minus signs. 
Thus, 2x, 3ab +2 and 5a—2b—7 are expressions. 


10.1. Expressions Containing Terms 
State the number of terms and the terms in each expression. 


a) 8abc Ans. 1term : 8abc 

b) 8+atbe Ans. 3terms: 8, a and be 
c) 8a tbe Ans. 2terms: 8a and bc 

d) 3h+c+d Ans. 3terms: 3b, c andd 
e) 3+bed Ans. 2terms: 3 and bed 

f) 3(bt+e) +d Ans. 2terms: 3(b+c) and d 


10.2. Factors Of Terms 
State the factors of the following, disregarding 1 and the product itself: 


a) 21. Ans. 3 and7 e) 3m Ans. + and m 
b) 121 Ans. 11 and 11 f) % Ans. £ and n 
c) rs Ans. r and s g£) at Ans. i and (n+3) 
d) 5cd = Ans. 5,c andd h) 3(x +2) Ans. 3 and (x +2) 
10.3. Numerical and Literal Coefficients 
State each numerical and literal coefficient: 
ayy | 6) 3 | cy | d).Tabe | e€) 8(atb) 
Numerical Coefficient: 1 4 4 7 8 
Literal Coefficient: y % w abe (a+b) 


11, REPEATED MULTIPLYING OF A FACTOR: BASE, EXPONENT AND POWER 


BASE !* PONENT — powER 


In 2°2°2°2°2, the factor 2 is being multiplied repeatedly. This may be writtenin a shorter 
form as 2° where the repeated factor 2 is the base while the small 5 written above and to the 


right of 2 is the exponent. The answer 32 is called the fifth power of 2. 


An exponent is a number which indicates how many times another number, the base, is be- 
ing used as a repeated factor. The power is the answer thus obtained. Thus, since 3°3°3°3 or 


3* = 81, 3 isthe base, 4 is the exponent and 81 is the fourth power of 3. 


TABLE OF POWERS 


The table of powers contains the first five powers of the most frequently used numerical 


bases 1, 2,3,4,5 and 10. It will be very useful to learn these. 


EXPONENT 


1 2 3 4 5 
1 
2 
3 

BASE 4 256 1024 
5 | 5 | 2 | 125 | 625 3125 
10 
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Literal Bases: Squares and Cubes Square 


The area of a square with a side s, is found by multi- 
plying s by s. This may be written as A =s* and read 
"area equals s-square''. Here, Ais the second power of s. s A 
See adjoining figure. 


The volume of a cube with a side s, is found by multi- 
plying s three times; that is, s-s-s. This may be written 
as V = s° and read, "Volume equals s-cube". Here, V is 
the third power of s. 


Reading Powers 


"2?" is read as "b-square', "b to the second power", 


"b-second" or "5 to the second". 


"8" igs read as |x-cube", "x to the third power", 


"x-third" or "x to the third". 


11.1. Writing As Bases Ana Exponents 
Write each, using bases and exponents: 


a) 5*5*5 c) 2*8+8+8:8 | e)bbece | g) (3y)(3y)(3y) | i) Trr(s—8) | k) 
b) 3+3°7+7 | d) bbbbB f) 12bced | h) 2(a+b)(atb) | px | 1) gate 
Ans. a) 5° c) 2°84 e) b?e® g) (3y) i) W%(s~8) | k) 4B 
b) 3°77? d) f) 12be?d | h) 2(a+by? | ie _ 
11.2. Writing Without Exponents 
Write each without exponents: 
a) 2° d) x° g) (2x) ea 
b) 3°42 e) 10y*z? h) 6 (By)? k) AC 
c) 5+ +8 f) 8rs2e8 i) 4(a—by l) ate 
Ans. a) 2+2+2+2+2+2 d) xxxxx g) (2x) (2x) (2x) ‘eae as 
b) 3°44 e) loyyyyzz | h) 6(5y)(5y) ky 2(atb) (ate) 
c) 5° T9778 f) Brssttt i) 4(a—b)(a—b) 1) 99-488 
11.3. Evaluating Powers 
Evaluate (The table of powers may be used to check values): 
a) 3° d) 2? +3? g) 2-19-14 j) 10 + 3-2? m) (3+4°) (3°—5") 
by) 5* e) 2° +3° hy 2°5° k) 8+10°—3° n) i 
c) 10° | f) 10*—44 iy ge 3? Ly 5-4 — 4-3? 0) 32 +2° 
10° 
Ans. a) 243 d)4+9 = 13 g)ltl-1=1 j) 10+3-4 = 22 m) 19°2 = 38 
b) 625 e) 8+27 = 35 h) 8-25 = 200 k) 8+100-27=773 | n) 288 = 
e) 1,000 | f) ae i)}+16-9=72 | 1)5-16~3-9=5 | 0) 21432. 20 
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11.4. Evaluating Powers Of Fractions And Decimals 


Evaluate: 
a) .2 d) 1000(.2°) g) (zy j) 100(4¥ 
b) .5? e) $(.3%) h) (3 k) 32(3)° 
ce) .01° f) 200(.4*) i) (2% 1) 80(4)° 
Ans. a) .0016 d) 1000(.008) = 8 9 ie a te j) 100(z5) =4 
b) .25 e) $(.09) = .03 hy 4-2-4 ky 32(2) = 108 
ec) .000001 f) 200 (.0256) = 5.12 i) 2.2-2.2=2 1) 80( 2) = 1250 
11.5. Evaluating Powers Of Literal Bases 
Evaluate if a=5, b=1 and c=10: 
a) a® d) 2a? g) (te j) a2 +c? m) c%(at+b) 
by b* e) (2ay hy (8) k) (c+ 3by n) c(a—b") 
c) c? f) (a+ 29° Ae L) 5(a*—b") 0) 3b(a® ~c?) 
Ans. a) 5+5-5=125 | d) 2-25 =50 | g)5°=25 j) 25 +100 =125 | m) 100-6 = 600 
by iete1-1=1 | e)10°=100 | Ay ($y = | &) 137 = 169 n) 10°4 = 40 
ce) 10-10 =100 | f)7?=49 i) M2 =10 | 1) 5-24 = 120 0) 3°25 = 75 


12. COMBINING LIKE AND UNLIKE TERMS 


Like terms or similar terms are terms having the same literal factors, each with the same 


base and same exponent. 


12.1. 


12.2. 


Thus: LIKE TERMS UNLIKE TERMS 
Tx and 5x Tx and 5y 
8a? and a? 8a? and a® 


5rs? and 2rs? 5rs? and 2r?s 
NOTE: Like terms must have a common literal coefficient. 


To Combine Like Terms Being Added Or Subtracted 


Combine: a) Tx + 5x — 3x b) 8a? — a? 
Procedure: Solutions: 
1) Add or subtract numerical coefficients : 1) 7+5-—3=9 1)8-—-1=7 
2) Keep common literal coefficient: 2) 9x Ans. 2) Ta? Ans. 
Combine Like Terms 
Combine: a) 8+5—3 Ans. 10 e) TIx—4x—x Ans. 2x i) 12e2+c?—7c? Ans. 6c? 
b) 7-4-1 Ans. 2 f) 20r+30r-407 Ans. 10r J) 8ab+Tab Ans. 15ab 
c) 20+30—45 Ans. 5 g) 2a? +a? Ans. 3a? k) 6r2s—2r? s Ans. 4r?s 
d) 8b+5b—3b Ans. 10b | h) 138y?~—2y? = Ans. Lly? | 1) 30x9y?—25x9y? Ans. 5x3? 


Simplifying Expressions By Combining Like Terms 

Simplify each expression by combining like terms: 

a) 18a+12a—10 Ans. 30a—10 | d) 2x? +3x?—y? Ans. 5x?—y? 

b) 18a+12—10 Ans. 18a+2 €) 2x? + By? —x? Ans. x? +3y? 

c) 18a+12—10a Ans. 8a+12 | f) 2x?+3y?—y? Ans. 2x? + 2y? 


g) 6b +20b +2c—e Ans. 26b+¢ 
h) 6b +20c +2b—c Ans. 8b +19c 
i) 6¢+20b+2b—c Ans. 22b+5c 
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12.3. Combining Like Terms With Fractional And Decimal Coefficients 
Combine like terms: 


a) 8x + 3yx e) $b? + 4b? i) 4.8w + 6.5w — 6.3w 

b) Ix — 24% f) 1$c? — 1t¢? j) iby? + 3dy? — aty? 

c) 3b —5 g) 2.3ab + 11.6ab k) Bxy + 1.2xy — .6xy 

d) 3c — 4c h) .58cd? — .39cd? L) 1.9x%y + .9x?y — 2.05x7y 
Ans. a) its e) 146? i) Sw 

b) 45x f) ye? j) 2zy" 

c) $b g) 13.9ab k) 3.6xy 

d) 24 h) .19¢d? L) .55x7y 


12.4. Combining Like Terms Representing Line Segments 
Represent the length of each entire line: 
1.5x a.aaa.a, b b c 


a) 242 ae ame gy pe ae 

a e) FA ra h) a,o,6 oe 2b 4a 

A aja bb fF) fe, i) 24245, 8 8c c 
Ans. a) 2a d) 4.5x g)5a+ 2b +e 

b) 2a +b e) 4y h) 6a + 4b 

c) 3a + 2b f) 3te i) a+ 2b + 12c 


SUPPLEMENTARY PROBLEMS 


The numbers in parentheses indicate where to find the same type of example in this chapter. 
Refer to these examples for any help you may require. 


1. State each product without multiplication. signs: (1.1) 
a) 8 xw c)bxexd e).5xy Xz g) 2exgxhxn 
b)2x8xa d)10xlxm fy}x12xe h) .15 x 100 xq xr 

Ans. a) 8w 6) 16a ec) bed d) 10lm e) .byz f) 8t g) 2tghn h) 15qr 
2. Using letters and symbols, replace each verbal statement by an algebraic equation: (1.2) 


a) Three times a number added to eight times the same number is equivalent to eleven times 
the number. Ans. 3n+8n = 11n 

b) The difference between ten times a number and one-half of the seme number is exactly the 
same as nine and one-half times the number. Ans. 10n— tn = gin 

c) The perimeter of an equilateral triangle is equal to three times the length at one of the 
sides. Ans, p=3s 

d) The area of a square is found by multiplying the length of a side by itself. Ans. A=ss 


3. Simplify each addition by interchanging addends: (2.1) 
a) 64 + 138 + 36 c) 14+2+ 62 e) 12% + 46% + 874% 
b) 15 +78 +15 +170 2) obs Bad + f) 5.991 + 1.79 +.21 + .009 
Ans. a) 64 + 36 + 138 ce) 1$+6e+2 €) 145% + B7S% + 46% 
100 + 138 = 238 8+2=8F 100% + 46% = 146% 
b) 15 +15 + 170 + 78 d) B+2+B+s f) 5.991 + .009 + 1.79 + .21 
200 + 78 = 278 ad+i=at 6+2=8 
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addends: 
a) 10 +d | c) lb +¢gt+f 
by +x d)17+r+q 
Ans, a) d + 10 e)ftgt+ 15 
b)xty d)q +r +30 


| e)d+tbteta 
fys t+12+p +48 
e)atbt+dte 
| fyp ts + 60 


+ 13 


. Simplify each multiplication by interchanging factors: 


a) 5 x 26 x 40 
b) 17x 12 x6 
Ans. a) 5 x 40 x 26 
200 x 26 = 5200 
b) 17 x6 x 12 
102 x 12 = 1224 


c) 104% 7x2 
d) 303 x 8 x 14 
c) 105 x 2x7 
21x 7 = 147 
d) 303 x 14x 8 
505 x 8 = 4040 
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4. Reatrange the addends so that literal addends are arranged alphabetically and precede numerical 


(2.2) 
g)otmt+4+y7+11 
h)v+w+16+24+ 50 
g)j +m + 20 
h)tt+vu+t+w +66 


(3.1) 


e) 3.75 x .15 x 20 x4 
f) 662% x 50 x 27 


e) 3.75 x4 x .15 x 20 


15 x3 =45 


f) 663% x 27 x 50 
2x27 x 50 = 18x50 = 900 


. Rearrange the factors so that literal factors are arranged alphabetically and follow numerical 


factors: (3.2) 
a)r8 b)cab c)qp7 d)4v3t e)x5yTw f)defl3e g)2h5k10 h)rlism4 i) cd13ab 

Ans, a) 8r b)abce c) pq d)12tv e)35wxy f)18edef g) 100Ak h) 44mrs i) 13abed 
. Express each using symbols of operation: (4.1) 


a) 10 added tor 


e) the product of 8, m andn 


i) f divided by 7 


b) 10 subtracted from r 
c)r subtracted from 20 
d) the sum of 7, x and y 


f) 5 times p times q 
g) two-thirds of ¢ 
h) one-half of 6 multiplied by A 


]) 25 divided by x 
k) the product of u and v 
divided by 9. 


Ans. a)r+10  c)20—r e) 8mn g) $c int ky > 
b)r—10 d)x+ty+47 f)5pq kh) Sbh jy 2 
8. When is each division impossible ? (4.2) 
7 Zr 3 5 _b 10 50 100 | ,, 45 
“4 b); rr a 8 | air c ior 4 | omy h) Pq ase 
Ans, a) if d=0 c) if x=0 e)ifc=7 g)ifw=y i) if x=2y 
by if ¢=0 d) if a=8 fyifx=2 h) if p=0 or g=0 
9. If nm represents a number, express algebraically: (5.1, 5.2) 
a) 25 more than the number &) 30 less than the number 
b) 30 greater than the number hk) 35 fewer than the number 
c) the sum of the number and 35 i) 40 less the number 
d) the number increased by 40 j) 45 decreased by the number 
e) 45 plus the number k) 50 minus the number 
f) 50 added to the number 1) 55 subtracted from the number. 
Ans. a) n+25 or 25+n = dd) n +40 or 40+n g)n-30 j)45—n 
6b) n+30 or 30t+n =e) n+45 or 45tn hyn—35 k)50—n 
c) n+35 or 35+n f) n+50 or 50+n 1) 40—n l)n—55 
10. Express algebraically: (5.3) 
a) the no. of tons of a weight that is 15 tons lighter than w tons. Ans. w—-15 
b) the no. of ft in a length that is 50 ft shorter than / ft. 1-50 
c) the no. of sec in a time interval that is 1 minute less than ¢ sec. t—60 
d) the no. of cents in a price that is $1 more than p cents. p+100 
e) the no. of ft per sec (fps) in a speed that is 20 fps slower than, fps. r— 20 
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f) the no. of ft in a distance that is 10 yd farther than d ft. Ans. 
g) the no. of sq ft in an area that is 30 sq ft greater than A sq ft. 
hk) the no. of degrees in a temperature that is 40° colder than 2°. 
i) the no. of floors in a building that is 8 floors higher than f floors, 
j) the no. of yr in an age 5 yr younger than a yr. 
11. Express algebraically: 
a) x times 3 c) product of 12 and y e) 10 divided by y 
b) one-eighth of 5 d) three-eighths of r f) quotient of y and 10 
b 
Ans. a) 3x bys or zo c) lay dy 3r or x e) 0 Ns 
12. Express algebraically: (7.1 
a) b decreased by one-half c f) twice d less 25 
b) one-third of g decreased by 5 g) 8 more than the product of 5 and x 
c) four times r divided by 9 h) four times the sum ofr and 9 
d) the average of m and 60 i) the average of 60, m, p and q 
e) three-quarters of x less y j) the ratio of b to three times c. 
c 4r 3x +. ob 
Ans. ayb—% “5 or aa f) 2d-—25 fh) 4(r+9) hae 
by G—5 dy m4 S0 g)Sx+8 i) Btprg+6o 
13. Express algebraically: 
a) a distance in yd that is 25 yd shorter than three times another of d yd. Ans. 
6) a weight in oz that is 5 oz more than twice another of w oz. 
c) a temperature in degrees that is 8° warmer than five times another of T°. 
d) aprice in dollars that is $50 dearer than one-half another of p dollars. 
e) a price in cents that is 50¢ cheaper than one-third another of p cents. 
f) a length in ft that is 2 ft longer than y yd. 
14. Evaluate: 
a) 40—2x5 c)40+2+5 e) 16+ 2-35-10 g)40x2—40+ 2 
b) 3x8—2x5 d) 3+8—2x5 f) 3+8x2x5 | Ah) 3+8x2—-5+ 10 
Ans. a) 30 5) 14 ce) 25 d)1 e)3 f) 83 z) 60 h) 182 
15. Evaluate if a=5, b=6 andc=10: 
ajatb—ec Ans. 1 fy3+é Ans. 5 kh) 5a + 4b — 2c 
by) a + 2b Ans. 17 g) $e or 4s Ans. 8 L) 6c — 2ab 
c)a+% Ans. 8 hy2b+ 3c Ans. 19 mya + £6 
dy 48 Ans. 53 iy ate Ans. 11 nyate~ > 
3 . b = 
e) =< Ans. 6 po Ans. 3 o) ste—b 
16. Evaluate if x=3, y=2 and z=0: 
a)x+tytz Ans. 5 ee Ans. 0 k)xztyz Ans. 
b)x-y—z Ans. 1 gy Ans. meaningless Ll) rey Ans. 
c) x(y+z) Ans. 6 h) xyz Ans. 0 m) vis Ans, 
d) z(xt+y) Ans. 0 i)xy tz Ans. 6 n)x + ¥ Ans. 
e) ¥(xtz) Ans. 6 J)xt+yz Ans. 3 oye Ans. 


d+30 
A+30 
t—40 
{rs 
a—5 


(6.1) 


and 7.2) 


(7.3) 
3d— 25 
awtd 
5T+8 


Pp 

7 +50 
#—50 
by +2 


(8.1) 


(8.2) 
Ans. 29 


Ans. 0 
Ans. 7 
Ans. 12 
Ans. 3 


(8.3) 


Ni- 


Wow Bp Oo oO 


17. 


18. 


19. 


20. 


2 


—_ 


22. 


23. 


24. 


25. 


26. 
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Evaluate: (9.1) 
a) 5(8 +2) Ans. 50 e) 8-2(5—3) Ans. 32 1) 4(4-4—4) Ans. 48 
b) 5 (8— 2) Ans. 30 f)3(6+2-5) Ans. 48 7) (4+4)4-—4 9 Ans. 28 
c)8+2(5—3) Ans. 12 g)(3-6+2)5 Ans. 100 k) (4+4)(4—4) Ans. 0 
d) 8(2°5—3) Ans. 56 h) 3(6+2)5 Ans. 120 1) 4+4(4—4) Ans. 4 
Evaluate if a=4,5=3 andc=5: (9.2) 
a)a(bt+c) Ans. 32 e) z(atb) +c Ans. 83 i) 8a +2(c—b) Ans. 16 
b) b(e—a) Ans. 3 f) 3(b+ 2c) Ans. 39 J) 8(a+2c)—b Ans. 39 
c)c(a—b) Ans. 5 g) 3(b+2)c Ans. 75 k) 8(a+2c—b) Ans. 33 
d) x(atbh+c) Ans. 6 | h)(3b+2)e Ans. 55 1) 3(a+2)(c—b) Ans. 36 
Evaluate if x=6, y=4, w=2 and z=0: (9.3) 
a) x (y +w) Ans. 36 d)wx(ytz) Ans. 48 g) zt (xtw) Ans. 0 
b) z(wtx) Ans. 0 e)xty(wtz) Ans. 14 h) wy + (z +x) Ans. + 
c) w(x—y) Ans. 4 fy)xtz(y—w) Ans. 6 i)(wtx)(y—2z) Ans. 32 
State the number of terms and the terms in each expression: (10.1) 
a) 5xyz Ans. 1 term: 5xyz d)3a+be Ans. 2 terms: 3a and be 
by 5 +xyz Ans. 2 terms: 5 and xyz e)3ab +c Ans. 2 terms: 3ab and c 
c)5+x+y+z Ans. 4 terms: 5,x,y and z f) 3a(h+e) Ans. 1 term: 3a(b+c) 
. State the factors of the following, disregarding 1 and the product itself: (10.2) 
a) 77 b) 25 c) pq d)3x e) # f) 8(%-5) gt? 


Ans. a) Tand 11, b)5 and 5, c)pandgq, d) 2 and x, e) + and w, f) 8and(x—5), g) «,(v—2) 


State each numerical and literal coefficient: 


; i a 3y 2a 3 ya— 
a) w b) 3% ©) 56 d) .03 ab ea. fg g) x(a b) 
Ans. (a) (b) (c) (d) (e) (ff) (g) 
; 1 4 By 2 3 
NUMERICAL COEFFICIENT: 1 a ag. 08" ae 2a 5 
LITERAL COEFFICIENT: woeoo+«s n aby . a—b 


Write each, using bases and exponents: 


a)7+3-3 b)Txyyy ce) aw d) (7x)(7x)  e) (a+5)(a +5) 
Ans. a) 7+3° b) Txy® c) re d) (‘Ixy e) (at+5y 
Write each without exponents: 

a)4-72 by dy* c) 2 d) (aby? e) (x +2)" 
Ans.a)4*7*7 ob) dyyyy ce) naa d) (ab)(ab)(ab) —e) (x +2) (x +2) 


Evaluate (The table of powers may be used to check values): 


a) 3?— 2° c) 10° +5* é) 1°+2° +37 g) 1°+1*4+19 +1? 

b) 52.25 d) 107+ 2 f)5°+5 hy P— 4-2? 
Ans. a) 19, b) 800 c) 1625, d)50 e) 14, f) 25 g) 4, h) 16 
Evaluate: oY 

a).1°*97 —b).3+4? ce) 374? dy 4005)? ee) (Ef) go 
Ans. @).81 b) 4.8 ce) 144 d)5 e) te YD 


(10.3) 
(11.1) 
f 2rrw 
Sorc 
Qr? w 
fee 
. 7 (11.2) 
—- 
. ad 
aa—bbb 
fy ct+dd 
(11.3) 
i) 5-2 —-3-1% 
)F-% +4.3° 
t) 2, j) 11 
11.4 
46 ( ) 
g) 7) 
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27. Evaluate if a=3 and b=2: (11.5) 
a) a*b Ans. 18 e)(atb)? Ans. 25 i) a®—}° Ans. 19 
b) ab? Ans. 12 f) a? +b? Ans. 13 j) (a—by Ans. 1 
c)(aby? = Ans. 36 g) a°b Ans. 54 k) a? b? Ans. 72 
d)at+b? = Ans. 7 h) (ab)® Ans. 216 1) a°b? Ans. 108 

28. Evaluate if w=1, x =3, y=4: (11.5) 


a) 2w? Ans. 2 
b) (Qw)? Ans. 4 
c) (%+2)? Ans. 25 


d) y? +x? Ans. 25 
e) (y+xy Ans. 49 
f) y?—x? Ans.7 


h) (wtxtyY Ans. 64 k) yx® Ans. 108 
y y 


g) (y—x) Ans. 1 | j)y°x Ans. 192 
i) w*+x?+y? Ans. 26 L) (yx? Ans. 1728 


29. Combine: (12.1) 
a) 20+10—18 | d) 6x? + 5x? +x? 


g) 3pq + 11lpq—pq }) 8(atb) — 2(atb) 
b) 10—6—1 e) 13y?—y? + 10y” h) 2abe tabe ~ 3abe ky) 11 (x? +?) + 4 (x? +y?) 
c) 6x +5x +x f) 27w? ~ 22w” i) 36a7b?c — 23a7b%c l) 5(xtyy— (xtyy 
Ans. a) 12 | d) 12x? g) 13pq j) 6(a+b) 
b) 3 e) 22y? | h) 0 k) 15 (x? +y?) 
c) 12x i f) 5w° i) 13a7b?¢ 1) 4(xt+yy 
30. Simplify each expression by combining like terms: (12.2) 
a) 13b +7b — 6 Ans. 20b — 6 f) By? + 3y?+10y —2 Ans. 8y? + 10y — 2 
b) 13) +7—6 Ans. 13b +1 g) Sy? +3y + 10y — 2y = Ans. 5y? + lly 
c)13b+7b—6b Ans. 146 h) By? + 8y + 10y? — 2y Ans. 15y? + y 
d) 136? + 7b — 6b Ans. 20b? — 6b i) 5y + 3y? + 10y? — 2y? Ans. 1ly? + 5y 
e) 13b? + 7b — 6b? Ans. 7b? + 7b 7) 5 + 3y + 10y? — 2 Ans. 10y? + 3y +3 
31. Combine like terms: (12.3) 
a) 3y + By d) 5d — Z g) 7.lab +3.9ab — 2.7ab 
2 2 
b) 2054 — 11a ee - = h) 2.122 — 1.09¢2 — .55c? 
1 2 2 , 
e) ge — Fe Daas i) 3B xy? + 4oxy? — Qny? 
Ans. a) 102y d) 44d Z) 8.3ab 
2 
b) 95a e) = h) .48c2 
c) 2c f) 2y? i) Sy5 xy? 
32. Represent the length of each entire line: (12.4) 
a) —2 d d d) u du g) 2a 6a 4a 3b 
——_1+— —$ —— SS 
b) p q q q e) x 5x 1.5% h) 36 5b Te 4b 
es r t r t f) yey 3y iS atb atc b+e 
—>—_+—- + +t $$ $+ 
Ans. a) 3d d) 12u g) 12a + 3b 
b)p + 3q e) 3x h) 12b + 7c 


c) 2 + 2 f) 6y i) 2a + 2b + 2c 


Chapter2 = = simpLeE EQUATIONS 


and their SOLUTIONS 


1. KINDS OF EQUALITIES: EQUATIONS AND IDENTITIES 


An equality is a mathematical statement that two expressions are equal, or have the same 
value. 
Thus, 2n=6 and 2n+3n = 5n are equalities. 


In an equality, the expression to the left of the equal sign is called the left member or left 
side of the equality; the expression to the right is the right member or right side of the equality. 
Thus, in 6n = 3n—9, 6n is the left member or left side. 
while 3n—9 is the right member or right side. 


An equation is an equality in which the unknown or unknowns may have only a particular 
value or values. An equation is a conditional equality. 
Thus, 2n=12 is an equation since n may have only one value, 6. 


An identity is an equality in which a letter or letters may have any value. An identity is an 
unconditional equality. 

Thus, 2n+3n = 5n andx+y=y+x are identities since there is no restriction on the 
values that n, x and y may have. 


A root of an equation is any number which when substituted for the unknown will make both 
sides of the equation equal. A root is said to satisfy the equation. 

Thus, 6 is a root of 2n=12, while 5 or any other number is not. 

Checking an equation is the process of substituting a particular value for an unknown to see 
if the value will make both sides equal. 

Thus, check in 2x +3 =11 for x=4 and x=5 as follows: 


&+3=11 &+3=11 Note. 
a(4)+3 211 | 25)+32411 (1) The symbol 4 is read "should equal". 
8+3=11 10+311 (2) The symbol #4 is read "does not equal". 
l1=11 13 £11 


Hence, 4 is a root of 2x + 3 = 11 since it satisfies the equation. 


1.1. Checking an Equation 


By checking, determine which value is a root of each equation: 


a) Check 2n+3n = 25 for n=5 and n=6 b) Check 8x—14 = 6% for x=6 and x=7 
Check: n=5 n=6 Check: x=6 x=7 
2n + 3n = 25 a2n+ 3n = 25 8x—14 = 6x 8x—14 = 6x 
25) + 3(5) = 25 | 26) + 3(6) 25 8(6) — 14 2 6(6) | 8(7)—14 t 6(7) 
10+15 = 25 12+18 = 25 48— 14 = 36 56—14 = 42 
25 = 25 30 # 25 34 # 36 42 = 42 
Ans. 5 is a root of 2n+ 3n = 25 Ans. Tis aroot of 8x—14 = 6x 
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1.2. Checking an Identity 


By checking the identity 4(x+2) = 4x + 8, show that x may have any of the following values: 


a)x=10 b) x=6 c)x=44 d)x=3.2 
Check: 
a) 4(x+2) = 4x+8 b) 4(x+2) = 4x +8 c) 4(x+2) = 4x +8 d) 4(x+2) = 4x+8 
4(10+2) 4 4(10) + 8 4(6+2) = 4(6) +8 4(45 +2) 2 4(48)+ 8 4(3.2+2) 4 4(3.2)+ 8 
4(12) = 40+8 4(8) = 24+8 4(6s) + 18+8 4(5.2) = 12.8+8 
48 = 48 32 = 32 26 = 26 20.8 = 20.8 


2. TRANSLATING VERBAL STATEMENTS INTO EQUATIONS 


In algebra, a verbal problem is solved when the value of its unknown (or unknowns) is found. 
In the process it is necessary to "translate'’ verbal statements into equations. The first step is 
to choose a letter to represent the unknown. 

Thus, by letting n represent the unknown number, "Twice what number equals 12" becomes 
"On =12", 


2.1. Translating Statements into Equations 


Translate into an equation, letting n represent the number: 
(You need not find the value of the unknown.) 


a) 4 less than what number equals 8 ? Ans. a)n~4 = 

b) One-half of what number equals 10 ? b) g = 10 

c) Ten times what number equals 20 ? c) 10n = 20 

d) What number increased by 12 equals 17? d)n+12= 17 
e) Twice what number added to 8 is 16? e) n+ 8 = 16 
f) 15 less than three times what number is 27? f) 38n—15 = 27 
g) The sum of what number and twice the same number is 18 ? g)nt 2n = 18 
h) What number and 4 more equals five times the number ? h)n+4=5n 
it) Twice the sum of a certain number and five is 24. What is the number ? t) 2(n+5) = 24 


2.2. Matching Statements and Equations 


Match the statements in Column 1 with the equations in Column 2: 


Column 1 Column 2 
J. The product of 8 and a number is 40. a)n-~—8 = 40 
2, A number increased by 8 is 40. b) 8(n+8) = 40 
3. 8 less than a number equals 40. c) 8n= 40 
4. Eight times a number less 8 is 40. d) += 40 
5. Eight times the sum of a number and 8 is 40. e) 8n—8 = 40 
6. One-eighth of a number is 40. f)n+8= 40 


Ans. landc, 2andf, 3 anda, 4ande, 5 and b, 6 and d. 


2.3. Representing Unknowns 


Represent the unknown by a letter and obtain an equation for each problem: 
(You need not solve each equation. ) 


a) A man worked for 5 hours and earned $8.75. Ans. a) Let w = his hourly wage in dollars. 
What was his hourly wage ? Then, 5w= 8.75 
b) How old is Henry now, if ten years ago, he b) Let H = Henry’s age now. 


was 23 years old ? Then, H—10 = 23 
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c) After gaining 12lb., Mary weighed 120 lb. Ans. c) Let M = Mary’s previous weight in lb. 
What was her previous weight ? Then, M+12 = 120 

d) A baseball] team won four times as many d) Let n=no. of games lost and 
games as it lost. How many games did it 4n=no. of games won. 
lose, if it played a total of 100 games ? Then, n+ 4n = 100 


3. SOLVING SIMPLE EQUATIONS USING INVERSE OPERATIONS 


For the present, we will study simple equations containing a single unknown having one 
value. To solve a simple equation is to find this value of the unknown. This value is the root 
of the equation. 

Thus, the equation 22 =12 is solved when n is found to equal 6. 

To solve an equation, think of it as asking a question such as in each of the following 
equations: 


Equation Question Asked By Equation Finding Root Of Equation 
I, n+4=12 What number plus 4 equals 12? n=12-4=8 
2. n—4=12 What number minus 4 equals 12 ? n=12+4=16 
3. 4n =12 What number multiplied by 4 equals 12°? n=12+4 = 3 
4, -=12 What number divided by 4 equals 12? n=12+4= 48 


Note the two operations involved in each of the above cases: 
I. The equation, n+4=12, involving addition is solved by subtracting 4 from 12. 
2. The equation, n—4 = 12, involving subtraction is solved by adding 4 to 12. 
3. The equation, 4n = 12, involving multiplication is solved by dividing 4 into 12. 
n 


4. The equation, {| = 12, involving division is solved by multiplying 4 by 12. 


Inverse operations are two operations such that if one is involved with the unknown in the 
equation, then the other is used to solve the equation. 
Rule 1. Addition and subtraction are inverse operations. 
Thus, in n+6=10, n and 6 are added. To find n, subtract 6 from 10. 
In n—3=9, 3 is subtracted from n. To find n, add 3 to 9. 
Rule 2. Multiplication and division are inverse operations. 
Thus, in 71 = 35, n and 7 are multiplied. To find n, divide 7 into 35. 
In 4 =4, n is divided by 11. To find n, multiply 11 by 4. 
Note. In 3.1, Rule 1 is applied to such equations as x—10=2 and w—20=12. Later in the 
chapter, the solution of such equations as 10—x = 2 and 20—w=12 willbeconsidered. 
In 3.2, Rule 2 is applied to such equations as $= 12 and X= 10. Later in the chapter, 
the solution of such equations as $= 12 and = 10 will be considered. 


3.1. Rule 1: Addition and Subtraction are Inverse Operations 


Solve each equation: 


Equations Involving Solutions Requiring Equations Involving Solutions Requiring 
Addition Subtraction Subtraction Addition 
Of Unknown Ans. From Unknown Ans. 
a)x+3 = 8 a)x=8-—3 or 5 e)x—10=2 e)x=2+10 or 12 
by 5+y =18 b)y=138—5 or 8 f) w—20= 12 f)w=12+20 or 32 
c) 15 =a+10 c)a@=15-10 or 5 g) 18=a—-13 g)@=18+13 or 31 
d) 28 = 20+5 d)b=28—20 or 8 h) 21=5-2 h) b= 2142 or 23 
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3.2. Rule 2: Multiplication and Division are Inverse Operations 


Solve each equation: 


Equations Involving 
Multiplication 
Of Unknown 


a) 3x =12 
b) 12y =3 
c) 35= Ta 
d) T= 355 


Solutions Requiring 


Division 
Ans 
ayx= 4 or 4 
3 t 
by=p TT 
c)a=% or 5 
d)b=* or + 


3.3. Solving by Using Inverse Operations 


Equations Involving 
Division 
Of Unknown 
e) %=12 
fye=3 
g)4= 
h) T= 


e[e ~[a 


Solve each equation, showing operation used to solve: 


a)x+5 = 20 
b)x—5 = 20 
c) 5x = 20 
d) = = 20 
e) 10+y = 30 
f) 10y = 30 
ae = 30 
hy) 14=a+7 


Ans. 

a)x = 20—5 or 15 

b)x = 20+5 or 25 

c)x = 2 or 4 

d) x = 20(5) or 100 

e)y = 30-10 or 20 
fyy = 75 or 3 

g) y = 30(10) or 300 


h)a=14—-7 or 7 


Ans. 
i)14=a—-7 i)a 
j) 14 = Ta j)a 
ky) 14= 2 kya 
l1)b-8= 2 lyb 
m) 8b = 2 m) b 
ny 2 =2 n) b 
0) 24=6te o)e 
p) 6 = 24e p)e 


4, RULES OF EQUALITY FOR SOLVING EQUATIONS 
1. The Addition Rule of Equality 


To keep an equality, equal numbers may be added to both sides. 


2. The Subtraction Rule of Equality 


Solutions Requiring 
Multiplication 


Ans. 

e)x=12+3 or 36 
f)y=3°12 or 36 
g)a=4-7 or 28 
hy) b=%7+4 or 28 


=14+7 or 21 

- 2 or 2 

= 14(7) or 98 

= 2+8 or 10 
2 1 

=, Oy 

= 2(8) or 16 

= 24-6 or 18 
6 \ 

= fy OF y 


To keep an equality, equal numbers may be subtracted from both sides. 


3. The Multiplication Rule of Equality 


To keep an equality, both sides may be multiplied by equal numbers. 


4. The Division Rule of Equality 


To keep an equality, both sides may be divided by equal numbers, except by zero. 


These four rules may be summed up in one rule: 
The Rule of Equality for AIl Operations 


To keep an equality, the same operation, using equal numbers, may be performed on 
both sides, except division by zero. ; 


To understand these Rules of Equality, think of an equality as a scale in balance. 


If only one side of a balanced scale is changed, the scale becomes unbalanced. To balance 
the scale, exactly the same change must be made on the other side. Similarly, if only one side of 
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an equality is changed, the two sides are no longer equal. To keep an equality, exactly the same 
change must be made on both sides. 


Balanced Scales 


Thus, if 5 is subtracted from both 


sides of a balanced scale, the scale 
is still in balance. 


EQUALITIES 


x+5 = 15 If 5 is subtracted from both sides of 
—~5 =— 5 an equality, an equality remains. 
x = 10 


4.1. Using Rules of Equality 


State the equality rule used to solve each equation: 


a) x+15= 21 b) 40=r-8 c) 2=5m dy) %=3 e) 24x = 8 
—15 = —15 +8= +8 os, 8:2 = 83 ax _ 
x = 6 48 =r 5=m n= 24 z= 


Ans. a) subtraction rule, 5) addition rule, c)division rule, ¢) multiplication rule, e)division rule. 


5. USING DIVISION TO SOLVE AN EQUATION 
Division Rule of Equality 


To keep an equality, both sides may be divided by equal numbers, except by zero. 


To Solve an Equation Using the Division Rule of Equality 


Solve: a) 2n =16 b) 16n = 2 
Procedure: Solutions: 

1) Divide both sides of the equation by the p, 22 =16 p,. 162 = 2 
coefficient or multiplier of the unknown: coe ar: 6 16 3=«16 
Ans. n = 8 Ans. n= 

2) Check the original equation: Check: 2n = 16 16n = 2 

2 
2(8) = 16 164) = 2 
16 = 16 = 2 


Note 1. "D" is a convenient symbol for "dividing both sides". 


"Dp" means "divide both sides by 2". ‘ 


Note 2. A common factor may be eliminated in ¥ and e ‘ 
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5.1. Solving Equations with Integral Coefficients 


Solve each equation: 


a) 7x = 35 by) 35y = 7 c) 383 =11lz d) 11= 33w 
Te _ 35 35Y 7 33 _ 1lz 11 _ 33 
yy 7 7 Dos 35 ~ 35 Pu Dos 33 ~ 33 
Ans x=5 Ans y-¢ Ans. 3=2 Ans t=w 
Check: Check: Check: Check: 
Tx = 35 35y 5 7 33 = 1lz 11 = 33w 
(5) = 35 35) = 7 33 = 11(3) 11 = 33) 
35 = 35 = 7 33 = 33 11 =11 
5.2. Division in Equations with Decimal Coefficients 
Solve each equation: 
a) 3a =9 b) 1.25 = 48 c) 15 = .05c 
3a _ 9 1.2b _ 48 15 _ .05¢ 
Ds 3. (OB Dig 12 1.2 Pos .05 .05 
Ans a = 30 Ans. b = 40 Ans. 300 =c 
Check: Check: Check 
3a ; 9 1.26 = 48 15 = .05c 
.3(30) = 9 1.2(40) = 48 15 = .05(300) 
9=9 48 = 48 15 = 15 


5.3. Solving Equations with Percents as Coefficients 


Solve each equation (Hint: First, replace each percent by a decimal): 


a) 22% 5 = 88 b) 15%t = 18 c) 712 = 2%n 
Since 22% = .22, Since 75% = .75, Since 2% = .02, 
Ans. s = 400 Ans. t= 24 Ans. 3600 =n 
Check: Check: Check: 
22% s e 88 1S%t r 18 72 - 2%n 
(.22)(400) = 88 (.75) (24) = 18 72 = (.02)(3600) 
88 = 88 18 = 18 72 = 72 


5.4. Solving Equations with Like Terms on One Side 


Solve each equation (Hint: First, collect like terms.): 


a) 60 = Ix—x b) 3x + 5x = 48 c) Ix—2x = 55 
60 = 6x 8x = 48 5x = 55 
60 _ 6x 8x _ 48 5x _ 55 
De 6 6 D, 8 8 Ds 5 «6B 
Ans. 10 =x Ans. x=6 Ans. x=11 
Check: Check: Check: 
60 = 1% —% 3x + 5x = 48 Tx — 2x = 55 
60 = 70-10 18+ 30 = 48 T7—22 = 55 
60 = 60 48 = 48 55 = 55 
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5.5. Division Rule in a Wage Problem 


John worked 7hr. and earned $8.54. What was his hourly wage ? 


Solution: Let A= his hourly wage in $. Check (the problem): 
Then, 7A = 8.54 In 7hr., John should earn $8.54. 
7 7 7 


7 ($1.22) = $8.54 


h = 1,22 $8.54 = $8.54 


Ans. John’s hourly wage was $1.22. 


5.6. Division Rule in a Commission Problem 


Mr. Black’s commission rate was 3%. If he earned $66 in commission, how much did he sell ? 


Solution: Let s = Mr. Black's sales in $. Check (the problem): 
Then, 3%s or .03s = 66 At 3%, Mr. Black’s commission 
Dos .03s _ 66 Should be $66. Hence, 
Sua! 3% of $2200 = $66 
See (.03)($2200) = $66 
Ans. Mr. Black’s sales were $2200. $66 = $66 
6. USING MULTIPLICATION TO SOLVE AN EQUATION 
Multiplication Rule of Equality 
To keep an equality, both sides may be multiplied by equal numbers. 
To Solve an Equation Using the Multiplication Rule of Equality 
: WwW _ = x 
Solve: a) 3 5 b) 10 7 
Procedure: Solutions: 
1. Multiply both sides of the equation M, 3-3 = 593 M, 7:10 = =° 7 
he divi : 
by the divisor of the unknown Bes e245 , oe oe 
2. Check the original equation: Check: ~ = 5 Check: 10 = 3 
1s 2 19 22 
3 7 
5 = 10 = 10 


Note 1. ''M" is a convenient symbol for "multiplying both sides". 
"M,' means "multiply both sides by 3" 
Note 2. A common factor may be eliminated in 8-4 and 5°% 


_ 


Dividing by a Fraction 
To divide by a fraction, invert the fraction and multiply. Thus, 8+ 4 = 8x 3 or 12, 
Hence, multiplying by $ is equivalent to dividing by 2 . 


To Solve an Equation Whose Unknown has a Fractional Coefficient 


Solve: a) 2x = 8 b) Sy = 25 
Procedure: Solutions: 
1. Multiply pvoth sides of the equation 
by the fractional coefficient inverted : Mo/2 25% = 8-5 | Mys STY = 5s 
(instead of dividing by the fractional Ans. x =12 Ans. y =15 
coefficient) 
2. Check the original equation: Check: Sx =8 Check: 3y = 25 
$1228 $.15 2 25 
8=8 25 = 25 
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6.1. Solving Equations with Integral Divisors 


Solve each equation: 


a) a = 4 b) a) > 12 c) 20 

M, 8-5 = 4-8 M, 3+4y = 12-3 M,, 10-20 

Ans x = 32 Ans. y = 36 Ans. 200 
Check: Check: Check: 

z= 4 ay = 12 20 

s2 24 4(36) 2 12 20 

4=4 12 = 12 20 


6.2. Solving Equations with Decimal Divisors 


Solve each equation: 


a Be. & 
a) od b) og = 400 
Ss Bir 
Ms -5(-€) = 4(.5) Mog -08(-pg) = 400(.08) 
Ans. a=2 Ans. b = 32 


(Check your answers.) 


6.3. Solving Equations with Fractional Coefficients 


Solve each equation: 
Hint: Multiply by the fractional coefficient inverted, 


a) 25 = 10 b) 1} w = 30 
Solutions: ow = 30 

Mop Hoe | yy bw eso 

Ans. x = 25 Ans, w = 223 


(Check your answers.) 


6.4. Solving Equations with Percents as Coefficients 


Solve each equation: 


leo 


Hint. Replace a percent by a fraction if the percent equals an easy fraction. 


a) 66 2%s = 22 b) 875% t = 35 
Solutions: 
2s = 29 71 = 35 
Map Sebe= 20) | May Sede = a5 
Ans. s = 33 Ans. t = 40 


(Check your answers.) 


z = 
to d) 25 40 
z _w 
< - 10 Myo 40(.2) = 
z Ans 8 =w 
Check: 
z = 
10 2= 4 
200 2238 
10 40 
20 -2=.2 
c) 1.5 = ae 
Myo 1.2(1.5) = (725) 1.2 
Ans. 1.8=c 
c) e—te = 24 
Ze = 24 
Be Bie 4 
Mii, 3 4° 24 (3) 
Ans c = 32 
c) 120%w =72 
Sw = 712 
5.6, _ 5 
Mes g° 5” ~ 7206) 
Ans. w = 60 


-40 
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6.5. Multiplication Rule in Distance Problem 


After traveling 84 mi., Henry found that he had gone three-fourths of the entire distance to 
his home. What is the total distance to his home ? 


Solution: Check (the problem): 
Let d =the tota] distance in mi. The 84 miles traveled should be 2 
then, 3d = 84 of the entire distance. 
P ‘ Hence, 
Mijn 37 gd = 84) 84 mi. = 2(112mi.) 
d =112 84 mi. = 84 mi. 


Ans. The total distance is 112 miles. 


6.6. Multiplication Rule in Investment Problem 


Mr. White receives 5% on a stock investment. If his interest at the end of one year was $140, 
how large was his investment? 


Solution: Check (the problem): 
Let s =the sum invested in $. 5% of the investment should be $140. 
Hence 
then, £=1 , 
ERs Oe Oe og. eee 5% ($2800) = $140 
Moo 20+ 35 [= 140 (20) $140 = $140 
Ss = 2800 


Ans. The investment was $2800. 


7. USING SUBTRACTION TO SOLVE AN EQUATION 


Subtraction Rule of Equality 
To keep an equality, equal numbers may be subtracted from both sides. 


To Solve an Eguation Using the Subtraction Rule of Equality 


Solve : a) w+12=19 | 5) 28 = litx 
Procedure: Solutions : w+i12= 19 28 = l11lt+x 
1. Subtract from both sides the Syo: —12 =-12) Sy, ~11=—-11 
number added to the unknown: Ans. w =. Pane.” iy = x 
2. Check the original equation: Check: wti12 Fi 19 28 = ll+x 
7+12=19 28 =11+17 
19 = 19 28 = 28 


Note. 'S" is a convenient symbol for 'subtracting from both sides". 
"S,."" means "subtract 11 from both sides”. 


7.1. Subtraction Rule in Equations Containing Integers 
Solve each equation: 


a) r+8= 13 b) 15+¢= 60 c) 110 = s + 20 
Ss ~8 =~8 Sis —15 =—15 S20 -— 20 = — 20 
Ans. fr = 5 Ans. t= 45 Ans. 90-58 
Check: Check: Check: 
Pra 13 15+¢ = 60 110 = s + 20 
5+8 = 13 15+ 45 = 60 110 = 90+ 20 
13 = 13 60 = 60 110 = 110 


26 SIMPLE EQUATIONS AND THEIR SOLUTIONS 


7.2. Subtraction Rule in Equations Containing Fractions or Decimals 


Solve each equation: 


a) b+3= 32 b) 2e+e = 85 c) 20.8 = d+6.9 
Si -3=- 4 Sj, -22 =-23 S,5 ~69= —6.9 
eae: aaa a! es : 
Ans. b = $ Ans. c= 53 Ans. 13.9 =d 
Check: Check: Check: 
b++= 32 2+ c= 8t 20.8= d +6.9 
gig Pag a3 +53 2 gl 20.8 2 13.9+ 6.9 
t+ 3 +52 7 : : ; 
33 = 34 84 = 8+ 20.8 = 20.8 


7.3. Subtraction Rule in Problem Solving 


After an increase of 22¢, the price of grade A eggs rose to 81¢. What was the original price? 


Solution: Check (the problem): 
Let p = original price in ¢. After increasing 22¢, the new 
Then, p+22= 81 price should be 81¢. 
Soo —22 =—22 BOBEe 


59¢ + 22¢ = 81¢ 


p= 58 81¢ = 81¢ 


Ans. The original price was 59¢. 


7.4. Subtraction Rule in Problem Solving 
Harold’s height is 5ft.3in. If he is 9in. taller than John, how tall is John? 


Solution: Check (the problem): 
Let J = John’s height in ft. 9in. more than John’s height 
Then, J+ 3 = 4 (Qin. = 2 ft.) should equal 5 ft. 3 in. 
is ‘ ai ft.+ 2ft. 2 sift. 
Ss/a = ees ee 
= 5y ft. = 5yft. 
J = 45 


Ans. John is 43 ft. or 4ft. Gin. tall. 


8. USING ADDITION TO SOLVE AN EQUATION 


Addition Rule of Equality 
To keep an equality, equal numbers may be added to both sides. 


To Solve an Equation Using the Addition Rule of Equality 


Solve: a) n—19= 21 b) 17T=m—8 
Procedure: Solutions: 

n—19= 21 17=m—8 
1. Add to both sides the number Ais + 19 = +19 Ag +8= +8 

subtracted from the unknown: Ans. in = 40 Ans. 25 = - 
2. Check the original equation: Check: n— 19 = 21 Check: 17=m~—8 

? 

40-19 2 21 172 25—8 

21 = 21 17 = 17 


Note. ''A" is a convenient symbol for "adding to both sides". 
"Aico means "add 19 to both sides”. 
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8.1. Addition Rule in Equations Containing Integers 


Solve each equation: 


a) w—10= 19 b) x—19= 10 c) 7= y—82 d) 82=2-7 
Aio +10 = +10 Aig +19 = +19 Ago +82 i + 82 Ay + 7 +7 
Ans. w = 29 Ans. % = 29 Ans. 89=y¥ Ans. 89 =2z 
Check: Check: Check: Check: 
w—10 = 19 x~—19= 10 Lee 8252-7 
29— 10 = 19 29—19 = 10 T =89-—82 82 = 89-7 
19 = 19 10 = 10 T= 82 = 82 
8.2. Addition Rule in Equations Containing Fractions or Decimals 

Solve each equation: 

30 e1 : tT _ 1 ye 
a) Loa = Og b) j— 2055 = lig c) 12.5 = m—2.9 

3. 3 7 7 = 
As/e + 3 8 As Z + 20 75 = 20 75 Aso + 2.9 = + 2.9 
Ans. fh = 52 Ans. j = 212 Ans. 15.4 =m 
(Check your answers.) 

8.3. Addition Rule in Problem Solving 
A drop of 8° brought the temperature to 64°. What was the original temperature? 
Solution: Check (the problem): 
Let ¢= original temperature in °. The original temperature, 
Then, t-8= 64 dropped 8°, should become 64°. 
As +8=+8 Hence, 
t = 72 72°—9° 2 64° 

Ans. The original temperature was 72°. 64° = 64° 


8.4. Addition Rule in Problem Solving 
After giving 15 marbles to Sam, Joe has 43 left. How many did Joe have originally? 


Solution: Check (the problem): 
Let m =the original no. of marbles. The original number of marbles, 
Then, m—15= 43 less 15, should be 43. 
Ais +15 = +15 Hence, 
m = 58 58 marbles — 15 marbles 7 43 marbles 
Ans. Sam had 58 marbles at first. 43 marbles = 43 marbles 


9. USING TWO OR MORE OPERATIONS TO SOLVE AN EQUATION 


In equations where two operations are performed upon the unknown, two inverse operations 
are needed to solve the equation. 


Thus, in 2x+7= 19, the two operations upon the unknown are multiplication and addition, 
To solve, use division and subtraction, performing subtraction first. 


Also, in =- 5 = 2, the two operations upon the unknown are division and subtraction. To 
solve, use multiplication and addition, performing addition first. 


28 SIMPLE EQUATIONS AND THEIR SOLUTIONS 


To Solve Equations Using Two Inverse Operations 


Solve: a) 2x+7= 19 | 5) Zoos 2 
Procedure: Solutions: 
—_——- a) 2u+7= 19 | b) at le 
1. Perform addition to undo subtraction, S, —-T=-T7 | As +5 = 45 
or subtraction to undo addition: ox = 12 z = 7 
2. Perform multiplication to undo division, D5 = 2 Ms 3-5 = 3-7 
or division to undo multiplication: Ans. x=6 Ans x = 21 
3. Check in the original equation: Check: 2x+7 = 19 Check: = — 5 = 2 
2(6)+7 = 19 aw _5ig 
19 = 19 2= 
9.1. Using Two Inverse Operations to Solve an Equation 
Solve each equation: 
‘a) &w+7= 11 b) 3x-5 = c) 7 to d) $—-3=7 
So sei ee Ag _+5= +5 Sh. gee eS Ag _+3=3 
22 = x x x a 
2x = 4 3x = 12 3 _ 2 5. = 10 
ax _ 4 3x _ 12 2 = Qs 6 SBS 
D, 3S D; 3 5 Ms 3°35 3°2 Ms 5+ 5°10 
Ans, x=2 Ans x=4 Ans x=6 Ans. x = 50 
Check: Check: Check: Check: 
at7T=11 3x—-5 = 7 5 29 #-35 
2 2 6 2 50 2 
2(2)+7 = 11 3(4)-5 = 7 $4527 . —35 
4+7=11 12-5 =7 2+5=7 10-35 
l11=11 T=17 7=7 T= 
9.2. Solving Equations with Like Terms on the Same Side 
Solve each equation (Hint: Combine like terms first.): 
a) 8t+t4n-3= 9 b) 18n+44+n= 39 jc) 10 = TtK—F 
12n—3= 9 l4n+4= 39 10 = T+s 
As +3 = 3 S84 —4= —4 S, = =—-T7 
1Qn == 12 l4n = 35 3= 7 
l2n _ 12 l4n _ 35 _ 7h 
Diz “12° «12 Dia 14°«*“h Mz 2-3 = (B)2 
Ans. n=1 Ans. n= 2% Ans. 6=n 


(Check your answers.) 


9.3. Solving Equations with Like Terms on Both Sides 


Solve each equation (Hint: First, add or subtract to collect like terms on the same side.): 


a) 5n = 40—3n b) 4u+ 5 = 5u—30 c) 3r+ 10 = 2r+ 20 
Aon +31 = +3n Aes +30= +30 Sio -10= —10 
8n = 40 4u+ 35 = Su 3r = 2r+10 
D, = 40 Say. Sa ee Ss Sa Se. 
8 8 Ans. 35 =u Ans. r = 10 
Ans. n=5 


(Check your answers.) 
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9.4. Solving Equations in which the Unknown is a Divisor 


Solve each equation (Hint: First, 


a) 8 = 
M, (8) = 

8 = 
Dy g = 
Ans. 4= 


2 
2x 
2x 


b) 12-3 
y 

My 12y = @)y 
l2y = 3 
Iw _ 3 
Diz “{2 = 12 
Ans. ¥ =,u 


(Check your answers.) 


0 tet 
My, neta ds 
-% 
Ls 5 
Ms 5°7= (5)5 
Ans. 35 =x 


9.5. Solving Equations in which the Unknown is being Subtracted 


Solve each 


10-—w 
+w 


a) 


Ay 


equation (Hint: First, add the unknown to both sides.): 


3 
w 


b) 10 = 50—n 
A, +n = tn 
n+10= 50 
Sio _— 10 = ~10 
Ans n= 40 


(Check your answers.) 


c) 25—3n = 13 
Ag, + 3n = +3n 
25 = 3n+ 13 
Sig —13 = —13 
12 = 3n 
12 _ 3n 
Ds 3 3 
dns 4=n 


9.6. Solving Equations whose Unknown has a Fractional Coefficient 


a) Solve: 3x = 9 
Solutions: 
Using One Operation 
a) 2 = 9 

3 
Mo/e 3% = 3 °9 
Ans x = 24 


(Check your answers.) 


Using Two Operations 


a) 3x = 
De pes 
Mg 8+ 9x = 8-9 
3x = 72 
Ans. x = 24 


b) Solve: 25 = 2x 


Solutions: 


9.7. Solving Equations whose Unknown has a Fractional Coefficient 


a) fy—5 


As +5 


3 
ay 


Jeo 


Y 
y 


Majs ‘. 
Ans. 


4 


7 
+5 


tl 


il 


b) 
S. —8 


2 
8+ 25 


(Check your answers.) 


multiply both sides by the unknown.): 


29 


1_3 
a 
M, px = Sex 
x _ 
7 = 3 
My 7% = 3(7) 
Ans x= 21 
d) 8 = 50—7n 
Ayn t7n = tn 
In+ 8 = 50 
Be oS Se. 
in = 42 
Tn _ 42 
aa 7 7 
Ans n=6 


Using One Operation {| Using Two Operations 
_ 5 _5 
b) | 25 = x b) 25 = ox 
Majo ¢°25= 4.9% | My 4(25) = 4.2% 
Ans. 20 = x 100 = 5x 
100 _ 5x 
Dos gers 
Ans. 20 = x 
20 c)  48-3w = 23 
5 5, 
=f AS, + gw= tzu 
12 48 2w + 23 
So3 =23 = — 23 
ie = 5 
3 12 25 iad 
3.5 
42 Mays 5 25 = 5°34 
Ans 15 =w 
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9.8. Using Two Operations in Problem Solving 


a) How many boys are there in a class 
of 36 pupils if the number of girlsis 


5) How many boys are there in a class 
of 36 pupils if the number of girlsis 


6 more? three times as many? 
Solution: Solution: 
a) Let }b = the number of boys b) Let 5 = the number of boys 
Then 5+6= the number of girls Then 34 = the number of girls 
b+b+6 = 36 b+ 3b = 36 
Sz. 2b +6 = 36 D, 4b = 36 
D, 2b = 30 b=9 
; b = 15 


Ans. There are 15 boys. Ans. There are 9 boys. 


(Check your answers.) 


9.9. Using Two Operations in Problem Solving 


Paul has $2.60 in his bank. By adding equal deposits each week for 20 weeks, he hopes to 
have $7.80. How much should each weekly deposit be? 


Solution: Check (the problem): 
Let d=no. of cents in each deposit 20 deposits and $2.60 should equal 
Then 20d + 260 = 780 the total of $7.80. 
Soao — 260 = — 260 Hence, 
Doo 20d = 520 20 ($.26) + $2.60 = $7.80 
d = 26 $5.20 + $2.60 = $7.80 
Ans. He must deposit 26¢ a week. $7.80 = $7.80 


9.10. Using Two Operations in Problem Solving 


Mr. Richards sold his house for $9000. His loss amounted to two-fifths of his cost. What 
did the house cost him? 


Solution: Check (the problem): 
Let c =the cost in $ , If $15,000 is the cost, the loss is 
Then 9000 = c— 26 2+$15,000 or $6000. The selling 
3 price of $9000 should be the cost 
9000 = 5c minus the loss. Hence, 
Ms 39000 = 2.3¢ $9000 2 $15,000 — $6000 
15,000 = ¢ $9000 = $9000 


Ans. The cost was $15,000. 
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SUPPLEMENTARY PROBLEMS 


1. By checking, determine which value is a root of the equation: (1.1) 
a) 3x+4x = 42 for x=4,6 and 8 Ans. x=6 
b) 8n+14 = 47 for n=9,10 and 11 Ans. n=11 
c) 6y—48 = 2y for y= 8,10 and 12 Ans. y =12 


2. By checking, show that x may have any of the following values inthe identity 2(x—3) = 2x — 6: 


a) x=10, 5) x=6, c)x=42, d)x=3.1 (1.2) 
3. Translate into an equation, letting n represent the number: (2.1) 

(You need not find the value of the unknown.) 

a) What number diminished by 8 equals 13? Ans. n—8 = 13 

b) Two-thirds of what number equals 10? Ans. $n = 10 

c) Three times the sum of a number and six is 33. What is the number? Ans. 3(n+ 6) = 33 

d) What number increased by 20 equals three times the same number? Ans. n+ 20 = 3n 


e) What number increased by 5 equals twice the same number decreased by 4? Ans. n+ 5 = 2n—4 


4. Match the statement in Column! with the equations in Column?2: (2.2) 
Column 1 Column 2 
1, The sum of 8 and twice a number is 18. a) 2+2=18 
2. Twice a number less 8 is 18. b) 8(n—2) = 18 
3. Twice the sum of a number and 8 is 18. c) 2(8—n) = 18 
4. Hight times the difference of a number and 2 is 18. d) 2(n+8) = 18 
5. One-half the difference of 8 and a number is 18. e) 2n+8 =18 
6. 2 more than one-eighth of a number is 18. f) $}-8 =18 
7. 8 less than half a number is 18. g) 2-8 = 18 


Ans. I ande, 2 and g, 3 and d, 4 and b, 5 andc, 6 and a, 7 and f. 


5. Letting n represent the number of games lost, obtain an equation for each problem: (2.3) 
(You need not solve each equation.) 
a) A team won three times as many games as it lost. 


It played a total of 52 games. Ans. a) n+3n = 52 
b) A team won 20 games more than it lost. 
It played a total of 84 games. Ans. b) n+nt+ 20 = 84 
c) A team won 15 games less than twice the number lost. 
It played a total of 78 games. Ans. c) n+ 2n—15 = 78 
6. Solve each equation: (3.1) 
a)at5=9 Ans. a=4 e)xt11=21+8 Ans. x =18 i)45=m—13 Ans. m= 58 
b)7+b=15 Ans. b=8 f) 27+13 =18+y Ans. y= 22 ]) 22=n—50 Ans. n= 72 
c) 20=ct12 Ans. c=8 g)h-—6=14 Ans. h= 20 k)x—42=80—75 Ans. x= 47 


d)75=55+d Ans, d= 20 h) k-14=6 Ans. k = 20 1) 100~—31=y—84 Ans. y=153 


7. Solve each equation: (3.2) 
a) 4p = 48 d) 4n = g) =6 i)%=3 
b) 10r = 160 e) 12w = hy &=1 ky B=2 
c) 25s = 35 f) 24x = 21 i) #=4 1) yb =% 
Ans. a) p =12 d)n=3 g) t = 30 7) y= 18 
b) r =16 e) wert h) u = 65 k) a=4 
c) s=tor 12 fy x=4 1) x = 60 ly) b= or 2t 
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8. Solve each equation: , (3.3) 
aynt+8 = 24 e)3t+y = 15 i) 16 = y—20 m)xt_=9 
b)n—8 = 24 f) 1b =y-3 jye-2 n)x—t=9 
c) 8n = 24 g) 15 = 3y k) gx = 16 0) 3x = 

¥ 1 
d)%= 24 h) 15 = 5 1) 16+y = 20 Pans 
Ans. a)n =16 c)n=3 e)y=12 g)y=5 i)y = 36 k) y = 320 m) x= 8% 0) “x=27 

b)n =32 d)n=192 f)y=18 h)y=45 j)y=320 l)y=4 n) x= 91 p)x=3 

9. Solve each equation: (3.3) 
a)x+11 = 14 fyh—3= 15 k) Ur = 55 p) 64 =5 
b) 11+y = 24 g) 35 = m— 205 1) 44s = 44 q) 1.7 =% 

c) 22 =13+a hy 172 = n—24 m) 10t = 5 r) 100 = 4 

d) 45 = b+ 33 i)x+1.2=5.7 n) 8x = 3 s) %4=— 

e)z-9=3 j) 10.8 = y—3.2 0) 3y = 0 t) .009 = F559 

Ans. a) x=3 d)b=12 g)m=554 J)y=14 m)t=+ p) 2=13 s)t=12 
b) y =13 e)z=12 h) n= 20 k)r=5 n)x=2 q)n=5.1 t)x=9 
c)a=9 fyh=10t i) x=4.5 l)s=1 o)y=0 r)h=70 

10. State the equality rule used in each: (4.1) 
a) 6r = 30 c) 30 = é e) 100x = 5 

6r _ 30 feat 100x _ 5 
6 6 6 (30) = 6°§ 100 ~ 100 
r= 5 180 =r x= a 
b) 30=r-6 d) 30=6¢+r f)  loo=2 
pe ea pal are 5 (100) = 5(%) 
36 =r 24=r 500 = y 
Ans. Addition rule in (b), Subtraction rule in (d), Multiplication rule in (c) and (f), Division rule 
in (a) and (e). 

11. Solve each equation: (5.1) 
a) 12x=60 6) 60y=12 c)24=2z d)2=24w e)6r=9 f)9s=6 g)10=4t h)4=10u 
Ans. a) x=5 byy=t c)12=2 d) L=w e) r=3 f) s=i g) 3= hy tu 

12. Solve each equation: (5.2) 

a) .Ta=21 c) 24=.06c e) .1h =100 g) 25.2= .12k 
b) 1.16 = 55 d) 18 = .009d f) .67 = .96 h) 7.5 = .015m 

Ans. a) a= 30 c) 400=c e) h=1000 g) 210=k 
b)6=50 d) 2000 = d f) j=1.6 h) 500=m 

13. Solve each equation: (5.3) 

a) 10%s =7 c) 18 = 3%n e) 5% m=13 g) .23=1%y 
b) 25%t=3 d) 14= 70%w f) 17%x = 6.8 h) 3.69 = 90%z 

Ans. a) s = 0 c) 600=n e) m= 260 g) 2=y¥ 
6) t=12 d) 200=w f)x=40 hy) 4.1=2z 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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Solve each equation: (5.4) 
a) 14 = 3x—x c) 8z~3z = 45 e) 24 = 444-4 g) T4z—Tz = 28 
b) Ty + 3y = 50 d) 132 = 10w + 3w—w f)4y+15y = 57 h) 15w —3w — Qw = 85 
Ans. a) T=% c)z=9 e)6=x g)z=56 

b)y=5 d) ll=w fyy=3 h) w = 83 
Harry earned $9.63. What was his hourly wage if he worked a) 3hr., 5) 9hr., c) 3 hr. ? (5.5) 


Ans. a) $3.21, b) $1.07, c) $19.26 


Mr. Brown’s Commission rate is 5%. How much did he sell if his commissions were (5.6) 
a) $85, b) $750, c) $6.20 ? Ans. a) $1700, 6) $15,000, c) $124 


Solve each equation: (6.1) 
1 1, _ = 
ayZ=2 b)Fy=12 ¢)16=2 d)8= gw e)Z=3 ff) yqb= 20 g).6=75 
Ans. a)x=6 b) y = 84 d) 80=z d) 150=w e)a=6 f) 5 = 600 g) 6=c 
Solve each equation: (6.2) 
Gs: b _ ie 16 _ ad m a 
a) = = 10 b) ~y5 = 600 c) 30 = 94 d) 11 = 5 e) 4 220 f) ~1 3 
Ans. a)a=T7 b)b=12 c) 72=c¢ d) .55=d e) m= 88 f)n=.03 
Solve each equation: (6.3) 
3 4. a2 3x _ _ 5 Dos 1 
a)gx=21 b)gy=32 c)=9 d)45=Sy e)2¢2=55 f) W+5e = 10 
Ans. a) x = 28 b) y = 24 c)x=6 d) y= 81 e) z= 25 fye=4 
Solve each equation: (6.4) 
a) 374%s =15 5) 60%t = 60 c) 162%n=14 d) 150%r = 15 e) 83L%w = 35 
Hint: 374% = 3 60% = 2 162% = + 150% = 1por + 834% = 2 
Ans. a) s = 40 b) t= 100 c) n= 84 d)r=10 e)w= 42 
On a trip, John covered a distance of 35 mi. What was the total distance of the trip if the dis- 


tance traveled was a) 2 of the total distance, b) 70% of the total distance? (6.5) 
Ans. a) 42mi., b) 50 mi. 


Mr. Reynolds receives 7% per year on a stock investment. How large is his investment if, at the 
end of one year, his interest is a) $28, b) $350, c) $4.27? Ans. a)$400, 5) $5000, c) $61 (6.6) 


Solve each equation: (7.1) 
a)r + 25 = 70 c) 18 =s+3 e) x +130 = 754 g) 259 = s + 237 
b) 31+¢ = 140 d) 842 = 720+ u f) 116+y = 807 h) 901 = 857+ w 
Ans. a)r=45 c) 15=s e) x = 624 g) 22=s 
b) t= 109 d) 122=u fyy=691 h) 44=w 
Solve each equation: (7.2) 
a)b+2=72 c) 35.4 = d+ 23.2 e) ftz= 34 g) 7.28 = m+.79 
b) lp +e = 8 d) 87.4 = 80.6+e f) 8b+g = 102 h) 15.87 = 6.41+n 
Ans, a)b=7 c)12.2=d e) f= at g) 6.49=m 


b)c=T4 d) 6.8=e fye=2% h) 9.46=n 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 
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The price of eggs rose 29¢. What was the original price if the new price is a) 70¢, b) $1.05? 


Ans. a) 41¢, 5) 76¢ 


Will is 8in. taller than George. How tall is George if Will’s height is 
Ans. a) 4ft.6in., 56) 3ft. 7in. 


Solve each equation: 


a)w—8 = 22 

b)x—22 = 8 
Ans. a) w= 30 

b) x= 30 


Solve each equation: 


a)h—-Z = 83 

b) 7-344 = 65 
Ans. a) h= 9% 

b) j= 995 


What was the original temperature if a drop of 12° brought the temperature to 


a) 75°, b) 144°, c) 64°? ~~ Ans. a) 87°, b) 262°, c) 184° 


Solve each equation: 
a) +5 =9 
b) 4x+11 = 21 
c) 20 = 
d) 13 = 


ayx=2 
b) x = 23 
c)x=4 
d)x=1 


3x + 8 
6+ Tx 
Ans. 


Solve each equation: 
a) 10n+ 5n—6 = 9 
b) Im +10—2m = 45 
Ans. a)n=1 b)m=7 


Solve each equation: 
a) 5r = 2+ 27 
b) 27 = 90-—Tr 


Ans. a)r=9 6)r=10 


. Solve each equation: 


a) 42 =5 


b) 2 = 40 


Ans. a)x=8 byx=t 


c)40=y-3 
d) 3 = z—40 


c)43=¥ 
d)43=2z 


c) 28.4 = m— 13.9 
d) .37 = n—8.96 


c)42.3=m 
d) 9.33=n 


e) 2-5 = 9 


f)4x—11 = 21 


g) 60 
Ay l1= 


10x — 20 
6x — 16 
e)x=T 
fyx=8 


g)x=8 
h)x=43 


c) 25 = 19+ 20n~ 18n 
d) 35 = 6p + 8+ 3p 


c)n=3 d)p=3 


c) 10r—11 = 8 
d) 18—5a=a 
d)a=3 


c)r=52 


e)m— 140 = 25 
f)n—200 = 41 


e) m= 165 
f) n= 241 


iygeas4 
jF+2=10 
k) Wess 
= 
1) 25 = 75 +2 
i) x= 16 
j)~ = 40 


kyx=4 
1) x= 230 


e) 19n-—10+n = 80 
f) B3art+r+2= 20 
fyr=4 


e)n=43 


e) 13h = 15 + 35 
f) 100+ 32t = 232¢ 
e)b=1z f)t=5 


e)n=4 fyn=it 


(7.3) 


a) 5ft.2in., 6) 4 ft. 3in. ? 


(7.4) 
(8.1) 
g) 158 = p—317 
h) 256 = r—781 
g) 475=p 
h) 1037=r 
(8.2) 


g) .03 = s—2.07 
h) 5.84 = 1—3.06 


g) 2.10=s 
h) 8.90=¢t 
(8.3) 
(9.4) 
m) ¢—3 = 
xX _o= 
n)s 2=10 
~%*% wl 
0) 3 = ta 14 
p)55=%~4 
m) x = 40 
n) x = 60 
0) x = 123 
p)x= 76 
(9.2) 


gz) 40 = 25¢+ 22—13¢ 
h) 145 = 10+ 7.6s —3.1s 


g)t=For 14 h)s=30 


(9.3) 
g) 9u = 16u— 105 
h) 5x +3-2x =x+8 
g)u=15 h)x= 22 


(9.4) 
g)4= 432 
h) 15 = 29 
g) w= 4 h)w= 6 


35. 
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35 
34. Solve eacii equation: (9.5) 
a) 12—w = 2 c) 84—r = 70 e) 8g—t = 52 g) 8.7—u = 7.8 
b) 24 = 27—n d) 90 = 105—s f)2 = b-s h) 3.25 = 5.37—v 
Ans. a)w=10 b)n=3 c)r=14 d)s=15 eyt=3 f)s=% g)u=.9 h)v=2,12 
Solve each equation: (9.6,9.7) 
a) dx = 21 d) idw = 15 g) in+6 = 22 j)10=2r+8 
3, Ape are = 1¢— 2 
b) gx = 39 e) 236 = 35 h) 10+ em = 52 k) 6 = 16~ 3 
1 7 3 = 
c) By = 15 f) 2c +220 = 54 i) 30—3p = 24 1) 3s+5—7=5 
Ans. a) x = 24 d)w=10 g) n= 20 j)r=9 
b)x=52 e) b=15 h) m= 35 k)t=6 
c)y=12 f)ec=12 i)p=4 1) s=3.6 
Solve the equations: (9.1 to 9.7) 
a) 20 = 3x—10 Ans. a) x =10 k) 5 +27 = 30 Ans. k) x =6 
b) 20 = 7 —10 b) x =90 1) 8x+3 = 43 l)x=5 
c) 15 = Sy ec) ¥ = 20 m) 21 = tw m) w=15 
d) 17 = 24-2 d)z=7 n) 60 = 66—12w n)w=> 
e)3 = 32 e)x=13 0) 10b—3b = 49 0)b=7 
15 _ 5 i 
2 meagear f)x=12 p) 12b—5 = .28+5 p) b=.48 
= 2% +4.5 g)c=1.5 q) 6d—.8 = 2d q)d=.2 
h) .30—g = .13 h) g=.17 r)40—.5h =5 r) h= 0 
iy $n+113 = 202 i)n=12 s) 40~2m = 317 s)m=5 
j) 6 + 5w—8 = 8w jyw=22 t) 12t—2¢+10 = 92 +12 t)t=2 
How many girls are there in a class of 30 pupils if a) the number of boys is 10 less, (9.8) 


37. 


38. 


39. 


b) the number of boys is four times as many? 


Ans. a) $18,000 5) $15,000 


Ans. a) 20 girls 5b) 6 girls 


Mr. Barr sold his house for $12,000. How much did the house cost him if his loss was 
a) + of the cost, b) 20% of the cost? 


Charles has $3.70 in his bank and hopes to increase this to $10 by making equal deposits each 
week. How much should he deposit if he deposits money for a) 14 wk., b) 5wk.? 
Ans. a) 45¢ 6b) $1.26 


(9.9) 


(9.10) 
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1. UNDERSTANDING SIGNED NUMBERS: POSITIVE AND NEGATIVE NUMBERS 


+80 
+70 5 
-—- Miami: 65 above zero 
+60 
+50 
4uo -| L-—- New York: 40° above zero 
+30 
+20 é 
—-- Seattle: 15 above zero 
+10 
(0) -—--— Chicago: zero 
-10 
-2 —-—-Montreal: 20° below zero 
-30 


The temperatures listed, in the adjoining figure, 
are the Fahrenheit temperatures for five cities on a 
winter’s day. Note how these temperatures have 
been shown on a number scale. On this scale, plus 
and minus signs are used to distinguish between 
temperatures above zero and those below zero. Such 
numbers are called signed numbers. 


Signed numbers are positive or negative numbers 
used to represent quantities that are opposites of 
each other. 


Thus, if +25 represents 25° above zero, — 25 
represents 25° below zero. 


While a minus sign (—) is used to indicate a neg- 
ative number, a positive number may be shown by a 
plus sign (+) or by no sign at all. 


Thus, 35° above zero may be indicated by +35 
or 35, 


The following table illustrates pairs of opposites which may be represented by +25 and — 25. 


$25 deposited 
25 MPH faster 
25 lb. gained 
25 mi. to the north 


$25 withdrawn 
25 MPH slower 
25 lb. lost 
25 mi, to the south 


The absolute or numerical value of a signed number is the number which remains when the 


sign is removed. 


Thus, 25 is the absolute value of +25 or — 25. 


1.1. Words Opposite in Meaning 


State the words that are opposite in meaning to the following: 


Ans. 


a) gain 
b) rise 
c) above 
d) up 

a) loss 
b) fall 
c) below 
d) down 


| 


e) north 
f) east 
g) tight 
h) forward 


e) south 

f) west 

g) left 

h) backward 


i) deposit m) A.D. 

j) asset n) expand 

k) earnings o) accelerate 

1) receipt p) clockwise 

i) withdrawal m) B.C. 

]) liability n) contract 

k) spendings o) decelerate 

1) payment p) counterclockwise 
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1.2. Expressing Quantities as Signed Numbers 


Ans. 


State the quantity represented by each signed number: 


a) By —10, if + 10 means 10 yd. gained e) By — 100, if +100 means 100 ft. east 

b) By — 5, if + 5 means $5 earned f) By —3, if +3 means 3 steps right 

c) By + 15, if —15 means 15 mi. south g) By 20, if —20 means 200z. underweight 
d) By + 8, if — 8 means 8hr. earlier h) By 5, if —5 means 5 flights down. 

a) 10 yd. lost = c) 15 mi. north e) 100 ft. west g) 2002. overweight 

b) $5 spent d) Shr. later f) 3 steps left A) 5 flights up 


1.3. Absolute or Numerical Value of a Signed Number 


State (1) the absolute values of each pair of numbers and (2) the difference of these abso- 


lute values: a) +25 and —20, 6) -3.5 and +2.4, c) 18%, -162. 
Ans. a) (1) 25, 20 b) (1) 3.5, 2.4 c) (1) 188, 162 


(2) 5 (2) 1.1 (2) 2 


2. USING NUMBER SCALES FOR SIGNED NUMBERS 


+40 Constructing Number Scales 
+10 = 10°Rise { 
+30 ——+> +} }|—__ __—_|——+—_———-———- 
“4 -3 -2 =! Oo +! 42 +3 +4 #+5 +6 
+20 


Horizontal Number Scale 


(9) 
10° Above Zero = +10 Examine both horizontal and vertical number scales. 


0 Notice how positive and negative numbers are placed 
on opposite sides of 0. Since 0 is the starting point, 
it is called the origin. 

~20 In marking off signed numbers, equal lengths on a 
+10 = 10° Rise t scale must have equal values, On the horizontal scale 
shown, each interval has a value of 1 while the inter- 
vals on the vertical scale have a value of 10. Ina 
problem, other values may be chosen for each interval, 
Vertical Number Scale depending on the numbers in the problem. 


Number scales may be used for the following purposes: 


(1) To understand the meanings of signed numbers. 

(2) To show which of two signed numbers is the greater. 

(3) To solve problems with signed numbers. 

(4) To understand operations on signed numbers. 

(5) To understand graphs in which horizontal and vertical number scales are combined. 
(Such graphs will be studied in a later chapter.) 


(1) Using number scales to understand the meanings of signed numbers: 


A signed number may refer to (/) a position or (2) a change in position. 


Thus, +10 may refer to the 10° above zero position on a temperature scale. 
However, +10 may also show a 10° rise in temperature. 


Note on the vertical scale, the use of +10 as arise of 10°. The rise of 10° from any 
temperature is shown by arrows having the same size and direction. Note the two such 
attows from +30 to +40 and from —30 to —20. These arrows, in mathematics, are called 


vectors. (Since signed numbers involve direction, they are also known as directed 
numbers. 
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(2) Using number scales to show which of two signed numbers is the greater: 


Horizontal Number Scale 
+5 


-3 ~2 -! fe) +1 +2 +3 +4 +5 
iy Increase To Right 
SEE a 
+3 On a horizontal scale, signed numbers increase 
to the right; on a vertical scale, the increase is up- 
re wards. From this, we obtain the following rules for 


comparing signed numbers: 
Rule 1. Any positive number is greater than 0. 
i Rule 2. Any negative number is less than 0. 
Rule 3. Any positive number is greater than any 
negative number. Thus +1 is greater than 


a 


Increase ~ 1000. 
sj Going Up Rule 4. The greater of two positive numbers has 
the greater absolute value. Thus, +20 is 
greater than +10. 
~2 Rule 5. The greater of two negative numbers has 
the smaller absolute value. Thus, —10 is 
Vertical Number Scale greater than —20. It is better to owe $10 


than to owe $20. 


(3) Using number scales to solve problems: 


Such solutions are shown in examples 2.3 to 2.6. 


(4) Using number scales to understand operations on signed numbers: 


This is done throughout the remainder of this chapter. 


(5) Using number scales to understand graphs: 


In a later chapter, the horizontal number scale and vertical number scale are com- 
bined into the graph invented by Descartes in 1637. This graph is of the greatest impor- 
tance in mathematics and science. 


2.1. Two Meanings of Signed Numbers 
On a temperature scale, state two meanings of a) +25, b)—25, c)0. 


Ans. a) +25 means (1) 25° above zero or (2) arise of 25° from any temperature. 
b) —25 means (1) 25° below zero or (2) a drop of 25° from any temperature. 
c) 0 means (/) zero degrees or (2) no change in temperature. 


Note. As a number in arithmetic, 0 means "nothing". Do not confuse this meaning of zero with 
the other two. 


2.2. Comparing Signed Numbers 


Which is greater ? 


a)+yor0 b) +50 or +30 c) —30 or 0 d) ~30 or —10 e) +10 or —100 
(Refer to the rules for comparing signed numbers.) 
Ans. a)t+y b) +50 c)0 d) —10 e) +10 


(Rule 1) (Rule 4) (Rule 2) (Rule 5) (Rule 3) 
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2.3 to 2.6. Use a Number Scale to Solve Problems 


2.3. Beginning with the main floor, an elevator went up 4 
floors, then up two more and then down 8. Find its loca- +4 
tion after making these changes. 


Solution: Each interval is one floor. The origin, 0, indi- +2 
cates the main floor. The three changes are 
shown by arrows: 

(1) 4 floors up, (2) 2 floors up, (3) 8 floors down 
The final location is — 2. -2 


Main Floor o 


PRR CAE PGRN NOS BT 


Ans. 2 floors below the main floor. 


2.4. Beginning with 3° below zero, the temperature changed 


by rising 9°, then dropping 12° and finally rising 6°. Find ie 
the final temperature. 7 
Solution: Each interval is 3°. The temperature began at se an 
3° below zero, —3 on the scale. Arrows show : (2) 
the temperature changes: -3 a 
(1) 9°rise, (2) 12°drop, (3) 6°rise -6 


The final temperature reading is 0. 


Ans. zero degrees 


2.5. A football player gained 50 yd. and reached his opponent’s 10 yd. line. Where did he begin 


his gain ? 
Center 
Own Side Of Field Opponent’s Side 
40 os) -20 -10 0 +10 +20 +30 +40 


50yd. gain (+50) 


Solution: Each interval is 10 yd. The 50 yd. gain is shown by an arrow. The origin, 0, indicates 
the center of the field. Since the arrow ends at +10 and has 50 yd. length, it began at 
—40. 

Ans. He began his gain from his 40 yd. line. 


2.6. A plane started from a point 150 mi. west of its base and flew directly east, reaching a point 
150 mi. east of the base. How far did it travel ? 


Base 
West a ee ee ES eee er ee eee East 
*~200 -150 — 100 -50 ) +50 +100 +150 +200 
(+300) 


Solution: Each interval is 50 mi. The origin indicates the base. The arrow begins at —150 and 
ends at +150. It has a length of 300 and points eastward. 
Ans. 300 mi. eastward 
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3. ADDING SIGNED NUMBERS 


"add", in algebra, means "combine", 

In algebra, adding signed numbers means combining them to obtain a single number 
which represents the total or combined effect. 

Thus, if Mary first gains 101b. and then loses 151b., the total effect of the two changes 
is a loss of 5lb. This is shown by adding signed numbers: (+10) + (—15) = —5. 


The symbol "+! when used in adding two signed numbers, has 
two meanings: (1) '+" may mean "add" or 

(2) "+" may mean "positive number", 
Thus (—8) + (+15) means add positive 15 to negative 8. 


Uses of the symbol "+": 


Rules For Adding Signed Numbers 


Rule 1. To add two signed numbers with like signs, add their absolute values. To this re- 
sult, prefix the common sign. 

Thus, to add (+7) and (+3) or to add (—7) and (—3), add the absolute values 7 and 
3. To the result 10, prefix the common sign. 
Hence, (+7) + (+3) = +10 and (—7) + (—3) = —10. 

Rule 2. To add two signed numbers with unlike signs, subtract the smaller absolute value 
from the other. To this result, prefix the sign of the number having the larger abso- 
lute value. 

Thus, to add (+7) and (—3) or (—7) and (+3), subtract the absolute value 3 from 
the absolute value 7. To the result 4, prefix the sign of the number having the larg- 
er abSolute value. Hence, (+7) + (—3) = +4 and (—7) + (+3) = -4. 


THINK! IN ADDING TWO SIGNED NUMBERS: 
. Add Absolute Values for Like Signs, Subtract for Unlike. 


Rule 3. Zero is the sum of two signed numbers with unlike signs and the same absolute 
value. Such signed numbers are opposites of each other. 
Thus, (+27) + (—27) = 0. The numbers +27 and —27 are opposites of each other. 


3.1. Combining by Means of Signed Numbers 


Using signed numbers, find each sum: 


a) 10 yd. gained plus 5yd. lost. 

b) 8 steps right plus 10 steps left. 

Solutions: 

a) 10 yd. gained plus 5yd. lost 
(+10) + (—5) 

Ans. +5 or 5yd. gained 


b) 8 steps right plus 10 steps left 
(+8) + (10) 
Ans. —2 or 2 steps left 


3.2. Rule 1. Adding Signed Numbers with Like Signs 


Add: a) (+8), (+2) 


Procedure: Solutions : 


a) (+8) + (+2) 
8+2=10 
Ans. +10 


1. Add absolute values: 
2. Prefix common sign: 


c) $5 earned plus $5 spent. 
d) 80mi. south plus 100 mi. south. 


c) $5 earned plus $5 spent 
(+5) + (-5) 
Ans. 0 or no change 
d) 80 mi. south plus 100 mi. south 


(—80) + (—100) 
Ans. —180 or 180 mi. south 


b) (—8), (—2) c) (—30), (~144) 
b) (—8) + (—2) c) (—30) + (—142) 

8+2=10 | 30+143 = 444 
Ans. —10 Ans, —443 
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3.3. Rule 2. Adding Signed Numbers with Unlike Signs 


Add: a) (+7), (—5) 


4] 


b) (—17), (+10) 


Procedure: Solutions: 
a) (+7) + (—5) b) (~17) + (+10) 
1. Subtract absolute values: 7-5=2 17-10 =7 
2. Prefix sign of number having Sign of +7 is +. Sign of —17 is —-. 
larger absolute value: Ans. +2 Ans. —7 


3.4. Rule 3. Adding Signed Numbers which are Opposites of Each Other 


Add: 
Solutions: 
a) (~—18) + (+18) 

Ans. 0 


a) (—18), (+18) 
Procedure: 


Sum is always zero: 


3.5. Rules 1,2 and 3. Adding Signed Numbers 
Add +25 to a) +30, 6)—30, c)—25. 


Ans. a) (+30) + (+25) = +55 (Rule 1) 
b) (—30) + (+25) = —5 (Rule 2) 
c) (—25) + (+25) = 0 (Rule3) 


b) (+302), (-302) c) (—1.75), (41.75) 


b) (+802) + (302) 
Ans. 0 


c) (—1.75) + (+1.75) 
Ans. 0 


To —20, add d)—30, e) +10, f) +20 


Ans. d) (—20) + (-30) = —50 (Rule 1) 
e) (—20) + (+10) = —10 (Rule 2) 
f) (20) + (+20) = 0 (Rule3) 


4, SIMPLIFYING THE ADDITION OF SIGNED NUMBERS 


To simplify the writing used in adding signed numbers: 


(1) Parentheses may be omitted. 


(2) The symbol ''+" may be omitted when it means "add". 
(3) If the first signed number is positive, its + sign may be omitted. 
Thus, 8+9-—10 may be written instead of (+8)+ (+9) +(—10). 


To Simplify Adding Signed Numbers 
Procedure: 


1. Add all the positive numbers: 
(Their sum is positive.) 


2. Add all the negative numbers: 
(Their sum is negative.) 


3. Add the resulting sums: 


4.1. Simplifying the Addition of Signed Numbers 


Add: (+23), (-12), (~8), (+10) 
Solution: 
1. Add +’s: 23 
10 
33 
2. Add—’s: —12 
8 
—20 
3. Add sums: 33— 20 
Ans. 13 


Express in simplified form, horizontally and vertically: then add: 
a) (+27) + (—15) + (+3) + (—5), | b) (—8) + (+18) + (—20) + (+9), | c) (411.2) + (413.5) + (—6.7) + (420.9) 


Simplified Horizontal Forms: 
a)27-—15+3-—5 


Simplified Vertical Forms: 


b)-8 +13 — 20+ 9 


27 - 8 

—15 13 

3 —20 

ar aa 
Ans. 10 Ans. ~ 6 


ce) 11.2 + 13.5 — 6.7 + 20.9 


11.2 
13.5 
— 6.7 
20.9 


Ans. 38.9 
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4.2. Adding Positives and Negatives Separately 
Add: a) (+27), (—15), (+3), (—5) b) (—8), (+13), (—20), (+9) c) (411.2), (+13.5), (—6.7), (+20.9), 


Solutions: (~3.1) 
a) Simplify: b) Simplify: c) Simplify: 
27-15+3-—5 —8+13-—20+9 11.2+13.5—6.7+ 20.9—3.1 


Add +’s Add +’s Add +’s 
27 —15 13 11.2 —6.7 
3 —5 9 —20 13.5 —3.1 
30 —20 22 ~28 20.9 —9.8 
45.6 
Add results: 30 — 20 Add results: 22 — 28 Add results: 45.6—9.8 
Ans. 10 Ans. —6 Ans. 35.8 


4.3. Using Signed Number: and Number Scales to Solve Problems 


In May, Tom added deposits of $30 and $20. Later, he withdrew $40 and $30. Find the 
change in his balance due to these changes using a) signed numbers and 6) number scale: 


a) Signed Number Solution 6b) Number Scale Solution ak, 
Add Add +’s | Add —’s The last of the 4 Per 
+30 —40 arrows ends at — 20. 
+20 20 — 30 This means $20 less si 

Fae ao than the original bal- +30 

40 50 — 10 vee 
—30 ance. +20 
50-70 = —20 oy 
Ans. $20 less : 
-10 
-20 

5. SUBTRACTING SIGNED NUMBERS 

The symbol '—", used in subtracting signed numbers, has two meanings: 
(1) "'—" may mean "subtract" or 
(2) "~" may mean "negative number", 


Thus, (+8) — (—15) means subtract negative 15 from positive 8. 


Using Subtraction to Find the Change From One Position to Another 
Subtraction may be used to find the change from one poSition to another. (See 5.6 to 5.8.) 
Thus, to find a temperature change from 10° below zero to 20° above zero, subtract (—10) 

from (+20). The result is +30, meaning a rise of 30°. 
Rule for Subtracting Signed Numbers 

Rule 1. To subtract a positive number, add its opposite negative. 

Thus, to subtract (+10), add (—10). For example, (+18) — (+10) 

= (+18) + C10). Ans. +8 

Rule 2. To subtract a negative number, add its opposite positive. 


Thus, to subtract (—10), add (+10). For example, (+30) — (—10) 
= (+30) + (+10). Ans. +40 


THINK! To Subtract a Signed Number, Add Its Opposite. 
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5.1. Rule 1. Subtracting a Positive Number 
Subtract: a) (+8) from (+29) 


b) (+80) from (+80) 


c) (+18) from (—40) 


Procedure: Solutions: 
To subtract a positive, a) (+29) — (+8) b) (+80) — (+ 80) c) (—40) — (+18) 
add its opposite negative: (+29) + (—8) (+80) + (—80) (—40) + (—18) 
Ans, 21 Ans. 0 Ans. —58 
5.2. Rule 2. Subtracting a Negative Number 
Subtract: a) (—7) from (+20) | 6) (—67) from (—67)| c) (—27) from (87) 
Procedure: Solutions: 
To subtract a negative, a) (+20) — (-7) b) (—67) — (—67) c) (—87) — (—27) 
add its opposite positive: (+20) + (+7) (—67) + (+67) (—87) + (+27) 
Ans. 27 Ans. 0 Ans. — 60 
5.3. Subtracting Vertically 
Subtract the lower number from the upper: 
a) +40 b) = +40 c) —40 
+10 +55 =75 
Solutions: (To subtract a signed number, add its opposite.) 
a) +40 +40 b) =+40 +40 c) —40 —40 
—(+10)—> +(-—10) —(+55)—» +(—55) —(—75) — +(+75) 
Ans. +30 Ans. —15 Ans. +35 
5.4. Rule 1 and 2. Subtracting Signed Numbers 
Subtract +3 from a) +11, 6)—15. From —8, subtract c)—15, d) —5. 
Solutions: 
a) (+11) — (+3) b) (—15) — (+3) c) (-8)—(-15) d) (—8) — (—5) 
(+11) + (—3) (15) + (—3) (—8) + (+15) (—8) + (+5) 
11 -— 3 -15 -— 3 —-8 + 15 —-8 + 5 
Ans. 8 Ans. —18 Ans. +1 Ans. —3 


5.5. Combining Addition and Subtraction of Signed Numbers 


Combine: 
a) (+10) + (+6) — (2) 
(+10) + (+6) + (+2) 
10 + 6 + 2 
Ans. 18 


b) (+8) — (-12) — (+5) + (-3) 
(+8) + (+12) + (—5) + (3) 
8 + 12 ~—~ 5 — 38 
Ans. 12 


e) (—11) — (+5) + (-7) 
(11). + (5) 7) 
-ll- 5 -— 7 


Ans. -23 


5.6. Finding the Change Between Two Signed Numbers 
Find the change from +20 to —60, using a) number scale and $) signed numbers: 


a) Number Scale Solution. b) Signed Number Solution 


From e Subtract 20 from — 60, 
i) Arrow pointing — 60 — (+20) 
on downward —60 + (—20) 
-30 shows a — 80 
~40 decrease of 80. 
-50 
To -60 Ans. a decrease of 80 
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5.7. Finding the Distance Between Two Levels 


Using (J) a number scale and (2) signed numbers, find Number Scale Solution 
the distance from 300ft. below sea level to a) 800ft. below 
sea level, 5) sea level, c) 100 ft. above sea level, 00 SS 
0 -—— 
Signed Number Solution ~100 (b) (c) 
a) —800 — (—300) b) 0 — (300) c) 100 — (—300) ot ae oe 
— 800 + (+300) 0 + (+300) 100 + (+300) -400 
— 500 +300 +400 7500 (gy 
-600 
Ans. 500 ft. down Ans. 300ft. up Ans. 400ft. up -700 
(Show how each arrow indicates an answer.) —800-- —— 
5.8. Finding a Temperature Change 
On Monday, the temperature changed from —10° to 20°. Number Scale Solution 
On Tuesday, the change was from 20° to —20°. Find each 
change, using a) number scale and 5) signed numbers. 20° 
Signed Number Solution . 
10 
MONDAY CHANGE TUESDAY CHANGE 
20 — (—10) — 20 — (+20) °° 
20 + (+10) — 20 + (—20) 
+30 — 40 -10° 
Ans. Rise of 30° Ans. Drop of 40° : 
(Show how each arrow indicates an answer.) =m 


6. MULTIPLYING SIGNED NUMBERS 


Rule 1. 


Rule 2. 


Rule 3. 


Rule 4. 


Rule 5. 


Rule 6. 


Rules for Multiplying Two Signed Numbers 


To multiply two signed numbers with like signs, multiply their absolute values and 
make the product positive. ; 

Thus, (+5)(+4) = +20 and (—5)(—4) = +20. 
To multiply two signed numbers with unlike signs, multiply their absolute values and 
make the product negative. 

Thus, (—7)(+2) = —14 and (+7)(—2) = —14. 


THINK! 


Zero times any signed number equals zero. 
Thus, 0(—827) = 0 and (44.7)(0) = 0. 


Rules for Multiplying More Than Two Signed Numbers 


Make the product positive if all the signed numbers are positive or if there is an even 
number of negatives. 

Thus, (+10)(+4)(—3)(—5) = +600. 
Make the product negative if there is an odd number of negatives. 

Thus, (+10)(—4)(—3)(—5) = — 600. 


Make the product zero if any number is zero. 
Thus, (—5) (+82) (0) (3162) = 0. 


6.1. 


6.2. 


6.3. 


6.4. 


6.5. 
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Rule 1. Multiplying Signed Numbers with Like Signs 


Procedure: 


1. Multiply absolute values: 


Multiply: a) (+5)(+9) 
Solutions: 
a) (+5)(+9) 
5(9) = 45 
Ans. +45 


2. Make product positive: 


b) (—5)(-11) 


b) (—5)(-11) 
5(11) = 55 
Ans. +55 


Rule 2. Multiplying Signed Numbers with Unlike Signs 


Procedure: 


1. Multiply absolute values: 


Multiply: a) (+8)(—9) 

Solutions: 

a) (+8)(—9) 
8(9) = 72 

—72 


2. Make product negative: 


Rules 1 to 3. Multiplying Signed Numbers 
Multiply +10 by a) +18, 6) 0, c)—13 
Ans. a) (+10)(+18) = +180 
b) (+10)(0) = 0 
c) (+10)(—13) = — 130 


Ans. 


(Rule 1) 
(Rule 3) 
(Rule 2) 


b) (—20)(+5) 


b) (—20)(+5) 
20(5) = 100 
Ans. —100 


45 


c) (—3)(—2.4) 


c) (—3)(—2.4) 


3 (2.4) = 7.2 
Ans. 


+7.2 


c) (+34) (—10) 


c) (+34) (—10) 


32 (10) = 35 
Ans. 


— 35 


| Multiply —20 by d) +2.5, e) 0, f) -24 
d) (—20)(+2.5) = —50 


e) (-20)0=0 


f) (—20)(—24) = +45 


Rules 4 to 6. Multiplying More Than Two Signed Numbers 


Multiply: 

a) (+2)(+3) (+4) 
b) (+2) (+3) (—4) 
ce) (+2)(—3)(—4) 
d) (—2)(-8)(—4) 


e) (+2)(+3) (—4) (0) 


Ans. 


Ans 


Ans. 


Ans 


Ans. 


+ 24 (Rule 4) 
. —24 (Rule 5) 
+24 (Rule 4) 
. —24 (Rule 5) 
0 (Rule 6) 


Using Signed Numbers to Solve Problems 
Complete each statement, using signed numbers to obtain the answer: 


f) (-1)(-2)(-5)(—10) 
g) (--1)(—2) (+5) (+10) 
h) (—1) (+2) (+5) (+10) 
t) (—1)(—2)(—5) (+10) 
J) (—1)(—2) (+5) (+10) 0 


Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


(Rule 2) 
(Rule 3) 
(Rule 1) 


+100 (Rule 4) 
+100 (Rule 4) 
—100 (Rule5) 
—100 (Rule 5) 

0 (Rule 6) 


a) If George deposits $5 each week, then after 3 weeks his bank balance will be ( ). 
Let +5 = $5 weekly deposit 
and +3 = 3 weeks later 


Then, (+5)(+3) = +15 


Ans. $15 more 


b) If Henry has been spending $5 a day, then 4 days ago he had ( ). 
Let —5 = $5 daily spending 
and —4 = 4 days earlier 


Then, (—5)(—4) = +20 


Ans. $20 more 


c) If the temperature falls 6° each day, then after 3 days it will be ( 
Let —6 = 6° daily fall 
and +3 = 3 days later 


). 


Then, (—6)(+3) = — 18 


Ans. 18° lower 


d) If ateam has been gaining 10 yd. on each play, then 3 plays ago it was ( 
Let +10 = 10 yd. gain per play 
and —3 = 3 plays earlier 


Then, (+10)(—3) = —30 
Ans. 30 yd. farther back 


e) If a car has been traveling west at 30 MPH, then 3 hr. ago it was ( 
Then, (—30)(—3) = +90 


Let —30 = 30MPH rate westward 


and —3 = 3hr. earlier 


Ans. 90 mi. farther east 


ve 
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7. FINDING POWERS OF SIGNED NUMBERS 


Rules for Finding Powers of Signed Numbers 


(Keep in mind that the power is the answer obtained.) 
Rule 1. For positive base, power is always positive. 
Thus, (+2)° or 2° = +8 since (+2)° = (+2) (+2)(+2). 


Rule 2. For negative base having even exponent, power is positive. 
Thus, (—2)* = +16 since (—2)* = (—2)(—2)(—2)(—2). 
Note. —2* means "the negative of 2*", Hence, —2* = —16. 


Rule 3. For negative base having odd exponent, power is negative. 
Thus, (—-2)° = —32 since (—2)° = (—2)(—2)(—2)(—2)(—2). 


THINK! FOR NEGATIVE BASE: 
: Power is Positive when Exponent is Even, Negative when Odd. 


7.1. Rule 1. Finding Powers when Base is Positive 


Find each power: 


a) 3° Ans. 9 d) (+5)° Ans. 125 g) (3)? Ans. 2 
b) 2* Ans. 16 e) (+7)? Ans. 49 h) (5)? Ans. = 
c) 10° Ans. 1000 f) (Ans. 1 E) G5 Ans. 55 


7.2. Rules 2 and 3. Finding Powers when Base is Negative 


Find each power: 


a) (—3)° Ans. 9 d) (-1)?° Ans. -1 g) (- +) Ans. r 
b) (-3)° Ans. —27 e) (—.5)* Ans. .25 h) (— 4) Ans. -¥ 
c) (-1)'°° Ans. 1 f) (~.2) — Ans. — .008 i) (-—2 Ans. ~ 7 


7.3. Rules 1 to 3. Finding Powers of Signed Numbers 
Find each power: 
a) 37 Ans. 9 d) (5) Ans. + g) (—1)°°° Ans. 1 
hy ~1*°° Ans. ~1 


b) —3? Ans. —9 e) (- >) Ans. 


e[—- e|- 


c) (-3)9 Ans. 9 fy) —GY Ans. i) (-1)** Ans. -1 


7.4. Finding Bases, Exponents or Powers 
Complete each: 
a) (-3)' = 81 Ans. 4 c) (7)? = ~32 Ans. -—2 e) (— 3° =? Ans. -i 
b) 2°= 128 = Ans. 7 d) (?)$?4 = -1 Ans. -1 f) -.24= 2 Ans. —.0016 
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8. DIVIDING SIGNED NUMBERS 


Rule 1. 


Rule 2. 


Rule 3. 


Rule 4. 


Rules for Dividing Signed Numbers 


To divide two signed numbers with like signs, divide the absolute value of the first 
by that of the second and make the quotient positive. 


Thus, aS ven. 


= +4 and —5 


+8 
+2 


To divide two signed numbers with unlike signs, divide the absolute value of the first 
by that of the second and make the quotient negative. 


Thus, 


IN DIVIDING SIGNED NUMBERS: 
Like Signs Result in Positive Quotient, Unlike Signs in Negative. 


THINK! 


Zero divided by any signed number is zero. 
0 0 
Thus, —~ = and -— = 0. 
+17 0 ~17 0 


Dividing a signed number by zero is an impossible operation. 
Thus, (+18) +0 or (18) +0 are impossible. 
18 +18 — 18 
0 


7° or are meaningless. 


Combining Multiplying and Dividing of Signed Numbers 


To multiply and divide signed numbers at the same time: 


(1) Isolate their absolute values to obtain the absolute value of the answer. 
(2) Find the sign of the answer, as follows: 


Rule 5. Make the sign of the answer positive if all the numbers are positive or if there is an 
even number of negatives. 
Thus, (412) (+5) : (+12)(+5) , and (=12)(—5) equal +10. 
(+3)(+2) (—3)(—2) (—3) (—2) 
Rule 6. Make the sign of the answer negative if there is an odd number of negatives. 
Thus, (+12)(45) ; (+12)(—5) , and (=12)(—5) equal —10. 
(+3)(-2) — (—3)(—2) (+3)(—2) 
Rule 7. Make the answer zero if one of the numbers in the dividend is 0. 
Thus, _(453)(0) 0. 
(-—17)(—84) 
Rule 8. A zero divisor makes the operation impossible. 
Thus, (453)(-11) is meaningless. 
(+84) 0 
8.1. Rule 1. Dividing Signed Numbers with Like Signs 
Divide: a) (+12) by (+6) b) (—12) by (-4) c) (—24.6) by (—3) 
Procedure: Solutions: 
+12 —12 — 24.6 
+6 2 ear sees 
1. Divide absolute values: 2 = 2 va = 3 6 = 8.2 
2. Make quotient positive: Ans. +2 Ans. +3 Ans. +8,2 
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8.2. Rule 2. Dividing Signed Numbers with Unlike Signs 


Divide: a) (+20) by (—5) b) — 24 by +8 c) +8 by —16 
Procedure: Solutions: 
+ 20 — 24 +8 
Os es °) 46 
ivi : 20 24 Bes 
1. Divide absolute values: 5 4 3 3 16 5 
2. Make quotient negative: Ans. —4 Ans, —3 Ans. —} 
8.3. Rules 1 to 4. Dividing Signed Numbers 
Divide +9 by a) +3, b)0, c)—10 Divide each by —12: d) +36, e) 0, f)-—3 
+9 = +36 _ _ 
Ans. a) 73 +3 (Rule 1) d) =a 3 (Rule 2) 
b) i is meaningless (Rule 4) e) =e = 0 (Rule 3) 
HON 29) =3 2341 
c) ST (Rule 2) f) “19 + 4 (Rule 1) 


8.4. Rules 5 and 6: Combining Multiplying and Dividing Signed Numbers 
5 (+12)(+8) 
Solve: a) (—3)(—4) 
Procedure: 
1. Isolate absolute values: CANE: = 
(3) (4) 
2. Find the sign of the answer: eaice = 
Ans. +8 


8.5. Rules 7 and 8. Zero in Dividend or Divisor 
: (+27)0 (+27)(—3) 
Solve: ——_——__— Ans. 1 lave 
0 a) (—3\(+15) ns. 0 (Rule 7) b) (+15)0 


9. EVALUATING EXPRESSIONS HAVING SIGNED NUMBERS 


To evaluate an expression having signed numbers: 


by (4-2-3) 


(—5)(—10) 
(4)(2(3) _ 12 
(5)(10) 25 
(-\-y\-) 
(—-)(—) 
Ans, — 12 
25 


Ans. meaningless (Rule 8) 


1) Substitute the values given for the letters, enclosing them in parentheses. 
2) Perform the operations in the correct order, doing the power operations first. 


9.1. Evaluating Expressions Having One Letter 


Evaluate if y = —2: 


a) 2y +5 b) 20 — 3y c) 4y? d) 2y° e) 20-—y° 
2(—2) +5 20 — 3(—2) 4(—2)° 2(-2)° 20 — (-2)° 
—4+5 20 + 6 4(4) 2(—8) 20 — (—32) 
Ans. 1 Ans. 26 Ans. 16 Ans. —16 Ans. 52 
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9.2. Evaluating Expressions Having Two Letters 


Evaluate if x=—3 and y=+2: 


a) 2x — By b) 20 — 2xy c) 3xy? d) 2x? — y? 
2(—3) — 5 (+2) 20 — 2(—3) (+2) 3(—3) (+2)° 2(—3)? — (+2)? 
—6— 10 20 + 12 3 (—3) (4) 2(+9) — (+4) 
Ans. — 16 Ans. 32 Ans. —36 Ans. 14 


9.3. Evaluating Expressions Having Three Letters 


Evaluate if x=+1, y=-—2, z=—3: 


3x —5 2 
a) Any? +2 b) x? + y? — 2? c) 2 dy 
4 (+1) (—2)* + (—3) (+1)? + (—2)? — (3)? 3(+1) — 5(—2) 2(-2)? 
4(1)(4) — 3 1+ 4- 9 2(—3) +1 — (-3) 
Ans. 18 Ans. —4 3 +10 2:4 
—6 1+3 
Ans. —24 Ans. 2 
6 
SUPPLEMENTARY PROBLEMS 
. State the quantity represented by each signed number: (1.2) 
a) By +12, if -12 means 12yd. lost. d) By —32, if +32 means $32 earned. 
b) By —7, if +7 means 7 flights up. e) By +15, if -15 means $15 withdrawn. 
c) By +25, if —25 means 25 mi. westward. f) By —13, if +13 means 13 steps forward. 
Ans. a) 12 yd. gained c) 25 mi. eastward e) $15 deposited 
b) 7 flights down d) $32 spent f) 13 steps backward 


. State (/) the absolute value of each pair of numbers and (2) the differences of these absolute 


values: a) +40 and —32 b) -3.7 and +1.5 c) -40% and -102 (1.3) 
Ans. a) (1) 40,32; (2) 8 b) (1) 3.7, 1.5; (2) 2.2 c) (1) 405, 103 ; (2) 30 
. On a temperature scale, state the meanings of a)—17, 5) +15. (2.1) 


Ans. a) —17 means (J) 17 below zero or (2) a drop of 17° from any temperature. 
b) +15 means (J) 15° above zero or (2) a rise of 15° from any temperature. 


. Which is greater? a) —3 or 0, 5b) —% or—30, c) +% or—2z, d)—110 or —120. (2.2) 
Ans. a)0 b)—z ec) +a d) —110 


. Beginning with 5° above zero, the temperature rose 2° , then dropped 8° and finally rose 4°. Find 
the change in temperature and the final temperature after the changes. (2.4) 


Ans. Change in temperature was a drop of 2° from the initial temperature of +5°. Final tempera- 
ture after the changes was 3° above zero. 


. A plane starting from a point 200mi. east of its base flew directly west to a point 300 mi. west of 
the base. How far did it travel? (2.6) 


Ans. 500 mi. westward 


50 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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a) (+11) + (+38) + (-9) + (—8) b) (—42) + (+42) + (—85) 
Ans. a) 11 b) —42 
3 +42 
—9 — 85 
-8 Sum = —85 
Sum = — 


Express in simplified horizontal form and add: 
a) (—14), (—7), (+22), (—35) 


Ans. a) —14—7+22— 


Sum = — 34 
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b) (+34), (+82), (-40@) 
b) 34 +82 — 402 
Sum = — 29 


. Using signed numbers, find each sum: 
a) 201b. gained plus 7]b. lost. d) $5 gained plus $15 spent. 
b) 171b. lost plus 31b. gained. e) 8° rise plus 20° rise. 
ce) $5 spent plus $15 spent. f) 8° drop plus 8° rise. 
Ans. a) (+20) + (—7) = +13 or 131b. gained d) (+5) +(—15) = —10 or $10 spent 
b) (—17) + (+3) = —14 or 14]b. lost e) (+8) + (+20) = +28 or 28° rise 
c) (—5) +(—15) = — 20 or $20 spent f) (—8) + (+8) =0 or no change 
Add: a) (+102),(+72) 6) (—1.4),(—2.5) se) (+5), (+3),(412) —— d) (—1), (-2), (—3) 
Ans. a) +18 b) —3.9 c) +20 d) -—6 
Add: a) (+64), (—32) b) (—.23), (+.18) c) (+23), (~13), (+12) d) (+5), (-8), (+17) 
Ans. a) +22 b) —.05 c) +22 d) +14 
Add: a) (+25.7), (—25.7) b) (+120), (—120), (+19) c) (+28), (—16), (—28), (+16) 
Ans. a) 0 b) +19 c) 0 
Add —32 to To +11, add 
a)—25 Ans. —57 c)+32 Ans. 0 e)—29 Ans. —18 g) +117 Ans. +128 
b) +25 Ans. —7 d) +100 Ans. +68 fp —11 Ans. 0 h)—108 Ans. —97 
Express in simplified vertical form and add: 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


(4.1) 


c) (413.7) + (42.4) — (8.9) 


c) 13.7 
2.4 

-8.9 

Sum = 1.2 


(4.1, 4.2) 
ec) (—1.78), (—3.22), (+16) 


ec) —1.78 — 3.22 + 16 


Sum = 11 


In a football game, a team gained Syd. on the first play, gained lyd. on the second play, lost 


12 yd. on the third play and lost 6yd. on the fourth play. 


these changes, using a) signed numbers and 4) a number scale: 


~8 ~6 —-4 -2 Start 


2 4 6 8 lo 


} : 


— 


| — 


——— 
Ans. Total change is 9 yd. loss. 


a) (+8) + (+1) + (—12) + (-6) b) 
es ae eee | 
=) 
Subtract: 


a) (+11) from (+16) 
b) (+417) from (—47) 
Ans. a) +5 6)-—94 


Subtract: 
a) (—11) from (+16) 
b) (—41) from (+47) 
Ans. a) +27 b) +94 


ec) (+3.5) from (+7.2) 
d) (+7.2) from (—3.5) 
c)+3.7  d)—10.7 


c) (—.81) from (+.92) 
d) (—.23) from (—.27) 
c)+1.73 d)—.04 


e) (+34) from (+114) 
f) (+174) from (-8) 
e) +85 f) — 254 


e) (—Tx) from (+22) 
f) (—32) from (—4) 
e) +10 fy—<¢ 


Find the change in position due to 


(4.3) 


(5.1) 


(5.2) 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


SIGNED NUMBERS 
Subtract the lower number from the upper: 
a) +22 by +17 c) —30.7 d) —.123 e) —13$ f) -275 
+17 +22 + 30.7 + 265 — 104 + 32 
Ans. a) + 5 b)- 5 c) ~ 61.4 d) — 388 e) - 34 f) -314 


Subtract +4 from a)+8z, 6)+4, c)+2.3, and d)—25. 
From —10 subtract e)-—23, f)—8, g)—3.9, and h) + 20q. 


Ans. a) +43, 6)0, ¢)—1.7, d)—29, e) +13, f)—2, g)—6.1, h) —304 


Combine: a) (+11) + (+7) — (+24) d) (+25) — (—6) — (—22) + (+40) 
b) (—11) — (—5) — (—14) e) (—3.7) + (—2.4) — (+7.8) + (-11.4) 
c) (4.18) — (+.07) — (+.32) f) (#22) — (-14) — (458) — (-7) 
Ans. a)—6, b) +8, c) —.26 d) +93, e)—25.3, f) +5 
Find the distance from 500 ft. above sea level to a) 1200 ft. above sea level, 5) sea level, 


c) 2000 ft. below sea level. Ans. a) T00ft. up, 5) 500ft. down, c) 2500ft. down 


On a Monday, the hourly temperatures from 1P.M. to 6P.M. were 
1 P.M. 2 P.M. 3 P.M. 4 P.M. 5 P.M. 6 PM. 
—8° —5° 0° 4° ~4 — 20° 


Find each hourly temperature change. 


Ans. a) 3° rise from 1 to 2P.M., 5b) 5° rise from 2to3P.M., c) 4° rise from 3 to 4 P.M., 
d) 8° drop from 4 to 5 P.M., e) 16° drop from 5 to 6 P.M. 


Multiply: a) (+3) (+22) ce) (—5)(-4) e) (+8)(+24) g) (—24)(-14) 
b) (+.3) (+2.2) d) (—.05) (—.04) f) (-35) (-24) hy (+3)(4 8) 
Ans. a)+66, b)+.66, c) +20, d)+.002, e) +20, f) +77, g) +3y, h) +92 
Multiply: a) (~20)(+6) c) (—.8)(+.11) e) (+6)(—74) ge) (-4)¢ #) 
b) (+13) (—8) d) (+3.4)(—21) fy (24) (421) h) (+24) (-34) 
Ans. a)—120, 6) -104, c)—.088, d)—71.4, e)-46, f)-45,  g)- 2, hy—7#2 
Multiply +8 by a) +7, 5)0, c)—-4. Multiply —12 by dj+.9 , e)—1z, f) —8.21 
Ans. a) +56, 6) 0, c)—32 Ans. d) —10.8, e) +18, f) +98.52 
Multiply: a) (+3) (+4) (+12) d) (—1)(—1)(+1)(-1) g) (+2)(+2)(+2)(— 2) 
by (+.3)(+.4) (41.2) e) (—2)(—2)(—2)(—2) h) (—%)(+8)(— £) (+16) 
c) (+.3)(—4) (—.12) f) (—2)(+5) (—5) (+4) i) (—12)(+22) (+3) 


Ans. a) +144, b) +.144, c) +.144, d) —1, e) +16, f) +200, g) —, h) +16, i) —134 


(5.4) 


(3.5) 


(5.7) 


(5.8) 


(6.1) 


(6.3) 


(6.4) 


Complete each statement. In each case, indicate how signed numbers may be used to obtain the 


answer. (6.5) 
a) If George withdraws $10 each week, then after 5 weeks, his bank balance will be( ). 

b) If Tom has been earning $15 a day, then in 3 days, he will have (+). 

c) If the temperature has risen 8° each day, then five days ago, it was(__ +). 

d) If a car has been traveling east at 40 MPH, then 3 hours ago, it was(_s).. 

e) If a school decreases in register 20 pupils per day, then 12 days ago, the register was (__). 
Ans. a) $50 less b) $45 more c) 40° less d) 120 mi. farther west e) 240 pupils more 


(—10)45) = —50 = (+15)(+3) = +45 (+8)(—-5) = 40 = (+40)(—3) = —120 (—20)(—-12) = +240 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


SIGNED NUMBERS 


Find each power: a) 2°, b) (+4)?, c) 10%, d) .32, e) (+.2)8, f) GE)?, 2g) (qo)°, A) (4)? 


(7.1) 


Ans. a) 8, 6) 16, c) 10,000, d).09, e) .008, f) 7b, g) sae» AH 


Find each power: a) (—1)®, 6) (-1)®?, ¢) (-.3)%, d) (—.1)*, e) (—.12)?, f) 2), g) (- $)* (7.2) 
Ans. a)—1, 6) +1, c)—.027, d) +.0001, e) +.0144, f)—-7s, gta 


Complete each: (7.4) 
a) (5) = ~125 c) (—?)* = +.0001  e) (+2)*= 2? g) (2) = -1 
b) (+10) = 10,000 = d) (—2)° = ~.348 ff) (-E)® =? A) (2/74? = +1 
Ans. a) 3, b) 4, ey sly DAF eae. fy» g)—1, A) +1 or 1 
Divide: a) (+24) by (+3) c) (49) by (-7)__e) (44.8) by (+.2) —_g) (—18) by (—4) (8.1) 
b) (+88) by (+8)  d) (~78) by (—6) _— f) (—95) by (~.5) sh) (+8) by (+12) 
Ans. a) +8, b) +11, ec) +7, d) +13, e)+24, f) +190, g) +44, hy +4 
Divide: a) (+30) by (—5) c) (+13) by (—2) ee) (+.2) by (—.04) g) (—100) by (+500) = (8.2) 
b) (—80) by (+5) = d) (36) by (+8) —f) (— 30) by (+.1) h) (+100) by (—3) 
Ans. a)—6, b) —6, c)—64, d)—-45, e)—5, f)-300, gg) —¥, h) — 334 
Divide +12 by a) +24, b) +12, c) +4, d) —1, e) —3, f) ~48 (8.3) 
Divide each by—20 g) +60, h)+20, i)+5, j)-225, k)-10, 1)—100 


Ans. a) +4, b) +1, c) +3, d)—12, e)—4, f)—4, g)—3, A) -1, 


=2.5 


i)—y, py tlit, ky +h, 1 +5 


—.25 —25 


Divide: a) +28 by 28 c) 29 d) =2 e) =28 f) =S22 (8.3) 
Ans. a) +5 b) —5 c) +5 d) —% e) +50 f) —.05 
Multiply and divide as indicated: (8.4,8.5) 
ay (t20+12) (43+ 6)C410) \ gy GDG2)43) 
(4+3)(+5) (+12) (—3) (-17)(—24) (—4)(—6) 
by (420)(—12) dy {—3-6)G-18) fy Sates 10 Ay (ELC. 2-30) 
(—3) (—5) (+12)(+3) (—5)(—8)(—9) (—.4)(-. 1) 
Ans. a) +16, b)—-16, c)—5, d)+9, e).0, f) 0, g)+u, A) —15 
Evaluate if y = —3: 2 yaa (9.1) 
a) 3y+1 c) 2y? e) (~y)? g) 2 {) 2s 
b) 20 ~ 4y d) 3y° f) 2-y° h) y(y? — 2) j) 2? —5y +27 
Ans. a) ~—8, b) 32, c) 18, d)—81, e) 9, f) 29, g)—T, h)—21,  i)-2, j) 60 
Evaluate if x=—1 and y=+3: 2 (9.2) 
a) x+y c) x? +y? e) 4xy — x? g) 3xy? i) z 
b) y — 2x d) 3xy f) x?y + 10 h) x® + 10y jis 
Ans. a) 2, b)5, c)10, d)-9, e)—13, f) 13, g)—27, h) 29, i) -3, fF 
Evaluate if x=—2, y=—1, and z=+3: (9.3) 
ayxtytz c) x? + y? + 2? e) 2xyz g) xy +27 i) a 
2 2 
b) 2x + By — 2z d)xe—y? +z f) xy + yz h) y? — 5x2 ere ae 
Ans. a) 0, 6) —12, c) 14, d) -6, e) 12, f)-1, g) 11, 4)31, i)-$, f)4 


Chapter 4 


As 


MONOMIALS ©. : 
and POLYNOMIALS» . 


1. UNDERSTANDING MONOMIALS AND POLYNOMIALS 


A term is a number or the product of numbers. Each of the numbers being multiplied is a 
factor of the term. 

Thus, the term —5xy consists of three factors, —5, x and y. 

In —5xy, xy is the literal coefficient and —5 is the numerical coefficient. 


An expression consists of one or more terms. Expressions may be monomials or polynomials. 
1. A monomial is an expression of one term. 
2. A polynomial is an expression of two or more terms. 
a) A binomial is a polynomial of two terms. 
b) A trinomial is a polynomial of three terms. 
Thus, 3x? is a monomial, 
The polynomial 3x2+5x is a binomial. 
The polynomial 3x2+5x — 2 is a trinomial. 
Like terms are terms having the same literal factors, each with the same exponent. Like 
terms have the same literal coefficient. 
Thus, 5x*y and 3x?y are like terms with the same coefficient, xy, 


Unlike terms are terms that do not have the same literal coefficient. 
Thus, 5x?y and —3xy? are unlike terms. 


1.1. Selecting Like Terms 
In each polynomial select like terms, if any: 


a) 10 — 5x + 2 Ans. a) 10 and +2 

by x + Bys-— z+ y Ans. b) 3y and +y 

c) 2ab — 38ac + 4bc — be Ans. c) t4be and —be 

d) 2abe + 3acd + 5bed + Tacd Ans. d) 3acd and Tacd 

e) y? — Qn? + 422 — By? Ans. e) y? and —5y? 

f) xy? + x?y¥? — Bx2y + Tx? y Ans. f) —3x?y and Tx?y 

g) 2ab?c? — 5a?b*2ce + 8a*bc? Ans. g) no like terms 

h) 3(xty) — B(xty) + 2(x—y) Ans. h) 3(x+y) and ~5 (x+y) 


2. ADDING MONOMIALS 


To add like terms: 
1. Add their numerical coefficients. 
2. Keep the common literal coefficient. 
Thus, 3a? — 5a? + 4a? = (3—5+4)a? or 2a”. 
To simplify monomials being added: 
(1) Parentheses may be omitted, 
(2) "+" meaning "add" may be omitted. 
(3) If the first monomial is positive, its + sign may be omitted. 
Thus, to simplify (+ 8x) +(+9x) +(—10x) write 8x + 9x — 10x. 


53 


54, MONOMIALS AND POLYNOMIALS 


2.1. Adding Like Terms 
Add: a) 5a? and 3a? | b) 13(x+y) and —7(x+y) 


Procedure: 
1. Add the numerical coefficients: 1#5+3 = 8 1. 13-7 = 6 
2. Keep common literal coefficient. Ans. 8a? Ans. 6(xt+y) 


2.2. Adding Like Terms Horizontally 
Simplify and add: 
a) (+5a) + (+2a) + (—4a) b) (—8x?) + (—12x?) c) (-3wy)+(+1lwy) = d) (+16r?.s) + (—13r? s) 
Solutions: (First, simplify.) 
a) (+5a) + (+2a)+ (—4a) | b) (—8x?)+(~12x%7) | c) (-3wy)+(t+1lwy) | d) (+16r?s)+ (—13r?s) 
5a + 2a — 4a — 8x? — 12x —3wy + llwy 16r2s ~— 18r?s 
Ans. 3a Ans. — 20x? Ans. 8wy Ans. 3r?s 


2.3. Adding Like Terms Vertically 


Add: a) 8xy b) —2abe ec) 12¢e3d2 d) 15(%—y) e) —3(a?+b2) 
— 3xy 5abe —10c%d? —18(x—y) — (a?+5*) 
_ ldxy — 8abe — c*d? 14(%—y) —8(a* +b?) 
Ans. lixy —5abe cd? 11i(x—y) —12(a? +b?) 


2.4. Adding Like and Unlike Terms 
Simplify and add: (Combine only like terms.) 


a) (+10x%) + (+5x) + (—7) b) (+8a7) + (—4a”) + (—3b7) ec) (—8a?c) + (—6ac”) + (—3ac”) 
10x + 5% — 7 3a” — 4a2 — 3b? —8a7c — 6ac? — 3ac? 
Ans. 15x -1 Ans. ~—a® — 3b? Ans. —8a*ec — Sac? 


3. ARRANGING AND ADDING POLYNOMIALS 


Arranging the Terms of a Polynomial in Descending or Ascending Order 
A polynomial may be arranged as follows: 


1. In descending order, by having the exponents of the same letter decrease in succes- 
sive terms. 


2. In ascending order, by having the exponents of the same letter increase in successive 
terms. 


Thus, 2x? + 3x°— 5x +8 becomes 
3x° + 2x? — 5x +8 in descending order 
of 8 ~ 5x + 2x* +3x° in ascending order. 
To Add Polynomials 
Add: 5x — 2y and y + 3x 


Procedure: Solution: 

1. Arrange polynomials in order, 1. Sx — 2y 
placing like terms in same column: 3x + ¥y 

2. Add like terms: 2. 8x — y Ans. 


To check addition of polynomials, substitute any convenient value, except 1 or 0, 
for each of the letters. 


Note. If 1 is substituted for a letter, an incorrect exponent will not be detected. 
If x=1, then x? =1, x? =1, x* =1, etc, 
In examples 3.4 and 3.5, checking is shown. 


MONOMIALS AND POLYNOMIALS 55 
3.1. Arranging Polynomials and Combining Like Terms 
Rearrange in descending order and combine: 
a) 3a° + 2a” — 10a — 5a b) 5x +8 — 6x +10x7 c) —By? + 8x2 + By? +x 
a) No rearrangement needed. b) 10x? + 5x — 6x +8 c) 8x + x — By? + 5y? 
Ans. 5a? —15a Ans. 10x°—x +8 Ans. 8x? +x 
3.2. Adding Arranged Polynomials 
Add: a) 3x — 10 b) 5x? + 5x c) bx? + Tx? — 4 d) 10x + 3y 
Qx + 4 — x x — 6x° — 10 Ix — 6y +1 
Ans. a) 5x — 6 Ans. b) 4x° + 4x Ans. c) — x° + Ix? —14 Ans. d) 11% — 3y +1 


3.3. Adding Polynomials 
Add: a) 8a +5b, 6b—2a and 10b— 25 


Procedure: Solutions: 
1. Rearrange polynomials a) 8a+5b 

with like terms in the — 2a + 6b 

same column: lob — 25 
2. Add like terms: Ans. a) a+21b — 25 


3.4 and 3.5. Checking the Addition of Polynomials 


3.4. Check by letting x= 2 and y=3: (25x —10y) + (5x—2y) = 
Check: Let x =2 and y=3. 25x — 1l0y —> 50 — 30 = 20 
5x — 2y—» 10- 6= 4 
30x — 12y —> 60 — 36 - [24] 


By adding vertically and horizontally, the sum is 24. 


3.5. Check by letting a=2, b=4 and c=3: (a*+b’—c”) + (3a7—b? 
Check: Let a=2, b=4 and c=3. a? +b?~ c? +» 4416 


3a° — b? + 4c? —» 12-16 


4a? + 3c? — 16 


By adding vertically and horizontally, the sum is 43. 


4. SUBTRACTING MONOMIALS 


b) x7 +49 -— 3x, 4~— 


5x7? + 3x° and 10—8x7 —5x 


b) x8 + x? — 3x 
3x3 — 5x? + 4 
— 8x? ~ 5x +10 


Ans. b) 4x° ~ 12x?—8x +14 


+4c*) = 4a? + 3c? 


- 9= 11 
+36 = 32 
+a 


To subtract a term, add its opposite. (Opposite terms differ only in sign.) 
Thus, to subtract —3x, add +3x, or to subtract +5x°, add —5x*. 


4.1. Subtracting Like Terms 


Subtract: a) (+2a)—(—5a) b) (—3x*) — (+52?) c) (—15ed) ~(—10ed) d) (+3a7b) —(+8a7d) 
a) (+2a) —(—5a) b) (—3x") ~ (+527) c) (—15ed) —(~10ed) d) (+3a°b) ~(+8a7b) 
(+2a) + (+5a) (—3x7) + (—5x7) (—15ced) +(+10cd) (+3a7b) + (—8a7b) 
2a + 5a —3x7 — 5x? —15ed + 10cd 3a7b — 8a7b 
Ans. Ta Ans. —8x? Ans. —5cd Ans. —5a7b 
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4.2. Different Subtraction Forms 


a) Subtract (—5a) from (+2a) 
b) From (—3x*) take (+5x”) 


MONOMIALS AND POLYNOMIALS 


c) Reduce (+7mn) by (—2mn) 
d) How much does (—8cd) exceed (+3cd) ? 


Solutions: 
a) (+2a) — (—5a) 
(+2a) + (+5a) 
2a + 5a 


Ans. Ta Ans, 


4.3. 


Combine: 
a) (+6x) + (+8x)—(—3x) 
Solutions: 
a) (+6x) + (+8x)—(—3x) 
(+6x) + (+8x) + (+ 3x) 
6x + 8x + 3x 


Ans. 17x 


b) (—3x7) — (+527) 
(—3x7) + (—5x*) 
—3x°7 


— 8x" 


5x? 


Ans. 


Combining Adding and Subtracting of Like Terms 
b) (—3a”) —(—a’) — (+10a7) 


b) (8a?) —(—a*) —(+ 10a”) 


(—3a*) + (+a”) +(—10a") 
—3a2 + a® — 


Ans. — 12a” 


c) (+Tmn) — (—2mn) 
(+Tmn) + (+ 2mn) 
Imn + 


9mn 


d) (—8cd) ~— (+3cd) 
(—8cd) + (—3cd) 
—8cd — 3cd 


—lied 


2mn 


Ans. 


c) (+13ab) —(—ab) — (—2ab) + (—3ab) 


c) (+13ab)—(—ab) —(—2ab) + (—3ab) 
(+13ad) + (+ab) + (+ 2ab) + (—3ab) 


5. SUBTRACTING POLYNOMIALS 


To Subtract Polynomials 


Procedure: 


1. Arrange polynomials in order, placing 
like terms in same column: 


2. Subtract like terms: 


Notes. /) Use (S) to indicate subtraction. 


2) To subtract a polynomial, change each of its signs mentally, then add. 


To check subtraction, add the difference obtained to the subtrahend. 


Their sum should be the minuend. 


5.1. Subtracting Arranged Polynomials 


Subtract: a) 55 +7 b) y? — 3y 
(S) 36-2 (S) —2y? — 4y 
Ans. 2b + 9 Ans. 3y?+ y 


5.2. Arranging Polynomials and Subtracting 
Arrange and subtract: 
a) 2x —y+8 from 13x + 4y +9 
b) 10 + 3a—5d from 7h + 2a — 8 


Solutions: 
a) 18x + 4y +9 b) 2a+ 7h—-— 8 
(S) a— y+8 (S) 3a — 5b + 10 
Ans, 11x + 5y +1 Ans. —a +125 — 18 


10a? 13ab + ab + 2ab — 3ab 
Ans. 13ab 
Subtract 5x— 2y from 8x —4y 
Solution: 
(8x — 4y) — (Sx — 2y) 
1. 8x —4y Minuend 
(S) 5x — 2y Subtrahend 
2. 3x — 2y Difference (Ans.) 
c) Bx — 2x? + 5x d)  3x°y + dxy? 


(S) 6x° + Ox (S) 


x?y + xy? +9 
Ans. 2x° — 2x? — 4x 


Ans. 2x?y + 3xy? —y° 


c) x7— 10 from 25x? + 3x3 
d) m?— 18m from 12 + 3m” 


c) 3x9 + 25x? -d) 3m? +12 
(S) x — 10 (S) m? — 18m 
Ans. 2x° + 25x27 + 10 | Ans. 2m? + 18m +12 
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5.3. Different Subtraction Forms 


a) From 9+ x* take —3x°—5x +12 
b) Reduce 17ab by —8ab +15 


Solutions: 
a) x? + 9 b) 17ab 
(S) —3x7 — 5x + 12 (S) — 8ab + 15 
Ans. 4x7 +5x— 3 Ans. 25ab — 15 


5.4. Checking the Subtraction of Polynomials 
Check each subtraction, using addition: 


c) Find 8%°—15x less 20x—7 
d) Subtract 10—4x + x? from 0. 


c) 8x? — 15x d) 0 
(S) 20x — 7 (S) 10 — 4x + x? 


Ans. 8x? — 35x + 7 Ans.—10 + 4x — x? 


a) 8c —3 b) 5x + 20 c) By? + By 
(S) 5c — 8 (S) «7? +15 (S) y?— 8y +5 
3c + 5 (9) 4x? + §(?) 2y? +13y + 5 (9) 
Checking: ( Difference + Subtrahend = Minuend ) 
a) 3c +5 b) 4x? + 5 c) 2y?+138y + 5 
(A) 5e — 8 (A) x? +15 (A) y?— By + 5 
8c — 3 5x* + 20 By? + By + 10 
(Correct) (Correct) (Incorrect) 
Correct difference = 2y?+ 13y—5 
6. USING PARENTHESES AND OTHER GROUPING SYMBOLS 


TO ADD OR SUBTRACT POLYNOMIALS 


Symbols of grouping include: 
1, Parentheses, ( 
2. Brackets, [ 
3. Braces, { 


8 — 4x 


4. Bar, ——., as inthe fraction 5 


Symbols of grouping may be used to show the addition or subtraction of polynomials. Thus: 


), as in 7(8—4x) or 5 — (10x—4). 
], to include parentheses as in 8 — [5+ (x—2)]. 
}, to include brackets as in x — {3+ [x— (y +4)] }. 


or 5 — 10x-4. 


1. To add 3a+ 4) and 5a—6, write (3a+ 4b) + (5a—b). 
2. To subtract 2x—5 from x7+10x, write (x2+10x) — (2x—5). 


3. To subtract the sum of 8x7+9 and 6— 
(3x7—12) — [(8x*+9) + (6—x7)]. 


write 


x? from 3x7—12, 


Rules for Removing Parentheses and Grouping Symbols 


Rule 1. 
the enclosed terms. 

Thus, 3a + (+5a—10) 

38a + 5a — 10 


8a — 10 Ans. 


Rule 2. 
enclosed term. 
Thus, 3a — (+5a—10) 


3a — 5a + 10 


— 2a + 10 Ans. 


3x2 — x? — 5x + 8 


| 3° + (—x?-—5x +8) 
2x? —~ 5x + 8 Ans. 


3x2 + x? + Se — 8 


| 3x? — (—x?—5x +8) 
4x7 + 5x ~— 8 Ams. 
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When removing parentheses preceded by a plus sign, do not change the signs of 


When removing parentheses preceded by a minus sign, change the sign of each 
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Rule 3. When more than one set of grouping symbols is used, remove one set at a time 
beginning with the innermost one, 


Thus, 2+ [r—(3-r)] . 6s — {5— [3+(7s—8)] } 
2+ [r—3+r] 6s — {5 — [3+ 7s—8] } 
2+r—3+¢r 6s — {5 -—3-— 7s + 8} 
27-1 Ans. 6s —5 +3 +s —8 

13s — 10 Ans. 


6.1. Rule 1. Removing Parentheses Preceded by a Plus Sign 
Simplify: (Do not change the sign of the enclosed terms.) 


a) 13x + (5x —2) b) (15a?— 3a) + (—7— 2a) c) 3+ (6—5x) — 2x? 
13x + 5x — 2 15a* — 3a ~ 7— 2a 3+6—5x — 2x? 
Ans. a) 18x — 2 Ans. b) 15a? — 5a — 7 Ans. c) 9 — 5x — 2x? 


6.2. Rule 2. Removing Parentheses Preceded by a Minus Sign 
Simplify: (Change the sign of each enclosed term.) 


a) 13x — (5x —2) b) —(15a?~ 3a) ~ (—7— 2a) c) 3—(5—5x) — 2x” 
13x — 5x + 2 — 15a° +3a+7+ 2a 3—5 +5x% — 2x? 


Ans. a) 8x +2 Ans. 6) —15a?+5a+7 Ans. c) — 2+ 5x — 2x? 


6.3. Rule3. Brackets Containing Parentheses 


Simplify: 
Procedure: a) 2— (r—(3-n)] | b) 5 — [(8+4x) — (3x —2)] 
1. Remove (_): 2- [r-—3+r] 5 — [8 + 4x — 3x + 2] 
2. Remove [ ]: 2-—r+3-—r 5—8—4x + 3x — 2 
3. Combine: Ans. a) —2r +5 Ans. b) —x —5 


6.4. and 6.5. Using Grouping Symbols to Add or Subtract Polynomials 


6.4. Subtract 2x—5 fromthe sum of 15x +10 and 3x—5. 
Solution Using Parentheses | Solution Without Parentheses 
‘(15x +10) + (3x —5)] — (2x —5) 


15x + 10 18x + § 
15x + 10 +3” —5~- Qe +5 | (A) 3x—- 5 | (S) Ia— 5 
Ans. 16x + 10 18x + 5 Ans. 16x + 10 


6.5. From the sum of 3a—58 and 8a+10 subtract the sum of 26—8 and 7a+9. 


Solution Using (_) and [  ] Solution Without ( )and [J 
[(3a—5b) + (8a +10)] — [(2b —8) + (7a +9)] 3a — 5b 2b — 8 
[3a—5b + 8a +10] — [28-8 +a +9] (A) 8a +10 (A) 7a +9 


[11a — 5b + 10] — [Ta + 25 + 1] 
lia — 56 + 10— Ta — 2b -— 1 


lla — 55 + 10 
Ans. 4a — 76 +9 (S) Ta + 2+ 1 


Ans. 4a—7b+ 9 


lla — 55 + 10 Ta + 2b + 1 
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6.6. Removing Symbols of Grouping 
Simplify: (Remove innermost symbols first.) 


Procedure: bx — {8x — [7—(4x—3—2e)]} — 5 
1. Remove —: 5x — {8x —[7—(4x—8+2x)]} — 5 
2. Remove( ): 5x — {8 —[7—4%+8-—2e]} -— 5 
3. Remove [ ]: 5x — {8x -—7+ 4x -—8+ 2x} — 5 
4. Remove { }: 5x — 8x + 7 — 4x + 8 — 2x — 5 
5. Combine: Ans. — 9x +10 


7. MULTIPLYING MONOMIALS AND POWERS OF THE SAME BASE 


Rule 1. To multiply the powers of the same base, keep the base and add the exponents. 


Thus, x*+x9 = x’ a> -a+bh?+h% = a®b® 
go gS ge a+ 2+ 10? - 10% = 2°: 10° 
ab atb 
xx% =X 


Rule 2. To find the power of a power of a base, keep the base and multiply the exponents. 


Thus, (x48 = x? since (x48 = (¢°) (x4 (x4) 
(5°)* = 5° since (57)* = (57) (5%) (5?) (5%) 


Rule 3. Changing the order of factors does not change their product. 
{This fundamental law is known as the commutative law of multiplication.] 


Thus, 2°3°5 = 2°5°3 = 5°2°3 = 30 
Bx° 4x7 = 3°4¢xx? = 12x 


To Multiply Monomials 
Multiply 2x by — 3x7. 


Procedure: Solution: 
ge (2x) (—3x") 
1. Multiply numerical] coefficients: 1. (2)(-3) = -—6 
2. Multiply literal coefficients: 2. (x) (x7) = x? 
3. Multiply results: 3. —6x° Ans. 
7.1. Rule 1. Multiplying Powers of the Same Base 
Multiply: (Keep base and add exponents.) 
a) bb? Ans. b° d) x? +xP+y Ans. x°y g) 4°" 4? Ans. 4’ 
b) x2+x%+x Ans. x® e)e*scerd°*d Ans. c°d® hy) 29+2°5 Ans. 25 
c) xP x° Ans. x°*¢ f) xPy?xty Ans. x’y° i) 3°3°y*y° Ans. 3°y® 
7.2. Rule 2. Finding the Power of a Power of a Base 
Raise to a power: (Keep base and multiply exponents.) 
a) (a‘)” Ans. a® d) (3°)* Ans. 37° |g) (x*)8 (y*)? Ans. x° 8 
by) (b*)° Ans. 51° e) (10*)?° Ans. 10*° h) (42° (2)* Ans. 48x1? 


c) (nde Ans. x? f) (™)” Ans. 5™” i) (y?\*y? y* Ans. y? 
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7.3. 
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Multiplying Monomials 


Multiply: 
a) 2(-3b) Ans. —6b d) (4x*) (5x) Ans. 20x° g) (3a)(2b)(—10c) Ans. —60abc 
b) (—2b)(5b) Ans. —1067 | e) (—2y*)(—-10y*) Ans. 5y® h) (2x?) (3x°)(4x*) Ans. 24x° 


c) (4x)(—Ty) Ans. ~28xy f) (10r*) (—=rs) Ans, —4r°s i) (-3)(—r4)(—s®) Ans. —3r4s° 


8. MULTIPLYING A POLYNOMIAL BY A MONOMIAL 


8.1. 


8.2. 


8.3. 


8.4. 


8.5. 


Rule. To multiply a polynomial by a monomial, multiply each term of the polynomial by the 
monomial. 
[This fundamental law is known as the distributive law.] 
Thus, 4(a+b—c) = 4a+ 4b—4c. 


Multiplying a Polynomial by a Monomia] Horizontally 
Multiply: 

a) 10(at+b) Ans. 10a+10b 

b) x(y—7) Ans. xy—Tx 

c)—c(d—5e) Ans.—cdt5ce 


d) tr(rth) Ans. tr?+71rh | g) 3(x°—2x+8) Ans. 3x°—6x+24 
e)—ab(atb) Ans. —a*b—ab? | h) a(a?+at5) Ans. a°+a°+5a 
f) $(9k~30m) Ans. 6h—-20m | i)—x*(3—2x+x”) Ans, —3x?+2x°—x4 


Multiplying a Polynomial by a Monomial Vertically 
Multiply: a) y? + By —7 b)  d®°—2d?~20 2) 5a +2b—3c + 8 
3y i — 2abe 


Ans. 3y°+24y?—2ly | Ans, —d°+2d*+20d? | Ans. ~—10a"bc —4ab7c + 6abc? —16abc 


Removing Parentheses 

Simplify: @) 3x + 2(x—3) b) 3x? ~x(5—x) c) a(4a—5) — 8(a*—10) 
3x + 2x — 6 | 3x7 — 5x + x? | 4a” — 5a — 8a + 80 

Ans. 5x —6 Ans. 4x? — 5x Ans. — 4a? — 5a + 80 


Removing Brackets Containing Parentheses 
Simplify: (Remove parentheses, first.) 


a) 3[5x — 2(x—4)] b) 3+5[2-—4(a—6)] | c) a[ab — a(b—c)] 
3[5x — 2x +8] 3+5[2— 4a + 24] alab — ab + ac] 
33x +8] 34+5(26~ 4a] | ne, 

Ans. 9x + 24 Ans. 133 ~ 20a Ans. a*c 
Removing Symbols of Grouping 
Simplify: (Remove innermost symbols, first.) 
120y — 2{y +8[~Ty — 5(y—3y+4)] } + 320 

Remove —-:_—-120v ~— 2{y + 8[—Ty — 5(y —3y—4)] } + 320 

.Remove( ): 120y — 2{y +8[—7y — Sy + 15y + 20] } + 320 

. Combine :  120y — 2{y +8[3y + 20] } + 320 


.Remove [ J]: 120y — 2{y + 24y + 160} + 320 
.Remove { }: 120y — 2y — 48y — 320 + 320 
. Combine : Oy Ans. 


a ti hw ry = 


MONOMIALS AND POLYNOMIALS 61 


9. MULTIPLYING POLYNOMIALS 


To Multiply Polynomials 


Multiply 3x + 4 by 1+ 2x 


Procedure: Solution: 
1. Arrange each polynomial in order: 3x +4 
2x +1 
2. Multiply each term of one polynomial 6x? + 8x 
by each term of the other: +3x+ 4 
3. Add like terms: Ans. 6x? +11lx+4 


To check multiplication of polynomials, interchange the polynomials and multiply again, 


or substitute any convenient values for the letters, except 1 or 0. 


= 


9.1. Multiplying Polynomials 


Multiply: 
a) 3x +4 b) Bt+c c) 4r + Ts d) a°—3a+5 
2x—1 3-— 2c 4r—s 5a—2 
6x? + 8x 24+ 3c 16r° + 28rs 5a°— 15a? + 25a 
_ -3x-4 — 16c ~ 22 — 28rs — 49s? — 2a?+ 6a—10 


Ans. 6x7 +5x —4 Ans. 24—13¢ — 2c? Ans. 16r? — 4957 Ans. 5a°— 17a? + 31la— 10 


9.2. Checking Multiplication 
Multiply and check: (5r—8) (37 — 2) 


Solution: Check by multiplication: Check by substitution: 
5r—8 3r—2 r Let r=10. 
3r—2 5r-—8 5r —8—~» 42 
15r? — 24r 15r°— 10r 3r ~ 2—> 28 
___— 10r + 16 __ = ear + 16 15r?— 34r + 16» 1500 — 340 + 16 = 1176 
Ans. 15r°—34r +16 15r?— 34r +16 Correct since 1176 = (42x28) 


9.3. Extended Multiplication 
Multiply 5p +2, 2>—1 and p+1 and check. 


Solution: Check by substitution: 
5p +2 10p*—p—2 Let p=10. 
opal ee 228 Sp +2—-50+2 = 52 
10p* + 4p 10p?—  p2— 2p p= Tae 20S 1 18 
—5p~2 + 10p?— p—2 pt+1i—i0+1= 11 
10p?— p—2 10p° + 9p?—3p—2 | 10p°+9p?— 3p — 2-— 10000 + 900 -30~2 = 10868 
Ans. Correct since 10868 = (52x19x11) 
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10. DIVIDING POWERS AND MONOMIALS 


When dividing powers having the same base, arrange them into a fraction and apply the 
following rules: 


Rule 1. If the exponent of the numerator is larger than the If a is larger than b, 
exponent of the denominator, keep the base and sub- _ a-d 
tract the smaller exponent from the larger. 


: 
x 

Thus, “4 = % 
x 


Rule 2. If the exponents are equal, then we have a number 
divided by itself; the quotient is 1. 


4 
Thus, A 2.4 


Rule 3. If the exponent of the denominator is larger, make the 
numerator of the quotient 1, and to obtain its denomi- 
nator, keep the base and subtract the smaller expo- 
nent from the larger. 


4 
1 
Thus, 4 aes 
To Divide Monomials 
Divide 21ab? by ~—7a7b. 
Procedure: Solution: 
: P : 21ab* Dividend 
1. Arrange in fractional form: 1. = 1a 2b iv (aor. 
2. Divide numerical coefficients: 2. 4 = -3 
2 
3. Divide literal coefficients: 3. Be a ae 
azb a 
4. Multiply the results: | Ans, 4. —=2 Quotient 


To Check Division of Monomials 


Multiply the quotient by the divisor. The result should be the dividend. 


15ab 
3a 


Thus, to check = 5b, multiply 3a by 56 to obtain 15ab. 


10.1. Rules 1 to 3. Dividing Powers of the Same Base 


Divide: 
(Rule 1) | (Rule 2) (Rule 3) 
x8 x? ig 8? 1 
a) 2 Ans. x® e) = Ans. 1 i) 2 Ans. 7% 
7 53 3 
b) a Ans. 8* f) ae Ans. —1 1) = Ans aa 
a®b* a*b? a2b? 1 
5 «Ans. ab? an — “> 
c) 02h? ns. ab g) — 3258 Ans. -1 ky) pa Ans ab 
Pe a sige Pa 1 
d) a Ans. xX | h) aaa Ans. 1 l) x20 Ans. gt 
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10.2. Dividing Monomials 


Divide: 
24b2 28x24 ~l4abe 
—— Ans. d Ans. y? —=—= Ans. -+ 
2 35 pene : 28x7y? aed 8) Tabed 
246 3 28x2y?2 —Ta?be a 
pike Ans, = 27 _ Ans. -1 hy) ———= Ans. — — 
) 3? ae ey Cr Y Gaara. = bag 
—24b? —25u°w ut », a%b4c® 8 
c) ere: Ans. 1 f) aeace Ans. 3 i) B72 Ans =e 
10.3. Checking Division 
Check each division, using multiplication: 
24b2 - 28x2y4 abtc® _ 
a) Does a 8b? 5b) Does 28x2y2 =¥?? c) Does eee —abhc3 2 
Check: (Quotient x Divisor = Dividend) 
a) Multiply: b) Multiply: c) Multiply: 
(8b) (3b) = 246? ¥°(28x7y?) = 28x7y* (—ab7c*) (~ abc?) = a®b*c® 
Correct. Correct. Incorrect. The quotient should be —a°b?c*, 


11. DIVIDING A POLYNOMIAL BY A MONOMIAL 


To divide a polynomial by a monomial, divide each term of the polynomial by the monomial. 


Thus, 10x +15 _ 10x ¥ 15 _ x + 3. Also, ax+bx _ ax ; bx _ atk. 
5 5 5 x x x 


To check the division, multiply the quotient by the divisor. The result should be the dividend, 


10x +15 


Thus, to check 5 


= 2x+3, multiply 2x+3 by 5 to obtain 10x+15. 


11.1. Dividing a Polynomial by a Monomial 


Divide: 
a) ue Ans. a+2b d) —- Ans. r+R g) SS Ans. x—2y+8 
a = 3 2 
b) a Ans. 1-t e) a2 abe Ans. 1~e h) MORES BE Ans. x2+2x+5 
pq tpr 9u%y — 36xy? -. 3x5~ x94 5x? 
c) = Ans. —q-r f) = oye Ans. x —4y i) scene nae Ans, —3x%+x-—5 
11.2. Checking Division 
Check each, using multiplication: 
2, 2 
r—rt x“y — Ixy 2x —4y + 10 
a) Does —— = 1-t? BU ROES SS ae ee c) Does ere cee =—x+ 24y—5? 
Check: (Quotient x Divisor = Dividend) 
a) Multiply: | b) Multiply: c) Multiply: 
r(l—t) =r—rt xy (x—y) = x°y ~ xy? —2(-x+2y—5) = 2x—4y +10 
Correct. | Incorrect. The quotient Correct. 


should be x—2y. 
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11.3. Multiplying and Dividing Polynomials by a Monomial 


3x —12 5x a? —a2be 


2 
Simplify: a) 5(x—2) + => b) — — x(3—x) c) — b(b—ac) 
5x —-10+x—-4 x—~5—3x4+x* a°—abc —b? + abc 
Ans. 6x—14 Ans. x?—2«—-5 Ans. a®—6? 


12. DIVIDING A POLYNOMIAL BY A POLYNOMIAL 


To Divide Polynomials 
Divide x?-—5x+6 by x~2. 


Procedure: Solution: (By Steps) Full Solution: 
1. Set up as a form of long division in which 1. x-—2)x?-—5x+6 x —3 
the polynomials are arranged in descending x—2)x2—5x+6 
order, leaving space for missing terms: % x?— 2x 
2. Divide the first term of the divisor into the “ x—2) x?—5x +6 —3x+6 
first term of the dividend to obtain the first — 3x +6 
term of the quotient: 
x 
3. Multiply the first term of the quotient by 3. x«—2)x?-—5x +6 Ans. x—3 
each term of the divisor: x? — Wx 
4. Subtract like terms and bring down one or 4. —3x+6 
more terms as needed: 3 
5. Repeat steps 2 to 4, using the remainder as 5. ox Dt. =. 
the new dividend: that is, divide, multiply, 
subtract and bring down: —3x+6 
—3x+6 
6. Continue repeating steps 2 to 4 as long as 6. No further 
it is possible. steps needed. 


To Check the Division 


1) If no final remainder exists, then multiply the quotient by the divisor. The result 
should equal the dividend. 


Thus, to check 7 = 6, multiply 3 by 6 to obtain 18. 


2) If there is a final remainder, add this to the product of the quotient and divisor. The 
result should equal the dividend. 


Thus, to check ” = 6s, multiply 3 by 6 and then add 1 to obtain 19. 


12.1. Dividing a Polynomial by a Polynomial (No Remainder) 
Divide: a) x?—9x +14 by x—7 b) x°—6x?+11x—6 by x—3 and check. 


Solutions: a) x —2 Check: b) x?~—3x + 2 Check: 
a—7)x2—9x4+14 x-2 x—3)x8—6x2+1lx—6 x2—3x+2 
x2— Tx x—~T7 x? — 3x? x—3 
—2x+14 x2-—2x —3x2+11x x3 — 3x? + 2x 
— 2x +14 — Tx +14 —3x?+ Ox — 3x?2+9x—6 
x?—9x+14 Qn-6 x2—6x24+1lx-—6 
Ans. x—2 (Dividend) Ans. x? —3x +2 2x —6 (Dividend) 


MONOMIALS AND POLYNOMIALS 65 


12.2. Arranging Polynomials and Dividing 
Divide: 20a7—3b7+7ab by —b+ 4a and check: 


Solution: Arrange both dividend and divisor Check: 5a+ 3d 
in descending powers of a: 4a- b 
5a +36 20a? + 12ab 
4a—b ) 2002+ Tab — 362 — Sab — 3b? 
20a? — 5abh 20a7+ Tab — 3b? (Dividend) 
12ab — 3b? 
Ans. 5a + 3b 12ab — 3b? 


12.3. Terms Missing in Dividend 
Divide x°—64 by x—4 and check: 


Solution: Leave spaces for missing x* and x terms: Check: x? + 4x +16 
x? + 4x + 16 =e =4 
2—4)x8 — 64 x3 + 4x? + 16x 
8 = 4x2 = 4x?2— 16x — 64 
ae x3 — 64 (Dividend) 
4x? —16x 
16x — 64 
Ans. x” + 4x +16 16x — 64 
12.4. Dividing Polynomials (With Remainder) 
Divide 8x°—10x+8 by 2x—4 and check: 
Solution: a +3 + Check: 4x +3 
2x —4) 8x2—10x+ 8 ca 
8x? — 16x 8x2+ 6x 
+ 6xt 8 —16x—12 
+ 6x—12 , 8x7~ 10x — 12 
Pear aps 20 Add ouaaaes + 20 
Bee 10n e 8 (Divi 
Complete quotient by adding amr om si eC idenia) 
20 
Ans. 4x+3+ ox—4 


SUPPLEMENTARY PROBLEMS 


1. In each polynomial, select like terms, if any: (1.1) 

a) 16— 4y + 38y — y” e) a*b + al? — 2ab + 3ab? 
b) 16y* —4y + 20y? + 8 f) 4(xt+y) — B(xty) + 2(x? + y?) 
c) 5x? — 8xy + Ty? — 2 g) 3xy + xz — 3x — 52 
d) Ta — 3b + 12ab + 10 h) 3x%y? + Q(x? +y7) — 4 (x? +7) 

Ans.a) —4y and +3y e) +ab? and +3ab? 
b) 16y? and 20y? f) 4(%+y) and —5(x+y) 
c) No Like Terms g) No Like Terms 


d) No Like Terms h) 2(x?+y7) and —4 (x? +y°) 
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2. Add: a) (+5b) + (+165) e) + 8x? f) +3.2h g) —3(atb) (2.1 to 2.3) 
b) (—10y%) + (—Ty*) + 11x? —2.2h + 5(at+b) 
ec) (+7rs) + (—10rs) + 30x7y? +7.5h + 2(a+b) 
d) (—20abc) + (—abc) 
Ans. a) 21b, b)—17y°, c)—3rs, d)—2labe, e) 49x*y?, f) 8.54, g) 4(atb) 
3. Simplify and add: (2.2) 
a) (+13a) + (—2a) + (—a) d) (+xy?) + (+xy?) + (—xy?) | 
b) (—2x2) + (—8x?) + (—15x?) e) (+2.3ab) + (+7.1ab) + (—3.7ab) 
c) (ta) + (+349) + (—Ta%) f) Ggrts) + (— ors) + (1g 7's) 
Ans. a) 18a — 2a—a = 10a d) xy? + xy? ~ xy? = xy? 
b) — 2x? — 8x2 — 15%? = — 25x? e) 2.3ab + 7.1ab —3.7ab = 5.7ab 
c) a? + 3a°— Ta? = —3a? f) 31r?s — fr®s + 1g r?s = +13 1s 
4. Simplify and add: (2.4) 
a) (+12a) + (—3a) + (+10) e) (—10x2) + (—3x) + (-5x2) 
b) (+12) + (—3a) + (+102) f) (+5r?s) + (—2r?s) + (trs?) 
c) (412b) + (—3) + (+105) g) (+5rs?) + (—2r?s) + (trs?) 
d) (—10x?) + (—3x?) + (—5x) h) (+5rs®) + (—2rs®) + (+rs?) 
Ans. a) 12a—3a+10 = 9a + 10 e) —10x? — 3x — 5x? = —15x? — 3x 
b) 12—3a+ 10a = 12+ Ta f) 5r?s — 2r?s + rs? = 372s + rs? 
c) 125—3+10b = 225-3 g) 5rs? — 2r?s + rs? = 6rs® — 2r?s 
d) —10x? — 3x? — 5x = —13x? — 5x h) 5rs? — Qrs? + rs? = 4rs2 
5. Rearrange in descending order and combine: (3.1) 
a) — by + 2y? + y? + By? b) Qun3 + 3x4— x3 —-— 10 + 5x? c) by? — x? + lOxy + 8x? 
(order in terms of x) 
a) y* + 2y* + 38y? — by b) 3x* + 2x8 — 43 + 5x? — 10 c) 8x? — x? + 1lOxy + 6y? 
Ans. y* + 5y? — by Ans. 3x4 + x3 + 5x? — 10 Ans. ‘Tx? + 10xy + 6y? 
6. Add: a) 5y + 12 b) 6x — 2y c) 8x3 + 5x? — 10x d) x? — 3x + 25 (3.2) 
—3y — 10 3x + 10y x° — 6x? + 11x — 3x? — 10x — 30 
Ans. a) y+ 2 b) 9x + By c) Ox8~— x? + x d) —2x?—13x — 5 
7. Add: a) 6x?—'Tx and —2x2-—x% c) x? —x +1 and Tx — 4x? + 9 (3.3) 
b) 5a +2, 3a— 7 and —6a+ 4 d) 5y —3x + 6 and ~8—4x+y 
Ans. a) 6x? — Tx b) 5a+2 c) x?— x + 1 d) —3x + By + 6 
— &x?-— x 3a— 7 4x? + Ix + 9 4x + y— 8 
4x? — 8x —6a+ 4 -3x?+ 6x + 10 -Tx + 6y - 2 
2a—1 
8. Check, letting x=2, y=3 and z=4: (3.4, 3.5) 
a) 5x~ By + 2z b) x? + Qy? — 2? 
2x — 2y — 10z Pie yO Oe 
Ix — Sy — Q9z 2x2 + y? + Zz? 
Check: a) 5x — 38y + z—»10—9+ 4 = 5 b) x? + Qy?— 22? — 4418-16 = 6 
: 2x — 24y—10z —» 4—6-40 = —42 x? — y? + 22? + 4— 9+ 32 = 27 
Tx ~ 5y — 92 — 14~15—36 =[—37 | Qx®+ y?+ 22—- 8+9+16 =(33| 
By adding vertically and horizontally, By adding vertically and horizontally, 


the sumis — 37. the sumis 33. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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a) Reduce 8x? by 3x?+5. Ans. 5x?—5 
b) From 2x — 3y take 4y—7x. Ans. 9x —Ty 


. Subtract: a) (+5c¢) — (—3c) c) (—8rs) — (+2rs) e) (+2x?y) — (+12x%y) (4.1) 
b) (—x?) — (—4x?) d) (+ed?) — (+7cd?) f) (+5abe) — (—Tabc) 

Ans. a) 8c, 6) 3x, c)—5rs, d)—6cd?, e) —10x*y, f) 12abc 
Subtract: a) +3cd b) + 5x? c) — xy? d) —2pqr e) — 4(m—n) (4.1) 
(S) + cd = (S) —Tx?_— (S) —4xy? (SS) + Mgr (S) — 14 (m=) 

Ans. a) Qed b) 12x? c) Bxy? d) —9pqr e) 10(m—n) 
a) From (5y”) take (—2y*) Ans. By? — (—2y?) = Ty? (4.2) 
b) Reduce (— 2ab) by (—5ab) Ans. —2ab — (—5ab) = 3ab 
c) How much less than +x? is +3x2? Ans. x? — (+3x?) = ~— 2x? 
d) How much does —17y exceed —30y? Ans. —1Ty — (-30y) = 18y 
Combine: a) (+4b) + (—2b) — (—3b) c) (+2cd) — (—3cd) + (—10cd) — (+5cd) (4.3) 
b) (—5x2) — x?) — 43x?) d) (—4abc?) — (~abc?) — (+3abc?) — (—12abc?) 
Ans. a) 4b — 2b + 3b = 5b c) 2cd + 38cd —10ced — 5ced = —10cd 
b) —5x? + x? — 3x2 = — Tx? d) —4abc? + abc? — 3abc? + 12abc? = 6abc? 
Subtract: a2) 3k —5 b) k? — 2k c) —2a?—5a+ 12 d) 3r? — 5rt (5.1) 
(S) k-8 (S) —k? — 8k (S) — a? -—- 7 (S) —10r? — rt + 72? 
Ans. a) 2k + 3 b) 2k? + 6k c) — a®?—5a+19 d) 13r? — 4rt — 7t? 
Arrange and subtract: (5.2) 
a) 5k — 31—2 from 41—7—k c) 3x +5 from x? — 4x 
b) 3x + 4y —5 from 16— 2x-—y d) m®~18m from 8m? + 10m 
Ans.a) — k+41—17 b) -2&—-— y +16 c) x2— 4% d) 8m? + 10m 
(S) 5k — 31 — 2 (S) 3x + 4y — 5 (S) - 3x + 5 (S) m® — 18m 
—6k + 7-5 —5x — 5y + 21 x? — Ix — 5 —m® + 8m? + 28m 


c) Subtract a°— 2a?+5 from 0. Ans. —a®+2a?—5 (5.3) 
d) What is 5A°—12A less h?+5h? Ans. 5h3—h2—-17h 


Check each subtraction, using addition: (5.4) 
a) 3x —2 b) 8a?—1 c) 5y?— 3y d) 2h? +5 
(S)_x—5 (S)— a? + 7 (S)_ 8y* #15 (S)— 3h? ~h 

2x + 3 (?) 9a? — 8 (?) —3y? + 3y — 15 (?) 5h? —h + 5 (?) 
Check by addition: 
a) 2+ 3 b) 9a? —8 c) —38y? + By —15 d) 5A?-— A+5 
(A) x-5 (A)-— a? + 7 (A) By? + 15 (A)— 3h? — A 
3x — 2 8a? — 1 Sy? + 3y 2h? — 2h + 5 
(Correct) (Correct) (Incorrect) (Incorrect) 
Difference should be Difference should be 
~ By? — By — 15 SAP +h +5 
Simplify: @) 2r + (3-T7r) b) (Tx?+ 4) + (10—2x?) c) By + (Ty—20) + (40—3y) (6.1) 
Ans. a) —5r+ 3 b) 5x2 + 14 c) 12y + 20 
Simplify: a) 17 — (3a+4) c) (5%?—2) — (3 —4x?) e) 24h — (3h—2) — 6(h—-1) (6.2) 
b) 17a — (6—2a) d) 3—(Ty +10) -—(18—y) ff) 80 — (30—5y) — (3y —y?) 
Ans. a) 13 — 3a c) 9x? —5 e) 15h + 8 
b) 192-6 d) —6y — 25 f) y? + 2y + 50 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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Simplify: (6.3, 6.6) 
a) 5a— [2a—(3at+4) | b) 12x +4—[(3—x)—(5x+7)] c) 20—{[—(d—1) + 3d] — 5d} 
Ans. a) 6a + 4 b) 18x + 8 c) 3d + 19 
a) Subtract 35—8 from the sum of 55—2 and —65+ 5. (6.4, 6.5) 
b) From the sum of 8x2+5 and 7x?—2, subtract the sum of 20x—8 and —x?+ 5x. 
Ans. a) [(5b—2) + (6b +5)] — (3b-8) = —4b +11 
b) [(8x2+5) + (Tx?—2)] — [(20x—8) + x?+5x)] = 16x? — 25x +11 
Multiply: @) c?+c-c d) x2+y3ex5 g) 77 (7.1) 
Bh yoy ey e) m?pm®p h) 8°+8 +10? 
c) aay f) a®bab* i) 3°34x?x° 
Ans. a)c*, b) y°, c) aX*) d) x’y®, e) ae ae f) a*}®, g) 7, h) 84107, i) 3°x14 
Raise to a power: a) (x”)® c) (b7/° ey g) (r°)8(t?)? (7.2) 
b) (x°? d) (a*)? pry h) (47)°(107)* 
Ans. a) x®, b)x®, c)b*?, dja”, e) 3°, {ja g)r*’t*, hy 4**10° 
Multiply: @) 3(—5a) d) 5yCy)(-y) &) (—Tab) (—3a) (—b) (7.3) 
b) (—6x)(—x) e) (.2x7)(.3x°) h) (3r°)(5s°) 
c) (—4y) (+3y”) f) $x) (8x) C5y) i) (Sxy?)? 
Ans. a) —15a d) 5y° g) —21a°b? 
b) 6x? e) .06x° h) 15r°s° 
ce) —12y° f) —10x?y i) 25x74 
Multiply: a) 2(a—b) d) 3a(b—2c) g) 2(a*+6b") 7) —5(x?+y?—27) (8.2) 
b) —3(x-5) e) —5x(x— 4) h) ab (a— 2b) k) —a(a*+ a?—5a) 
ce) a(c —3d) f) 2(6y—8z) i) —4r7(r° + 2r?) 1) 4x (5 —x—10x”) 
Ans. a) 2a — 2b d) 3ab — 6ac g) ae + 3b? j) —5x? — Sy? + 52” 
b) ~3x + 15 e) —5x? + 20x h) a*b — 2ab? k) ~a* ~ a? + 5a? 
c) ac — 3ad - f) 38y —4z i) —4r° — 8r* 1) 20x — 4x? — 40x° 
Multiply: a) s* —s-—1 b) x° — 3x? +11 c) Th + 5k —3m+ 5 (8.2) 
—3s Tx? Qhkm 
Ans. a) —3s° +3s? +3s b) Tx°~ Q1x*+77x? c) 14h? km + 10hk?2m — 6hkm? +10hkm 
Simplify: a) 5 +3(y—2) c) 3x + 10(2x—1) e) —a(a—2) + 6(a?—5) (8.3) 
b) x + 2(3—4x) d) —4(a—3) — 2(5—a) f) 2(6¢e —10d) — 2(9d—30c) 
Ans. a) 3y —1 c) 23x — 10 e) 5a + 2a — 30 
b) —Tx + 6 d) ~2a+2 f) 28c —11d 
Simplify: a) 2[3 + 5(b—2)] c) 4(5—c) — 3[8 — 7(c—2)] (8.4, 8.5) 
b) —a[2(a—3) + 6a] d) 10{25 — [5(y +4) —-3(y—1)]} 
Ans. a) 16b ~— 20, 6) —8a’ + 6a, c) 17¢e — 46, d) —20y + 20 
Multiply: a) (5y +2) (3y +1) d) (a+2b)(a—b) g) (x? +x+1)(x +2) (9.1) 
b) (x +7) (x—-4) e) (x—4y)(x—y) h) (r?— 2 + 3)(r—1) 
ce) (1+ y)(2-y) f) (ab—5) (ab +2) i) (t?+ 5t—6)(2¢+1) 
Ans. a) 15y? + lly +2 d) a? + ab — 2b? g) xo + 3x? + 3x + 2 
b) x? + 3x — 28 e) x” — Bxy + 4y? h) r° — 37? + 5r—3 
c) 2+y-y? f) ab? — 3ab ~ 10 i) 2° +11?- 7% —6 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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Check each multiplication, letting x =10. (9.2) 
a) 3x+1 b) x*?+x-1 
(M) 2x +2 (M) 3x — 2 
6x7 + 8x + 2 3x2 +47 -—5x +2 
Check: a) 3x+1—~30+1 = 31 b) x27+x—1—~+100 +10—1 = 109 
Wx +2 — 20 +2 = 22 3x -—2— 30-2 = 28 
6x? + Bx +2—+ 600 + 80 +2 = 682 3° + x? ~— 5x + 2—— 3000 + 100—50+2 = 3052 
Correct since 682 = (31x 22) Correct since 3052 = (109 x 28) 
Multiply: a) (x +2)(x+3)(x+4) b) (y-1)(y— 2) (y+ 5) c) (2a+3)(8a—4)(a—5) (9.3) 
Ans. a) (x°+5x + 6)(x + 4) b) (y?— 3y +2) (y +5) c) (6a? + a—12)(a—5) 
x° + Ox? + 26x + 24 y® + 2y? — 13y + 10 6a° — 29a” — 17a + 60 
ma 5 3 2 4p5 b? 10° 10° 10° 
Divide: a) oo b) = c) aa d) rca e) aap EY: sees 58) age age (10.1) 
1 373 1 1 
Ans. a) x2 6) 1 c) ns d) a®b e) a9 f) aa g) 10* =A) 1 
_ 32a 4a 32a —a*b2c? Txy ~56c+d 
: 32a 4a ma*btc* 2 
Divide: a) 7 b) aoe c) ae d) 8 e ee f marr (10.2) 
3 
Ans: a) 8 b) i ‘ied | aly ace | fy — 8% 
Divide: a) r*° by °° d) u? by u® g) (—8x?y?) + (-2xy) fj) a® + a? (10.1, 10.2) 
b) s’ bys e) 2ab + ab? h) 10r*s* + 4r*s* ky) 37+ 3° 
c) —t? by t? f) —a*b + ab? i) x7 + x? Ly 2% 2 x? 
Ans. a)r’, 6) s*, e)—1, dy, e)2, fy—%, gy any, A) 28, i) x7, fy a9 by 3%, ly ae? 
Check each division, using multiplication: (10.3) 
18x2 2,2 ee 2 
a) Does $82 = 6x?() 6) Does S27 = —30b (2) c) Does = 222 = 3.9) 
Check, using multiplication: 
a) (3x)(6x2) = 18x° b) (—2ab)(—3ab) = 60%? —e) (-9a%)(-3) = — 270° 
(Correct) (Correct) (Incorrect). Quotient should be =. 
Divide: a) 52+15¢ c) xy? + x? e) P+ Pre ) 20r+ 30s — 40 (11.1) 
: 5 xy P 6 -10 : 
xy +x 2 _ apr? 3_ 5+ Qy4— 3 


x 7 5x 


As 
Ans. a)at+3c, b)y+1, c)ytx, d)R?—r% e) 1+rt, f)x?-1, g) —2r7—35+4, h) y?+2y—1 


Divide: a) 2x—4 by 2 d) (45x2-15) +15 g) 4) 8a2—4a +12 (11.1) 
b) 3a—6 by —3 e) (15x2 -45x) + 15x h) —x ) x®— 7x2 + 10x 
c) —Tx8+ 7x2 by —Tx f) (2Txy -18y?) + 9y i) 3a2)30a4—33a9 + 3a2 


Ans. a)x—2, b)~—a+2, c)x?-x, d) 3x?-1, e)x-3, f) 3x—-2y, 
g) 2a?—a+3, h) —x?+7x—-10, i) 10a2-Llat+1 
4 3 2 
Simplify: ) 2(x+4)+ %=8 4) bat +r(3tr)  c) S= SAS ~ ga(a?-1) (41.3) 


a) x+ 8+ 3x-—4 b) r—10 + 37 + r? c) a —a?+ a— 2a° + 2a 
Ans. 5x + 4 Ans. r? + 4r —10 Ans. —a®° — a? + 3a 
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38. 


39. 


40. 


41. 


42. 


Ans. 


Ans. 


Divide: 
a) 


b) 


Ans. a) 


b) 
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d?+9d+14 by d+7 
d?’—8d+7 by d—7 
r°—13r +30 by r—10 
x?—3x—10 by x—5 
d+2 c)r—3 
d-1 d)x+2 


e) &r+3 
f) 3y—4 


xo + 5x? + Tx +2 by x + 2 
x° ~ 2x? —~ 5x + 6 by x —1 
x° — 2x? —5x +6 by x —3 
x + 3x +1 
x? —x — 6 
n+ — 2 


a) x?—9 by x—3 
b) x? — 4x by x +2 
c) 7x? — 63 by x +3 
b) x? — 2x 


a) xt3 ce) Tx-- 21 


x°—5x+2 by x3 
Qn? +5x%—~—15 by x—2 


e) 2r°+7r+6 by r+2 

f) 6y?—29y +28 by 2y—7 
g) x? + xy — 20y7 by x—4y 
h) 45-14) + 5? by 9-3 


g) xt dy 
hy) 5-6 


d) 
e) 
f) 
d) 
e) 


f) 


d) x°~8 by 
e) x*— 1 by 


6a® + 17a? 


Qa° + 3a + 
2a? + 3a + 


(12.1a, 12.2) 
i) 15a*b?—8ab+1 by 3ab—1 
j) 3x?~40—2x by 3x +10 
k) 3+ 7y*—22y by 3-y 
L) x*+4x?—45 by x2+9 
i) 5ab—-1 =k) 1—y 
j)x—4 L) x?-5 


(12. 1b) 


6a? + Ta? +12a—5 by 3a—1 


+ 27a +20 by 3a+ 4 


21y° — 38y? + 29y — 40 by 3y —5 


5 
5 


yey +8 


x—2 
x +1 


(12.3) 


f) 2x®— 30x —8 by x—4 


d) x? +2x +4 


c) x?+1 by x41 
d) x°+9 by «+3 


e) xox? +x—-1 ff) 2x? +8x4+2 


(12.4) 


e) x°— 5x7 + 6x +5 by x-—3 
f) 2n°+ 3x?—%—2 by 2x3 


-4 2 i 5 
x-2+7—3 C) eit e) x*—2Qxt+ =5 
3 = 18 2 10 
ax +9+ 5 d) x oo Sac4 feat at 


Check each division, using multiplication: 


a) 


21x? + 1lixy — 2y? 


a) Does 3x + 2y = Ix-y ? 
Check, using multiplication: 
3x + dy 
Tx — ¥ 


Correct 21x? + lixy — 2y? 


(12.2, 12.4) 
—6 _ 12 2 
b) Does =e et ae 28S ? 
b) xe + Oe + 4 
; x—2 
x? — 8 


Add remainder: + 2 


Correct x 


. —6 


Chapter 5 


EQUATIONS of the 
FIRST DEGREE 
in ONE UNKNOWN 


1. REVIEWING THE SOLUTION OF FIRST DEGREE EQUATIONS HAVING POSITIVE ROOTS 


A first degree equation in one unknown is one which, after it has been simplified, con- 
tains only 1 unknown having the exponent 1. 


Thus, 2x+5 = 9 is a first degree equation in one unknown but x?+5 = 9 and a +x =3 


are not. 


When 2 +x = 3 is simplified, it becomes 2+ x? = 3x. 


In Chapter 2, simple equations were solved using the equality rules and inverse opera- 


tions. 


numbers and to more difficult equations. 


Inverse Operations 


Since addition and subtraction are inverse operations: 
1. Use subtraction (S) to undo addition (A). 
2. Use addition (A) to undo subtraction (S). 


Since multiplication and division are inverse operations: 
3. Use division (D) to undo multiplication (M). 
4. Use multiplication (M) to undo division (D). 


Order of Inverse Operations 


In this chapter, these methods of solution will be extended to equations having signed 


Generally, undo addition and subtraction before undoing multiplication and division. 


1.1. Using Subtraction (S) to Undo Addition (A) 


Solve: a) n+2= 8 
S. 2=2 
Ans. n = 6 


1.2. Using Addition (A) to Undo Subtraction 


5—%x 
x 


Solve: a) x-2= 8 
Ao 2= 2 
Ans. % = 10 


b) 


b) 


n+5 


n 


5 


an 


n 


a 


1.3. Using Division (D) to Undo Multiplication (M) 


Solve: a) 2y = 10 
2y 10 

D SS 

2 2 2 

Ans. y=5 


b) 


D,, 


10w 


10w _ 


10 


Ww 
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c) > 2n+6=n+10 
=nt+ 6 


Snig mt6 

Ans. n 

c) 5—n 

Ajin Tt+n 

Ans. 12 

c) Ta = 
Pi 

es a 

Ans. a= 


{| 


4 


Tt+n 


d) n°+8 =n7t+n 
8,2 n? =n” 
Ans. 8 = n 
d) 8—n° =n-n 
A,2 n= n 
Ans. 8 =n 
d) 3ub = 323 
3.256 _ 32.5 
3.25 3.25 3.25 
Ans. 5 = 10 
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1.4. Using Multiplication (M) to Undo Division (D) 


B 


7 1 
Solve: a) zs =6 b) $. 1 c) T= 32 d) 5 = 100 
M, 3(2) = 6-3 Mn n(8) = 1en Me 8:7 = 8(42) Ms 5 (2) = 100(.5) 
Ans n= 18 Ans. 6=n Ans. 56 =z Ans. b = 50 
1.5. Using Two Operations to Solve Equations 
Solve: a) 5x+2=17 | 6) Z-2= 8 c) 12-x=8 d) Bag 
S. 2-2 | Ap = 2 A, em ts 5 
5x = 15 & =10 12 = 8+x M. x(-3>) = 8x 
p, =15 | m, 6(%)=10(6) | 8° 3 ~8~ 12 = 8x 
Ans 4 = x 12 8x 
Ans x= 3 Ans x = 60 Dg 3 8 
Ans 1g =% 
1.6. Equations Containing More Than One Term of the Unknown 
Solve: a) 8y = 3y + 35 b) 3y+y+70 = lly c) 5y —2 = Qy + 22 
Ssy 3y = 3y Combine: 4y + 70 = lly Soy 2y aay 
By = 35 Say 4y = _4y By —2 = 22 
p. 5% = 38 70 = ‘ly Ao Q2= 2 
ie ees SE Tee 
5 5 D, 70 = Ty 3y = 24 
Ans y= 7 7 7 3y 24 
Ans 10 = y Ds 3 = 3 
Ans y = 8 
1.7. Equations Having Fractional Coefficients 
Solve: 
a) ta = 3 b) 34 = 12 ec). $c-3= 17 d) 8d+12 = 36 
i 55 . Ag 3= 3 S10 12 = 12 
Mz 8(+4a) = 3(8 Mays S(2b) = 12(8 F ae 
Ans a= 24 Ans. b = 32 
3:2 
Mop 3(50)= 5:10 | Msp 3(8d) = 24(2) 
Ans. ec = 15 Ans d =15 
1.8. Number Problems Leading to First Degree Equations 
a) Twice a number is equal to 81 less b) Three times a number decreased by 
than five times the same number. Find 8 equals the number increased by 12. 
the number. Find the number. 
Solutions: 
a) Let n=the number. b) Let n=the number. 
Agi an = 5n—81 Ag 38n—8 = n+12 
Son, 2n+81 = 5n Sy, 3n = n+20 
Ds 81 = 3n Dz 2n = 20 
27=n n= 10 


Ans. The number is 27. 


Ans. The number is 10. 


EQUATIONS OF THE FIRST DEGREE IN ONE UNKNOWN 


2. SOLVING FIRST DEGREE EQUATIONS HAVING NEGATIVE ROOTS 


To change —x to +x, multiply by —1 or divide by —1. 


Thus, if —x = +5 
M_, (-)Gx) = (—1)(45) 
+x = —5 
2.1. Using Addition or Subtraction to Solve Equations 
Solve: a) n+8= 2 b) n—-8 = -13 c) n—15 = 2n—9 
Se 8= 8 Ag 8= 8 Sn-g n— 9= n—-9 
Ans. n =—6 Ans. n =— Ans. —6= 7 
2.2. Using Multiplication or Division to Solve Equations 
Solve: a) 2x = -8 b) 7 =—8 ce) —-12x = 3 
ax _ —8 hyp —12x _ 3 
Do 2. * D) Me 2( ) ( 8)2 D_15 —12 —12 
Ans. x = —4 Ans x = -—16 Ans x=—f 
2.3. Using Two Operations to Solve Equations 
Solve: a) 3y+20= 11 | 6) 8—3y = 29 c) 18 - _¢ 
Soo 2= 20 | Ss 8 = 8 y 
ee a eae 7 18 
By ==-9 —3y = 21 5 ae aan 
3 a -3 = 
Dz PY cos =O D_; BF 2h 18 = — by 
3 3 —3 3 = 
D 18 _ — 6y 
Ans. y=-3 Ans. y=-T -8 -6 -—6 
Ans. -—3=y¥ 
2.4. Equations Having Fractional Coefficients 
3 
Solve: a) 5+2 = 3 b)  P-14 = ~23 ¢) 
Ss 5 , = #5 Aw y 14= 14 Ssiy 
ae r ons 
Yorn te, 3y 4 
Ms 3(—) = (2)3 Maja 2(=) = C9) 
3 ioe (-—2) 4/3 ore )5 Ma 
Ans. y =-6 Ans y = -12 fee 
2.5. More Difficult Equations 
Solve: a)  5y—2y+11 = 8y +26 b) 42a+11 = 
Combine: 3y+11 = 8y +26 Ssati1  Batll = 
Ssy+ze 3y +26 = 3y +26 z 
, -15 = By ns 
—15 _ 5y ot 
Ds 3 3 Ma/7 cored a 
Ans. -~3=y Ans. a= 
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d) 14 = —n+10 
An-14 n—14 = n—14 
Ans. n = — 4 
d) —81= 2.7%x 
—81 _ 2.7 
Dor 7 3.4 
Ans. —30 = x 
d) 20+5y = dy 
Ssy jy = Sy 
20 = — 3y 
26.528 
De 3 -3 
Ans —62= y 
3 1 
aay = —10 +50 Y 
1 1 
55 = 55 Y 
res = —10 
4(4,) = (-10)4 
4” 
» sme 
3a — 24 
3at+ 11 
— 35 
(-35)4 
— 20 
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2.6. Problems Having Negative Roots 


a) The sum of three numbers, represented b) A merchant’s profits in dollars on three 
by n, n—4 and 3n+7, is —2. Find the articles are represented by p, p—3 and 
numbers. 2p —4. If the total profit is $1, find the 

profit on each. 

Solutions: 

a) n +(n—4) + (38n+7) = —2 b) p +(p—8) + (2p—4) = 1 
ntn—4+3n+7 = —2 p+tp—3+2—-4=1 

Ss Bn +3 = -2 A; 4p—~T = 1 

Ds 5n = —5 D, 4p = 8 

n—-4=—5 7 p-3=-1 
eee re ae 

Ans. Numbers are, -1,—5 and 4. Ans, The merchant made $2 on the first ar- 


ticle, lost $1 on the second and made 
no profit on the third. 


3. SOLVING EQUATIONS BY TRANSPOSING 


Rule of Transposition 


To transpose a term from one side of an equation to another, change its sign. 
Thus, by transposing, 3x = 24—x is changed into 3x+¥x = 24. 
In solving equations, "Tr" will indicate "transpose" or by "transposing". 


Opposites are terms differing only in signs. Thus, 4xy and —4xy are opposites. 


The rule of transposition is based on the fact that a term may be eliminated from one side of 
an equation if its opposite is added to the other. 


Thus, 13x = 24 + 5x Note how 5x has been eliminated 
—5x = —5x from the right side and its opposite 
138x—5x = 24 —5x added to the left. 


Using transposition, the second step becomes unnecessary. 


To Solve Equations by Transposing Terms 


Solve: 8a —55 = 3a — 40 

Procedure: Solution: 

1. Transpose (Tr) so that like terms 1. 8a —55 = 3a — 40 
will be on the same side of equation: Tr 8a — 3a = 55 — 40 
(Change signs of transposed terms.) 

2. Combine like terms: 2. Combine: 5a = 15 

3. Divide by the coefficient of the unknown: 3. Ds = = ra 

Ans. a= 3 
3.1. Transposing Terms in an Equation 
Solve, using transposition: 
a) 31— 6x = 25 b) 2y — 28 = 42 — 5y c) 11lz+3—42z = 5z 
Tr 31— 25 = 6x Tr 2y + Sy = 42+ 28 Tr 1iz—4z -—5z =-—3 
Dz 6 = 6x D, Ty = 70 D2 2z =-3 
Ans. 1=% Ans. y = 10 Ans. z=—l1¢ 
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3.2. More Difficult Equations 


Solve and check: 


a) 5a — T+ 
Tr 5a + 4a — 4a — 
Dz 
Check: 
5a — 7+ 4a = 
5(—7T) — 7 + 4(—7) - 
—35-— 7— 28 = 
— 710 = 
Ans. a=—7 


4a = 
2a 
3a = 


a 


NM 


2a — 28 + 4a 
7 — 28 

—21 

—7 


2a — 28 + 4a 
2—T) — 28 + 4(-—7) 
—14 — 28 — 28 


-—70 


4. SOLVING EQUATIONS CONTAINING PARENTHESES 


To Solve Equations by Removing Parentheses 


Procedure: 


1. Remove parentheses: 


2. Solve the resulting equation: 


4.1. Removing Parentheses to Solve Equations 


Remove parentheses, then solve: 


a) Remove ( ): 3(@+2) = 
Tr 3n +6 = 
3n—n = 

an = 

Ans. n= 


30 +n 
30 +n 
30 —6 
24 
12 


4.2. More Difficult Equations with Parentheses 


Solve and check: 


a) Remove ( ): 6y(y—2) = 
Tr 6y? -1l2y = 
Combine: 6y?— 6y?—12y +3y = 
—9y = 
y= 

Check: 
6y (y— 2) % 
6--3)C-5) a 
90 = 
90 = 


Ans. y=—3 


3y(2y—1) + 27 
6y?— 3y + 27 
27 

27 

—3 


3y(2y—1) + 27 
3¢3)C7) + 27 
63 + 27 

90 


“1 


b) n?+3n—8 = n?— 5n — 32 
Tr n2?—n?+3nt+5n = —32+8 
Ds 8n = —24 
n=-—3 
Check: 
n? + 3n — 8 . n? — 5n — 32 
(3)? + 3(-3) — 8 = (—3) — 5(-3) — 32 
9-9-8 = 9+15—32 
—8 = —8 
Ans. n=—3 
Solve: 8+ 2(x—5) = 14 
Solution: 
1. 8 +2(x—5) = 14 
Remove ( ): 8 +2x—10 = 14 
2. ax —2 = 14 
Ans. x = 8 
b) Remove ( ): —18 = 10 — 2(3—x) 
—18 = 10-6+ 2& 
—18 = 4+ 2 
—22 = 2& 
Ans. —-1l = x 
b) Remove ( ): (at+1)(a—5)+ 7 = 44—a(7—a) 
Tr a?—4a—5+7 = 44—Tat a? 
Combine: a@’—a®—datTa = 44+5—-7 
3a = 42 
a= 14 
Check: . 
(at+1l)\(a—5) + 7 ms 44—-a(T~—a) 
(15)(9) + 7 = 44— 14(-7) 
1385+ 7 = 44+ 98 
142 = 142 
Ans. a=14 
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4.3. and 4.4. Problems Leading to Equations with Parentheses 


4.3. a) Find a number if twice the sum of the b) Find a number if 20 minus twice the 
number and 7 equals three times the number equals three times the sum of 
difference of the number and 10. twice the number and 20. 

Solutions: 

a) Let n = the number b) Let n = the number 
Remove ( ): 2(n+7) = 3(n—10) Remove ( ): 20 — 2n = 3(2n+20) 
Tr 2n + 14 = 3n — 30 Tr 20 — 2n = 6n + 60 
14 +30 = 3n— 2n 20 — 60 = 6n + 2n 
44=n — 40 = 8n or n=—5 
Ans. Number is 44. Ans. Number is —5. 


4.4. John, George and Tom earned $120 together. George earned $20 less than John and Tom 
earned twice as much as George. Find the earnings of each. 


Solution: Let n = John’s earnings in $ 


n— 20 = George’s earnings in $ 
2(n—20) = Tom’s earnings in $ 
Remove ( ): n +(n—20) + 2(n—-20) = 120 


nt+n— 20 + 2n — 40 = 120 
4n — 60 = 120 
4n = 180 { n— 20 = 25 


n = 45 2(n—20) = 50 
Ans. John, George and Tom earned $45, $25 and $50 respectively. 


iT 


5. SOLVING EQUATIONS CONTAINING ONE FRACTION OR FRACTIONS 
HAVING THE SAME DENOMINATOR 


To Solve Equations Having Same Denominator by Clearing of Fractions 


Solve: a) ~ +5 = 2x b) f+e- 2 
Procedure: Solutions: 
1. Clear of fractions by multiplying both 1. $ +5 = 2%& 1. +6 = i 


sides of the equation by the de inator: , 
ER OR EAE DOD EEOE Multiply by denominator 3: | Multiply by denominator 5: 


Ms 3(5 +5) = 3(2r) | Ms 5 +6) = 5() 


2. Solve the resulting equation: x +15 = 6x x +30 = Tx 
Ans. 3=% Ans, 5 = % 
5.1. Fractional Equations Having the Same Denominator 
Solve: 
3x 5 2% & = pt Sx _ 3 2 _ 
a) 7 2 7 b) F 5 ; c) 4 4 12 
3x x, 4, _ 1 5x 3 
My (2-2) = 1) My yG) = ¥(6-5) M, 4(7F —4) = 4(-12) 
3x — 14 x 4 Sy — 1 5x —3 = —48 
ax = 14 5 = 5y 5x = —45 
Ans. x= 7 Ans. l1=y Ans. x = -9 
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5.2. Fractional Equations Having Binomial Numerator or Denominator 
Solve: 

Qe tT _ 3 - ow x-3 a RAT 
a) ee et ae uy) tO Gees a) x 2 x 
Ma 402227) = a(x 3) | Meyney 10(2-3) = (52% 5)(2e-3) | My x@Z2-5) = G2Dx 

ae +7 = 4x -—3 20x — 30 = 5x x—3-—5x =x +7 

10 = 2% 15x = 30 —5x = 10 

Ans. 5 =x Ans. x = 2 Ans. x= -2 


6. SOLVING EQUATIONS CONTAINING FRACTIONS HAVING DIFFERENT DENOMINATORS: 
LOWEST COMMON DENOMINATOR (L.C.D.) 


The lowest common denominator (L.C.D.) of two or more fractions is the smallest number 
divisible by their denominators without remainder. 


‘ rere | x el 
aoe = 
Thus, in 3 3 ra 


3 and 4 without remainder. 


12 is the L.C.D. since 12 is the smallest number divisible by 2, 


Larger common denominators of 2, 3 and 4 are 24, 36, 48, etc. 


To Solve Equations Having Different Denominators by Clearing of Fractions 


Solve: . + 5 = 20 
Procedure: Solution: 
1. Clear of fractions by multiplying both 1. L.C.D. = 6 
sides of the equation by the I..C.D.: 
‘ ij Ms 6(5 + 4) = 6(20) 
2. Solve the resulting equation: 2. 3x + 2x = 120, 5x = 120 
Ans. x = 24 
6.1. Fractional Equations Having Numerical Denominators 
Solve: 
: 3y y 
Be, te en en gs, pie ee eae | 
Be gg igh ee ®) 4 3 n 
L.C.D. = 6 L.C.D. = 30 L.C.D. = 12 
0 fX Br a a Co. 2 3y y = 
Me 65-5) = 6:5 Mso 30(5-3- 5) = 30(2) Mig 12(7 — 9) = 12(10) 
3x —~ 2x = 30 15a — 10a — 6a = 60 Sy — 4y = 120 
Ans. x = 30 Ans. a = —60 Sy = 120 
Ans. y = 24 
6.2. Fractional Equations Having Litera] Denominators 
Solve: 
10 _ 25 1 a ees 2s 
2) x 3x 3 eB oS #) eae 7 
L.C.D. = 3x L.C.D. = 2a L.C.D. = 6x 
10 25 1 8 7 5 
Max 3x("") = 3x(Q — 9) Moa 2a) — 3) = 2a(z,) Mex 6x(5) = 6x( + 1) 
30 = 25 --x 16 — 6a = 7 5x = 14+ 6x 
Ans. Kom 5 Ans. a= 1s Ans x = —14 
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6.3. Fractional Equations Having Binomial Numerators 


Solve: 
. Sy + 4 2y +4 
6x +13 x+3 _ 5 y = y 
e Fag 6 b) 9 cer 
L.cC.D. = 6 ; L.C.D. = 18 
by +4 Qy +4 
M, 6 (8313) + 6(22) = 6(3) Mis 18(7=) = 18(2) + 18( 5) 
18x +39 +2x +6 = 5 l0y +8 = 36 + By + 12 
Ans. “x = -2 Ans. y = 10 
6.4. Fractional Equations Having Binomial Denominators 
Solve: 
Bie? oie 6 3.0L 9 
~ 8 5-y ?) Bc ae 5(w—3) 
L.C.D. = 8(5-y) L.C.D. = 5(w—3) 
3 6 6 3 9 
Mico. (g)8G-y) = Say) Cas) Mico. (e(5)(w—3) + 5(w—3)(F 3) = B(w a3) OXw-3) 
3(5-y) = 48 6(w—3) +15 = 9 
Ans. y = -11 Ans. w= 2 


7. SOLVING EQUATIONS CONTAINING DECIMALS 


A decimal may be written as a fraction whose denominator is 10, 100 or a power of 10. 


Thus, the denominator of .003 or is 1000. 


ae 
1000 


To Solve an Equation Having Decimals 


Solve: .15% +7 = .5x% 


Procedure: ; Solution: 

1. Clear of decimals by multiplying both sides 1. .15x has more decimal places than .5x. 
of the equation by the denominator of the The denominator of .15x is 100. 
decimal having the greatest number of dec- 
imal places: Migno }«=6—9100(.15x%+7) = 100(.5x) 

2. Solve the resulting equation: 2. 15x + 700 = 50x 

Ans. x = 20 


In some cases, it may be better not to clear an equation of decimals. Thus, if 3a=.54, 
simply divide by 3 to obtain a=.18. Or, if 2a—.28 = .44, then 2a=.72 and a=.36. These 
are cases where the Coefficient of the unknown is not a decimal. 


7.1. Equations with One Decimal 


First clear each equation of decimals, then solve: 


a) 3a = 6 b) 8 = .055 c) 2.8c = 54+ c¢ 
Mio «=610(.3a) = 60 Mioo §=.: 100 (8) = 100(.055) Min = 10(2.8c) = 10(54+c) 

3a = 60 800 = 58 28c = 540 + 10c 
Ans. a= 20 Ans. 160 = b Ans. c = 30 
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7.2. Solving Equations Without Clearing of Decimals 
Solve, without clearing of decimals: 
a) 3a = 6 b) 5r—5 = .05 c) Gon 8 d) 5h = 3.5 
3a _ .6 br _ 5.05 a Bin Ns 
D, ane Ds ; Ss M, 4(4) 4(.28) Ms 5(=) (1.5)5 
Ans. a = .2 Ans r= 1.01 Ans. x = 1.12 Ans x = 7.5 
7.3. Equations With Two or More Decimals 
Solve (Multiply by the denominator of the decimal with the largest number of decimal places): 
a) .05% = 2.5 b) —.9 = .003y c) .2a=a—.8 d) 55a — 3.5 = .75 
Mion 5x = 250 Minoo =37— 900 = 3y Mo 2a = 10a—8 Mion «50a — 350 = 75 
Ans. x = 50 Ans. —300 = y Ans. a= 1 Ans. a= 8.5 
7.4. Equations Containing Percents 
Solve: a) 25% ofx = 10 b) «+40%x = 56 c) x — 16%x = 420 
(25% = q (40% = .4) (16% = .16) 
7 x +.4x = 56 x —.16x = 420 
Ans. x = 40 Ans. x = 40 Ans. x = 500 


7.5. Equations Containing Decimals and Parentheses 


Solve: a) .3(50—x) = 6 b) 8 = .02(x—35) c) 5 (x+.8) = —16 
Min 3(50—x) = 60 Mioo 80 = 2(x—35) Mio 50(x+.8) = — 160 
150 — 3x = 60 80 = 2x — 70 50x +40 = — 160 
Ans. x = 30 | Ans. 15 = % Ans. x= —-4 
7.6. More Difficult Decimal Equations 
Solve: a) .04x + .03(5000—x) = 190 b) .3(x—200) + .03(1000—x) = 105 
Mico 4x + 3(5000-—x) = 19,000 Migo 30 (x—200) + 3(1000—x) = 10,500 
4x + 15,000 ~ 3x = 19,000 30x — 6000 + 3000 — 3x = 10,500 
Ans, x = 4000 Ans. x = 500 


8. SOLVING LITERAL EQUATIONS 


Literal equations contain two or more letters. 


Thus, x+y = 20, 5x=15a, D=RT and 2x + 3y — 5z = 12 are literal equations. 


To solve a literal equation for any letter, follow the same procedure used in solving any 


equation for an unknown. 


Thus, to solve for x in 5x = 25a, divide both sides by 5 to obtain x = 5a. 


All Formulas are Literal Equations ! 


Thus, D=RT and P= 27+ 2W are literal equations. 


80 
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8.1. Solving Literal Equations Using One Operation 


8.2. 


8.3. 


8.4. 


8.5. 


Solve for x: 

a) x-y= 8 b) x +10=h ec) ax=b d) Z=b 
S 10 = 

A, a Aa ae S10 10 10 sare a i ~ ; 

Ans. x =y+8 Ans. % = h—10 DR @ita a gq) = a(d) 

Ans. “= 8 Ans x = ab 

Solving for One of the Letters in a Formula 

Solve for the letter indicated: 
a) RT =D b) S=C+P ce) C = 2(F~32) d) A= ibh 
Solve for R: Solve for C: Solve for F:(Mo/s, first) Solve for 6: (Moz, first) 
RT D 9 
RT _D =p = “C = F- D 2A = bh 

Dy = 7 Tr S-P=C Tr a ey h 

Ans. R = a A.s.S-P =C Ans. 2C +32 = F Ans. 3A = 5 

Solving and Checking Literal Equations 

Solve for y and check: 

a) 2y — 4a = 8a b) 2y — 24a = By c) 4b +8y = 126+ y 
2y = 8a + 4a 2y — By = 24a 38y —y = 12b — 4b 
2y = 12a — 6y = 24a 2y = 8b 
y = 6a y = —4a y = 4b 

Check for y = 6a: Check for y = —4a: Check for y = 45: 
_ dy — 4a = Ba ay — 24a = By 4b + 3y = 12b + y 
2(6a) — 4a a 8a 2(—4a) — 24a a 8 (—4a) 4b + 3(4b) mi 12b + 45 
12a — 4a = 8a —8a — 24a = —32a 4b +12b = 165 
8a = 8a — 32a = —32a 166 = 166 
Solving a Litera] Equation for Each Letter 
Solve for the letter indicated: 

a) 2x = By — 4z b) 2x = 3y — 4z c) 2x = 3y — 4z 

Solve for x: Solve for y, transposing first: Solve for z, transposing first: 

Do 2% = 3y — 4z Dg 2x + 4z = By D, 4z = 3y — 2x 

. 3-4 Qxt4z _ 3y — 2x 
Ans = 5 Ans. ag Ans. = a 
Solving More Difficult Litera] Equations 
Solve for x or y: 
a) 3(x—2b) = 9a— 156 b) 2-h=f c) z_2-6 
3x — 6b = 9a — 15 ane _ ; 
D, ey ee eit ai L.C.D. = 10a ¢ 
Ans x = 8a — 3b Ms = frth Mt0g 10a(* — =) (75) 10a 
Ans y = 5f + 5h Tr 10x — 2ab = ac 
Dio 10x = 2ab + ac 
: A _ 2ab+ ae 
ns, x= 
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SUPPLEMENTARY PROBLEMS 
. Solve: 
a)n+3=11 Ans. n=8 e)n+.5 =.9 Ans. n=.4 i) n+5=n+ 12 
b)n+7= 20 Ans. n=13 f)n+3.4=5.1 Ans. n=1.7 j)n+ 18 = 2n+10 
c)12+n = 30 Ans. n=18 g)n+lz = 43 Ans. n= ky) n? +n =n? +15 
d)42=nt13 Ans. n= 29 hy n+ 24 = 55 Ans. n= 34 1) 2n?+ 34 = Qn?+n 
. Solve: 
a)x—9 =15 Ans, x = 24 e)x—.3=1.7 Ans. x=2 i) 8—x =0 
b)x—20=50 Ans. x=70 f)x—-5 = 8.3 Ans, x«=13.3 j) 10—x = 3 
c)17=%—-13 Ans. x= 30 g)x—l14= 34 Ans. x=5 k) 10-x% = — 
d) 100 = x—41 Ans. x=141 h) 24 =x—Ty Ans. © =93 1) 12—x? = x—x? 
. Solve: 
a)3y=15 Ans. y=5 e)5y = 6.5 Ans. y=1.3 i) lay =12 
b) 4y = 30 Ans. y=12 f) .38y=9 Ans. y = 30 j) 22y = 10 
c)36=12y Ans. y=3 g) l.ly =8.8 Ans. y=8 k) 15 = lay 
d)6y=3 Ans. y=2 h) 4 =.4y Ans. y =10 1) 14 = aty 
Solve 
a) $=3 © Ans, a=12 e) ja= 20 Ans. a= 60 iy 2=1 
b) ree. Ans. a=5 fp fa =12 Ans. a= 84 1) 1-8 
c) 12= Ans. a= 24 g) 30= 5a Ans. a= 240 ky 4 = 50 
d) 25 = 4 Ans. a= 250 h) 5.7 = 4a Ans. a=57 1) 200 = & 
. Solve: 
a)3x+1=13 Ans. x=4 e)76=10x+6 Ans. x=7 i) 8x+3qy =194 
b) 5x+3= 33 Ans. x=6 f)45=15+12x Ans. x= 22 j) 20x + 52 = 152 
c)8+4x = 44 Ans. x=9 g)3.4=1.4+2x Ans. x=1 k) 38x +24 = 6 
d) 11+ tx = 88 Ans. x=11 h) 7.9 = 3.1+4x Ans. x=1.2 Ll) 4x+3 = 5% 
. Solve (Use A and D or Aand M): 
a)5b-2=33 Ans. b=7 e)3b—.4=.8 Ans. b=.4 iye-5=9 
b)6b-8= 25 Ans. b=5$ f) 11b—.34=.21 Ans. b=.05 — j) 3-5 = 10 
c)89= 9b-1 Ans. b=10 g) 7-22 = 43 Ans. b=1 k) yb-—9 = 12 
d)42=10b-3 Ans.b=42 hya—-2=3 Ans. b=2 1) 20 = 4b-11 
. Solve (Use M ard D or Aand S): 
a) 21-3 Ans. r= e) 4-3 Ans. r=1.8 i) 30—r=17 
by 44=4 Ans. r= 32 fy).4= 420 Ans. r= 25 j)8.4—-r= 5.7 
c) 8 = 34 Ans. r=3 g) 2 = 22 Ans. r= 2 k) 5,24 = 8.29—r 
d)12=2 Ans. r=t Ay2t=2 Ans. r=4 1) 172 = 20¢—r 


Ans. 
Ans. 
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8. Solve: (1.6) 
a) 6y=2y+16 Ans. y=4 e) 2tTy=72 Ans. y=8 i) 13y—4 =10y+2 Ans. y =2 
b) 10y = 30+5y Ans. y=6 ff) 3yt5y+6=26 Ans. y=2z jf) 20y+16=30y—44 Ans. y=6 
c) 18+2y=1ly Ans. y=2  g) 21=10y—4y Ans. y = 32 k) 2y—1l.7=y+1.4 Ans. y= 3.1 
d) 3y+40=8y Ans. y=8  h) 24y—2ly=14 Ans. y=42 1) Wy—.8=4y-.2 Ans. y=.2 

9. Solve: (1.7) 
a) zt=14 Ans. t= 70 e) t£+9=14 Ans. t= 15 i) 244+42 = 31 Ans. t= 56 
b) 20 = et Ans. t= 200 f) tt-6=8 Ans. t=56 j) 17+3e = 29 Ans. t= 28 
c) 2¢=16 Ans. t= 40 g) 2t+7= 13 Ans. t= 15 k) 40 = $t-11 Ans. t= 34 
d)30=4t Ans. t = 35 h) 3t-6=6 Ans. t= 28 1) $£+9=31+39 Ans. t= 42 

10. Four times a number increased by 45 equals seven times the number. Find the number. (1.8) 
Ans. 15 

11. Ten times a number decreased by 7 equals eight times the number increased by 21. (1.8) 
Find the number. Ans. 14 

12. Two-thirds of a number increased by 10 equals 24. Find the number. Ans. 21 (1.8) 

13. Solve: (2.1) 
a)n+11=3 Ans. n=-— e)n—5=~—12 Ans. n=—T7 i)n—20= 2n—3 Ans. n=—17 
b)n+25=—5 Ans. n=—30 fyn—.9=-2 Ans. n=-1.1 j) 2nt+6=n-10 Ans. n=—16 


c) 30+n=24 Ans. n=— g)n—34=—84 Ans. n= - ky)—n+2=5 Ans. n=— 


d)40=n+70 Ans. n=—30 h) n—+=—8 Ans. n=—T4 1) .84=.29-n Ans. n=~.05 


14. Solve: (2.2) 
a) 3x =—66 Ans. x=—22 eyes Ans. x = —20 i) —Tx = 35 Ans. x=—5 
b) 13x = —130 Ans. x=—10 f) 3 =—3z Ans. x=—7 j) a = 120 Ans. x = —480 
c)~50 = 15x Ans. x=—3+ g) 4.8 = 75 Ans. x=—48 k) 3.1% =—-31 Ans. x=—10 
d)—T= 21x Ans. x=—4 h)-.18=% Ans. x=—.78 1)—34x = 130 Ans. x=—40 

15. Solve: (2.3) 
a) 2y+ 16 = 2 Ans. y=—7 e) 6y +35 =y¥ Ans. y=— Daas Ans. y=—8 
b) 10y +42 = 37 Ans. y=—3 f) 8y—20 = 10y Ans. y=—10 Dees Ans. y=— 

c) 83y-5 = —17 Ans. y=—4 g) 13y = 6y—84 Ans. y=—12 Haga 4 Ans. y=—5 
d)20+1ly=9 Ans. y=—1 h) 3y = 9y+78 Ans. y=—13 ib==7 Ans. y=—4 
16. Solve: (2.4) 

a)%+6=5 Ans. y=—4 d) X¥+7=~—-7 Ans. y=~-21 g)y-zy = -20 Ans. y=—40 


Ml 


¥ _ _ 2y _ = 2 
Oe ates Ans. y=~—45 e) ee 8 Ans. y =—50 hy toy —45 Ans. y=—27 


c) 30 = 25-2 Ans. y=—15 fya= +31 Ans. y=—-5 i) 82y +6 = 73y Ans. y=-8 
17. Solve: (2.5) 
a) 4y ~ Sy + 22 = By +30 Ans. y=—1 c) 23a +10 = 44a +52 Ans. a=—24 


b) 12y ~10 = 8+3y—36 Ans. y=~—2 d)5.4b —14 = 8b + 38 Ans. b=—20 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


a7. 


29. 


30. 
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The sum of two numbers represented by n and 2n+8 is —7. Find the numbers. (2.6) 
Ans, —5 and — 2 


The sum of three numbers represented by x, 3x and 3— 2x is 1. Find the numbers. (2.6) 
Ans. —1, —3 and 5 


Solve, using transposition: (3.1) 
a) T-2r=3 Ans. r= 2 d) 4s-8=16-2s Ans. s=4 g) 6t+¢=10+1l Ans. t= ~23 
b) 27 = 30-6r Ans. r= e) 12+s=6s+7 Ans. s=1 h) 4¢+40-65=—t Ans. t=5 

c) 10r+37=—23 Ans. r=—6 f) 40—-9s=3s+64 Ans. s=—2 i) 20+8:=40—-22 Ans. t=-y% 


Solve: (3.2) 
a)8a +1+3a = 7+ 9a—12 Ans. a=—3 b) n*—6n +1 = n?—8n—9 Ans. n=—5 
Solve: (4.1) 
a)4(x+1)=20 Ans. x=4 e) 6(y—1)= Ty-12 Ans. y=6 i) 3(z+1) = 4(6-z) Ans. 2=3 
b)3(x—2)=-6 Ans. x=0 f)30—%y—1)=38 Ans. y=-3 7) 10(2-z)= 4(z-9) Ans. 2=4 
c)5(7—x)=25 Ans. x=2 g) 20+8(2—y) = 44 Ans.y=-1  &)6(3z—-1)= —7(8+2) Ans. z=—2 
d)42='1(2x—-1) Ans.x=3% = h) 12y —3 = 5(2y+1) Ans. y=4 1) 2(z+1)— 3(4z—2) = 6z Ans. z=3 
Solve: (4.2) 
a) 8r(2r+4) = 27(3r+8)— 12 Ans. r=3 b) (s+3)(s+5) + s(10—s) = lls +1 Ans. s=-—2 
Find a number if twice the sum of the number and 4 equals 11 more than the number. (4.3) 
Ans. 3 


Find a number such that three times the sum of the number and 2 equals four times the number de- 
creased by 3. Ans. 9 (4.3) 


Find a number if 25 minus three times the number equals eight times the difference obtained when 
1 is subtracted from the number. Ans. 3 (4.3) 


Three boys earned $60 together. Henry earned $2 less than Ed and Jack earned twice as much 
as Henry. Find their earnings. (4.4) 
Ans. Henry, Ed and Jack earned $14.50, $16.50 and $29 respectively. 


. Solve: (5.1) 
a) a=9 Ans. x =12 d) = W3 Ans. «=—4 ge tl0=y Ans. y =15 
b) B+s8 = 6 Ans. x=—5 e)7= a Ans. x =12 h) 20 ~ 3 =y—12 Ans. y = 20 
c)£-5=5 Ans. x= 30 fy 2 -2=18 Ans. x= 4% i) pe t3= 18 Ans. y=4 
Solve: (35.1) 
a) *+6=% Ans. x = —30 c) Sh -_2 Ans. h=6 ey5=2-7T Ans. r=5 
b) 10-5 = Ans.x=14 9d) Bs 6-2 Ans h=-%h = fy 4432 2-2 Ans. r=2 
Solve: (5.2) 

a) 32-1 2 w+ by pty > 2 c) E842 = tN 
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31. 


32. 


33. 


34. 


35. 


36. 


38. 


39. 


Solve: 
ae at Ans. x = 42 dre a= 26 
bye + G11 Ans. x= 30 ae 
ey5=12-4 Ans.x=16 f) 10+E=3—-4 
Solve: 
a2 2-3 Ans. x=1 c)e+i=2 
byt=2+2 Ans. a=3 dy341-2 
Solve 
a) P= Ans. r=3 d) 43.2 
b 4-2 Ans. r=9 e) be8a.7 
c) 8-5 Ans. r=6 fae 
Solve 

a) z=2_ 2th a4 Ans. x = 59 

b) Yo3 1-458 Ans. y=—T 
Solve: 

a $1$=3 Ans. d= 10 

b) ar = 5 Ans. x= 12 
Solve: 
a) .5d=3.5 Ans. d=7 d) 3.le=.42+tce Ans 


b) .05e=4 Ans. e=80 
c) 60=.3f Ans. f= 200 


(6.1) 
Ans. y = 24 g) Re =3 Ans. x =9 
Ans. y = 90 ne= 25 Ans. x =—70 
Ans. y = 84 ) x 2 a Ans. x=~1 
(6.2) 
= Ea ee =i 
Ans. x =8 ON 5 Ans. x 3 
Ans. b=—4 fye=t- Ans. c= 
(6.1, 6.2) 
Ans b=—5 ) acv4 = a4 Ans c=10 
Ans. b =15 h) sex3 a Se Ans.c=5 
Ans. b = 21 i) = c=12 Ans. ¢=30 
(6.3) 
c) v2 _ me = -2 Ans. w= ~—12 
d) 1— ome Ss m3 Ans. m= 
(6.4) 
8 13 _ _ = 
c) y~2 —_ > = By “4 Ans. y 3 
d) 0. = = 6 Ans r=4 
(7.1, 7.3) 
-c=.2 g) %—4.2x% = 8x --12 Ans. x=3 
h) x+.4x+8 =—20 Ans. x=—20 


e) 6d-—10=3.5d Ans. d=4 
f) 8.6m+3= 7.1m Ans. m=—2 


i) x~—.125%—1.2=19.8 Ans. x= 24 


. Solve: (7.2) 
a)6a= 3.3 Ans.a=.55 d) 2b = 7.8 Ans. b=11.7  g) 4c--6.6=c—.18 Ans. c=2.14 
b) Ta = 7.217 Ans. a=1.031 e) 8b--4=.32 Ans. b=.54 h) 3c~-2.6=c+5 Ans. c=3.8 
De 12.45 Ans. a=24.9 f) Z +.05 = 1.03 Ans. b=4.9 i) 4c+.8 = c+.44 Ans, c=~.12 
Solve: (7.4) 
a) 334% of x= 24 Ans. x=72 d)x+20%x = 30 Ans. x=25 g)x—T5%x = 70 Ans. x= 280 
b) 162% of x=3.2 Ans. x=19.2 €)2x+10%%=7 Ans. x=34 h)2x-50%K=-9 Ans. x=—6 
c) 70% of x= 140 Ans. x=200 f)x =40.5-35%x Ans. x=30 i)x+10=4+8727%x Ans. x=—48 
Solve: (7.5, 7.6) 
a) .2(x+5) = 10 Ans. x =45 e) .03y +.02(5000-y) = 140 Ans. y = 4000 
b) 4(x—.3) = 12 Ans. x = 3.3 f) .05y —.03 (600—y) = 14 Ans. y = 400 
c) .03(%+200) = 45 Ans. x =1300 g) -1(1000—x) +.07(2000—x) = 104 Ans. x = 800 
d) 50 —.05 (x--100) = 20 Ans. x = 700 h) 250—.3(x+100) = .5(600—x)—40 Ans. x= 200 


EQUATIONS OF THE FIRST DEGREE IN ONE UNKNOWN 


40. Solve for x: 


a) x—b = 36 d) 
b) x—5a = 20 e) 
c) ~+10c = ct+8 f) 
Ans. a) x=4b d) 
b) x=5a+20 e) 
c) x=-—9c+8 f) 
41. Solve for the letter indicated: 
a) LW =A forL d) 
b) RP =I! forP e) 
c) P = S—C forS f) 
Ans. a) L = & d) 
b) P = a e) 
c) S=P+C fp 
42. Solve for x or y: 
a) 2x = 6a+22a d) 
b) 3y—a = —10a e) 
c) +b=-—b f) 
Ans. a) x = 14a d) 
b) y=—3a e) 
c) x = —8b f) 
43. Solve for the letter indicated: 
a) x-1l0=y  forx d) 
b) 2y = 6x+8 fory e) 
c) x+2y = 20 for x f) 
Ans. a) x = ¥ +10 d) 
b) y = 3x+4 e) 
c) x = 20—2y f) 
44. Solve for x or y: 
a) 5(xta) = 10(x—2a) Ans. x =5a 
b) 5 +b = c= 4b Ans. x = 3c —15b 
haat Ans, x = 2a+12b 
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(8.1) 
ax = —10a g) = = 105 
= x _ 6b 
bx = 6° h) oS 
2x = — Bed i) atb = 3 
x =~10 g) x=10ab 
x = b? h) x= 2b? 
x=-—4d i) x=8a+36 
(8.2) 
A = bh forh g) A = sh(b+b') for h 
V =+Bh forB h) s = gat? for a 
S = 2nrh forr i) F = 2€+32 for 
_ 24 _ 2A 
tas oR = ay 
. 3V — 2s 
B= hk h) a 12 
28 ; _ 5 
' a oh i) C = 9(F-32) 
(8.3) 
ax —~ 3a = 5a g) ay—6b = 3ay 
+b = 7b h) 2 +3m = 4m 
3 m 
Ln oe A ete 
3 4c = 10c i) = S=rt2 
s __ 38 
x=8 £2 yz - 
x =18b h) y = m? 
x = 2le i) y=rr+tr 
(8.4) 
2x4 + 3y = 10 fory g) xty=2z for x 
2x+ 3y =12 for x h) 5 —2y = 32 for x 
Stary for x it) ax—by = cz forx 
—— g) x=2Z-¥ 
x 125 3y h) x = by +9z 
x = 2y-16 iy x= yt 
(8.5) 
x a_ 6b _ 
d) 6 _ 3 = 3 Ans. ee iad 2a+3b 
e) 3(5-y) = T(y—b) Ans. y= meats 
aa he Ans. y =12c 


Chapter 6 


FORMULAS 


1. UNDERSTANDING POLYGONS, CIRCLES AND SOLIDS 


A. Understanding Polygons in General 


A polygon is a closed figure in a plane (flat surface) bounded by straight lines. 


Names of Polygon According to the Number of Sides 


No. of Sides No. of Sides Polygon 


Hexagon 


An equilateral polygon is a polygon having equal sides. 
Thus, a square is an equilateral polygon. 


An equiangular polygon is a polygon having equal angles. 
Thus, arectangle is an equiangular polygon. 


A regular polygon is an equilateral and equiangular polygon. 
Thus, a regular pentagon is a 5-sided equilateral and 
equiangular polygon. 


Symbols for Equal Sides and Equal Angles 


Using the same letter for sides indicates. they are equal. 
Equal angles may be shown by using arcs crossed by 
the same number of strokes, as in the adjacent diagram. 


B. Understanding Circles 


The circumference is the distance around a circle. 


A radius is a line joining the center to a point on the cir- 
cumference. All radii of a circle are equal. 


A chord is a line joining any two points on the circumfer- 
ence, 


A diameter is a chord through the center. A diameter is 
twice aradius. It is the largest chord. 


An arc is a part of the circumference of a circle. 


A sector is a part of the area of a circle bounded by an arc and two 
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Triangle Octagon 
Quadrilateral Decagon 
Pentagon Dodecagon 


n-gon 


Ss 


Regular Pentagon 


diameter 


semicircle 


radii. 


FORMULAS 87 


C. Understanding Triangles 


Equilateral 
; . ; Triangle 7% a 
1. An equilateral triangle has three equal sides. 
It also has three equal angles, each 60°. 
a 
2. An isosceles triangle has at least two equal sides. + 
Isosceles 
It also has at least two equal angles. The Triangle 
equal angles shown lie along the base (b) and 
are called the base angles. b 
2 ; Scalene c 
3. A scalene triangle has no equal sides. Triangle 7 
b 
4. Aright triangle has one right angle. byp 
Its hypotenuse is opposite the right angle. Len Right 
Its legs (or arms) are the other two sides. zc Triangle 
The symbol for the right angle is a square corner. - 
leg, 
5. An obtuse triangle has one obtuse angle (more than Obtuse c 
90° and less than 180°.) Triangle @ aa 
6. An acute triangle has all acute angles (less than c Acute 
©. G Triangle 
90°). 
b 
D. Understanding Quadrilaterals 
ieee b 
1. A parallelogram has two pairs of parallel sides. { 
Its opposite sides and its opposite angles are h ti f 
equal. The distance between the two bases is |. 
h. This distance is at right angles to both a 
bases, Parallelogram 


2. A rhombus has four equal sides. Its opposite an- er, 
_ gles are equal. It is an equilateral parallel- Rhombus we: 
ogram. , 
3. A rectangle has four right angles. Its bases (b) 
and its heights (A) are equal. It is an equi- 4 Rectangle 
angular parallelogram. 


4. A square has four equal sides and four right an- 
gles. It is an equilateral and equiangular par- 
allelogram. A square unit is a square whose Square 
side is 1 unit. Thus, a square foot is a square 


whose side is 1 foot. 


5. A trapezoid has one and only one pair of parallel 1 / 
sides. The unequal bases are represented by c Trapezoid 


b and 3b’. 


6. An isosceles trapezoid has two equal legs (non- Isosceles a 
parallel sides). Note the equal angles. Trapezoid A 
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E. Understanding Solids 


1. A solid is an enclosed portion of space bounded by plane and curved surfaces. 


Thus, the pyramid ao , the cube CS , the cone \ _ the cylinder yj 


and the sphere 6) are solids. 


2. A polyhedron is a solid bounded by plane (flat) surfaces only. Thus, the pyramid and 
cube are polyhedrons. The cone, cylinder and sphere are not polyhedrons since 
each has a curved surface. The faces of a polyhedron are its bounding polygons. 
The edges of a polyhedron are the sides of its faces. 


3. A prism is a polyhedron two of whose faces are Neat 


parallel polygons and whose remaining faces 


are parallelograms. The bases of a prism are Prism A 
its parallel polygons. These may have any 
number of sides. The lateral (side) faces are 


its parallelograms. The distance between the 
two bases is hk. This line is at right angles 
to each base. 


A right prism is a prism whose lateral 


faces are rectangles. The distance, h, is the Die 
height of any of the lateral faces. 
. ‘ : ‘ Rectangular 
4. A rectangular solid (box) is a prism bounded by six ! Solid = —> 
rectangles. The rectangular solid can be form- SS h 
ed from the pattern of six rectangles folded w 


along the dotted lines. The length (J), the 
width (w) and the height (A) are its dimen- 
sions. 


5. A cube is a rectangular solid bounded by six 


squares. The cube can be formed from the top 
pattern of six squares folded along the dotted 
lines. Each equal dimension is represented 
by e in the diagram. 
Bottom 


A cubic unit is a cube whose edge is 1 
unit. Thus, a cubic inchis a cube whose edge 
is 1 inch. 


6. A pyramid is a polyhedron whose base is a polygon 
and whose other faces meet at a point, its Pyramid 
vertex. The base (B) may have any number of 
sides. However, the other faces must be tri- 


angles. The distance from the vertex to the V 
base is equal to the altitude or height (A), a 
line from the vertex at right angles to the 
base, h 
A regular pyramid is a pyramid whose 
base is a regular polygon and whose altitude Regular Pyramid 


joins the vertex and the center of the base. (square base) 
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7. A circular cone is a solid whose base is a circle 
and whose lateral surface comes to a point. 
(A circular cone will be referred to as a cone.) ; 
A cone of revolution is formed by revolv- 
ing a right triangle about one of its legs. This 
leg becomes the altitude or height (A) of the 
cone and the other becomes the radius (r) of Cone of 
the base. Revolution 


8. A sphere is a solid such that every point on its 
surface is at an equal distance from the same 
point, its center. Sphere 


A sphere is formed by revolving a semi- 
circle about its diameter. 


9. A circular cylinder is a solid whose bases are par- 
allel circles. Any cross-section parallel to 
the bases is also a circle. (A circular cylinder 
will be referred to as a cylinder.) 


A cylinder of revolution is formed by re- 
volving a rectangle about one of its two di- 
mensions. This dimension becomes the height 
(h) of the cylinder and the other becomes the 
radius (r) of the base. 


Cylinder 


2. FORMULAS FOR PERIMETERS AND CIRCUMFERENCES: LINEAR MEASURE 


a 


Cylinder of 


Revolution 


A formula is an equality expressing in mathematical symbols a numerical rule or relation- 


ship among quantities. 


Thus, S = C+P is a formula for the rule: selling price equals cost plus profit. 


In perimeter formulas, the perimeter is in the same unit as the dimensions. 
side of a square is 3 yards, the perimeter is 12 yards. 


The perimeter of a polygon isthe distance around it. 
Thus, the perimeter (p) of the triangle shown 
is the sum of its three sides; that is, 

p=atbte 

The circumference of a circle is the distance around 
it. For any circle, the circumference (c) is 7 
times the diameter (d); that is, c= 7d. 

The value of 77, using 5 digits, is 3.1416. If 


less accuracy is needed, 3.142, 3.14 or 22 


may be used. 


2.1. Perimeter Formulas for Triangles and Quadrilaterals 


State the formula for the perimeter (p) of each, using the letters shown on page 
a) equilateral triangle Ans. p = 3a d) square Ans. p 
b) isosceles triangle Ans. p= 2at+b e) rectangle Ans. p 


ce) scalene triangle Ans. pzatbte f) obtuse triangle Ans. p 


Thus, if the 


87: 
=4s 
= 2b + 2h 
=atbte 
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2.2. 


2.3. 


2.4. 


2.5. 


FORMULAS 
Perimeter Formulas for Polygons 
State the name of the equilateral polygon to which each perimeter formula applies: 
a) p=3s Ans. equilateral triangle c) p=10s Ans. equilateral decagon 
b) p=4s Ans. square or rhombus d) p=12s Ans. equilateral dodecagon 


Finding a Side of an Equilateral Polygon 


If each of the following polygons has a perimeter of 36in., find a side: 


a) square b) equilateral c) equilateral d) equilateral 
triangle hexagon decagon 

Solutions: 

a) p=4s b) p=3s c) p=6s d) p=10s 
36 = 4s 36 = 3s 36 = 6s 36 = 10s 

9=s 12=s 6=s 3.6=s 
Ans. Qin. Ans. 12in. Ans. 6in. Ans. 3.6in, 
Finding Perimeters of Regular Polygons 


Find the perimeter of 


a) an equilateral triangle b) a square with a side c) aregular hexagon with a 

with a side of Sin. of 42 ft. side of 2yd. 1ft. 
Solutions: 
a) b) c) 

2yd. 1ft. 
5in 43 ft 
Ss Ss s 
p= 3s p=4s p=6s 
Let s =no. ofin. inside =5 Let s = no. of ft. inside = 43 Let s = no. of yd. in 1side = 2+ 
p =3(5)=15 p=4(43) =18 p=6(24)=14 
Ans. 15in. Ans. 18 ft. Ans. 14 yd. or 42 ft. 


Finding Perimeters of Quadrilaterals 


Find the perimeter of 


a) arectangle with sides of 4 ft. and 12 ft. bya parallelogram with sides of 4 yd. and 2ft. 
Solutions: 
a) 4ft. b) 
4yd. 
b 
l 
p=2l+ dw p = 2a+ 2b 
Let / = no. of ft. in length =4 Let a=no. of yd. in 1 side= 2 
and w =no. of ft. in width =13 and b = no. of yd. in other side = 4 
p= 2(4)+ 2(12)=11 p = 2(2)+ 2(4)=94 
Ans. 11 ft. Ans. 94yd. or 28 ft. 
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2.6. Finding the Perimeter of a Rectangle 


If 1, w and p are in inches, find the perimeter of the rectangle shown if 


a) 1=10,w=3 b) 1=32,w=44 c) 1l=3.1,w=2.6 
Solutions: 
a) p=2lt 2w b) p= 2+ Qw c) p=2l+ Qw 
p = 2(10) + 2(3) p= 2(32) + 2(4¢) p = 2(3,1) + 2(2.6) 
p = 26 p= 153 p= 11.4 
Ans. 26 in. Ans. 153 in. . 11.4 in. 
2.7. Finding the Length or Width of a Rectangle 
For a rectangle, if /, w and p are in ft., find 
a) the length if p= 20, w=3 c) the width if p=40 and J/=wt5 
b) the width if p= 27, 1=53 d) the length if p= 30 and w= 3l 
Solutions: 
a) p=2l+ 2Qw b) p=2l+ Qw c) p=2l+ Qw d) p=2l+ Qw 
20 = 21+ 6 27 = 2(52) + Qw 40 = 2(w+5) + Qw 30 = 21 + 2(31) 
Ta] 8=w 1g =w 33 = 
Ans. Tft. Ans. 8 ft. Ans. 72 ft. Ans. 32 ft. 


2.8. Perimeter of an Isosceles Triangle 


For the isosceles triangle shown, if a, b and p are in inches find 


ari 


~ 


a) the perimeter if a=10 and 5=12 c) the base if p=33 and a=b—3 
b) the base if p= 25 and a=8 d) an equal side if p=35 and b=1.5a 
Solutions: 
a) p=2at+b b) p=2a+b c) p=2at+b d) p=2at+b 
p = 2(10) +12 25 = 2(8) +5 33 = 2(b—3) +5 35 = 2a+1.5a 
p=32 9=b 13=5 10=a 
Ans. 32in. Ans. Qin. Ans. 13in. Ans. 10in. 


2.9. Circumference and Arc Formulas 
For any circle, state a formula which relates 


a) the diameter (d) and radius (r) Ans. d=2r 
b) the circumference (c) and the diameter (d) Ans. c = 71d 
c) the circumference (c) and the radius (r) Ans. c= 2mr 
d) the circumference (c) and an arc of 90°(a) Ans. c= 4a 
e) an are of 60°(a’) and the radius (r) Ans. a= - 


(Read a’ as "a-prime"') 


2.10. Circumference of a Circle 
For a circle, if r, d and c are in ft., find, using 77 = 3.14, 


a) the circumference if r=5 c) the radius if c =942 
b) a 90° are if d=8 d) the diameter if c =1570 
Solutions: 
a)c =27r b) 90° are= < = Ze c) ¢e=27r 
= 2(3.14)5 _ (3.148 942= 2(3.14)r 
= 31.4 - 4 150=r 
Ans. 31.4 ft. = 6.28 Ans. 150 ft. 


Ans. 6.28 ft. 


d) c= 1d 
1570 = 3.14d 
500=d 

Ans. 500 ft. 
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2.11. Perimeters of Combined Figures 
State the formula for the perimeter, p, for each figure: 
(sq.= Square, each curved figure is a semi-circle) 


a) 3a b) c) 
2a 2a 
2a 
a 
2a 


d) e) f) (equilateral 
triangles 
around a 
regular 
hexagon) 
Ans. a) p =10a b) p=9a c) p= 2at 27a 
d) p =12a + 3c e) p=6a+ 27a f) p=12a 


3. FORMULAS FOR AREAS: SQUARE MEASURE 


A square unit is a square whose side is 1 unit. 1 


Thus, a square inch is a square whose side Square 
F si Inch 
is 1 inch. 
The area of a polygon or circle is the number of 
square units contained in its surface. Thus, 1 inch 
the area of a rectangle 5 units long and 4 
units wide contains 20 square units. 
In area formulas, the area is in square units, the 
unit being the same as that used for the di- 4 
mensions. Thus, if the side of a square is 3 
yards, its area is 9 square yards. 
5 
Area Formulas, using A for the area of the figure: 
1, Rectangle: A= bh 2. Parallelogram: 4 = bh 3. Triangle: A= 
4. Square: A= s? 5. Trapezoid: A = 5 (b+b) 6. Circle: A=7r?. Also, A= ae 


AS 
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Area Formulas for Solids, using 7 for the total area of the solid: 


1. Total area of the six squares of a cube: 2. Total area of the six rectangles of a rectangular 
T = 6e? solid: T = Qlw + 2h + 2wh 


A=lw for top or bottom faces 
A =e? for each face. Az=lh for front or back faces 


A =wh for left or right faces 


3. Total area of a sphere: ~ 4, Total area of a cylinder of revolution: 


T = 27rh + 27r? 


a 2 
AAG T = 27r(rth) 


3.1. Relations Among Square Units 
Find the area (A) of (Hint: A square unit is a square whose side is 1 unit.) 
a) a square foot in square inches, 
b) a square yard in square feet, 
c) a square meter in square centimeters. 


Solutions: 
a) A=s? b) A = s? c) A=s? 
Since 1 ft. =12in., Since 1 yd. =3 ft., Since 1 meter= 100 cm., 
A=12 = 144 A =37 =9 A = 1007 = 10,000 
Ans. 1sq.ft.= 144 sq.in. | Ans. 1 sq. yd.=9 sq. ft. | Ans. 18q. meter = 10,060 sq. cm. 


3.2. Finding the Area of Squares 
Find the area of a square (A) in sq. ft. whose side is 


a) 6 in. b) 6 ft. c) 6 yd. d) 6rd. 

Solutions: (To find area in sq. ft., express side in ft.) 

a) A=s? b) A=s? c) A=s? d) A= s? 

Since Gin. = 2 ft., A=6° Since 6 yd. =18ft., Since 6rd. = 6(162) or 99ft., 
A=(4yf=¢ A=36 A =187=324 A =997 = 9801 

Ans. x sq. ft. Ans. 36sq. ft. | Ans. 324 sq. ft. Ans. 9801 sa. ft. 


3.3. Finding Areas 


Find the area of 

a) arectangle with sides of 4ft. and 23 ft., 

b) a parallelogram with a base of 5.8in. and a height of 2.3in., 

c) atriangle with a base of 4ft. and an altitude to the base of 3 ft. 6in. 


Solutions: 
a) b) c) 
cal 
b=4 b=4 
A = bh A = bh A = 2bh 
A = 4(22) = 10 A = (5.8) (2.3) = 13.34 A = 2(4)(32) = 7 


Ans. 10 sq. ft. Ans. 13.34 sq. in. Ans. 7 8a. ft. 
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3.4. Area of Circle Formulas 


For a circle, state a formula which relates 


a) the area (A) and the radius (r) Ans. A =r? 
b) the area (A) and the diameter (d) Ans. A= md" 
c) the area (A) and a sector of 90°(S) Ans. A = 4S 
d) a sector of 60°(S’) and the area (A) Ans. S'= 4 
e) a sector of 40° (S") and the radius (r) Ans. S”= me 


(Read Sas '"S-double prime") 


3.5. Area of a Circle 


For a circle, if r and d are in inches, find, to the 
nearest integer, the area of 


a) the circle if r= 20 c)a90°sector ifr=4 
b) the circle if d=10 d) a 30° sector if d=12.2 
Solutions: Let 77= 3.14. 
a) A=mTr? b) A=m7r? c) A= Tr? 
A = 3,14(207) A = 3,14(57) A=(3.14)4? 
= 3.14(400) = 3.14(25) 90° sector= 4(3. 14)( 16) 
= 1256 = 78.5 = 12.56 
Ans. 1256 sq. in. Ans. 798q. in. Ans. 138q. in. 


3.6. Formulas for Combined Areas 
State the formula for the area (A) of each shaded figure: 


90° 
Sector 
fe] 


Sector 


90° 
Sector 


d) A=mr? 
A = (3.14)(6. 17) 

30° sector = +4(3. 14)(37. 21) 
= 9.7366 

Ans. 108q. in. 


Solutions: (Abbreviations used are rect. for rectangle, sq. for square and A for triangle.) 


a) A=rect.I+rect.II | 6) A =rect.1+ rect.II 


Ans. A=aw+t bw Ans. A =aw+ 2bw 


ce) A=sq.l+8q.II 
Ans. A =c? +d? 


3.7. Formulas for Reduced Areas 
State the formula for the area (A) of each shaded figure: 


square I a I 


fa] OO 


Solutions: Pa is used for circle.) 


a) A=rect.I—rect.II | 6) A=sq.1—-4All c) A=sq.I~ OIL 
2 
A = 4lw —lw A= (3af —4(5) A =(2r)? — Tr? 
Ans. A=3lw Ans. A = Ta? Ans. A = 4r? —71r? 


d) A=sq.I+ AII 


Ans, A=r+ 


square I 


d) 


r ar r 
| d) A=sq.I-—4sector II 
A=(4re—4CZ) 
Ans. A = 16r°—71r* 
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3.8. Finding Total Areas of Solids 


Find, to the nearest integer, the total area of 
a) a cube with an b) arectangular solid with dimensions c) a sphere with a radius 
edge of 5in. of 10ft., 7ft. and 42 ft. of l.lyd. 


h= 43 
w= 7 
T= 10 Sar, 
Solutions: 
a) T = Be? b) T = Qlw + 2h + 2wh ce) T =4nr? 
T = 6(5°) T = 10)(7) + (1044) + 742) T = 4(3.14)(1. 17) 
= 150 = 293 = 15.1976 
Ans. 150sq.in. Ans. 293 sq. ft. Ans. 15 sq. yd. 
4. FORMULAS FOR VOLUMES: CUBIC MEASURE 2 


A cubic unit is a cube whose edge is 1 unit. 
Thus, a cubic inch is a cube whose side 


1 inch 
is 1 inch. 
: 1 inch 
The volume of a solid is the number of cubic 1 inch 
units that it contains. Thus, a box 5 units 1 Cubic Inch 


long, 3 units wide and 4 units high has a 
volume of 60 cubic units; that is, it has a Be 
capacity or space large enough to contain yg 

60 cubes, 1 unit on a side. gs 4 


In volume formulas, the volume is in cubic units, 


the unit being the same as that used for the 6 
3 


dimensions. Thus, if the edge of a cube is 
3 yards, its volume is 27 cubic yards. 


5 


Volume Formulas, using V for the volume of the solid, B for the area of a base and A for the dis- 
tance between the bases or between the vertex and a base: 


1. Rectangular Solid: V =lwh 3. Cylinder: V=Bh or V=ar°h 


2. Prism: V = Bh 4. Cube: V = e° 
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5. Pyramid: V = zBh 6. Cone: V= Bh or V= gmh 7. Sphere: V = Sars 


4.1. 


4.2. 


4.3. 


4.4. 


AN 
| z 


Relations Among Cubic Units 


Find the volume V of (Hint: Acubic unit is a cube whose edge is 1 unit.) 


a 
a) a cubic foot in cubic inches . unit 
b) a cubic yard in cubic feet 1 Cubic Unit 


c) a liter (cubic decimeter) in cubic centimeters. Lunit 
Solutions: et 
a) V =e® b) V =e? c) V =e? 
Since 1ft. = 12in., Since lyd. = 3ft., Since 1lcu. dm. = 10 cu. cm., 
V = 12° = 1728 V=3° = 27 V = 10° = 1000 
Ans, 1 cu. ft, = 1728 cu. in. Ans. 1 cu. yd. = 27 cu. ft. Ans. 1 liter = 1000 cu. cm. 


Finding Volumes of Cubes 
Find the volume of a cube (Vl) in cu. ft. whose edge is a) 4in., 6) 4ft., c) 4yd., d) 4rd. 
Solutions: (To find volume in cu. ft., express side in ft.) 


a) V=e8 b) V=e8 c) V=e8 d) V=8 

Since 4in. = + ft., V = 4° = 64 Since 4yd.=12ft., | Since 4rd.=4(163) or 66ft. 
va(p8=3 V = 12° = 1728 V = 66° = 287,496 

Ans. 3 cu. ft. Ans. 64 cu. ft. Ans. 1728 cu. ft. Ans. 287,496 cu. ft. 


Finding Volumes of Rectangular Solid, Prism and Pyramid 

Find the volume of 
a) a rectangular solid having a length of 6in., a width of 4in. and a height of 1 ft. 
b) aprism having a height of 15 yd. and a triangular base of 120saq. ft. 
c) a pyramid having a height of 8yd. and a square base whose side is 43 yd. 
Solutions: 


a) V=lwh b) V=Bh c) V= +Bh 
V = 6(4)(12) = 288 V = 120(45) = 5400 V = 4(2¥ (8) = 54 
Ans. 288 cu. in. Ans. 5400cu. ft. or 200cu. yd. Ans, 54 cu. yd. 


Finding Volumes of Sphere, Cylinder and Cone 

Find the volume, to the nearest integer, of 
a) a sphere with a radius of 10in. 
b) a cylinder with a height of 4 yd. and a base whose radius is 2ft. 
c) acone with a height of 2ft. and a base whose radius is 2yd. 
Solutions: (Let 77 = 3.14) 


a) V= Snr b) V=mrh c) V= 4mr?h 
= $(3.14)10° = (3.14) (27)12 = $(3. 14) (6%) (2) 
= 41862 = 150.72 = 75.36 


Ans. 4187 cu. in. Ans. 151 cu. ft. Ans. 75 cu. ft. 
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4.5. Deriving Formulas from V = Bh 


From V =Bh, the volume formula for a prism or cylinder, derive the volume formulas for 


each of the following: 


b) 


Rectangular Cube 
Solid 
Solutions: 
a) V=Bh b) V=Bh 
Since B= lw, Since B = e?, 
V=(lwyh and h=e, 
Ans. V =lwh V =(e?)e 
Ans. V =e® 


4.6. Formulas for Combined Volumes 


State the formula for the volume of each solid: 


SoJutions: 


a) V =lwh b) 
Now, l= 4e, w = 3e, h = 2e 


Hence, V =(4e)(3e)(2e) 
Ans. V = 24e° Ans. 


c) 
Right Prism 
Cylinder of with a Trapezoid 
Revolution for a Base 
c) V=Bh d) V=Bh 
Since B = 7r?, ; _k r 
V =(nr2yh Since B = 2 (b+b'), 
Ans. V =71r?h V =F (bb yh 


Ans. V= mh b+b') 


V =lwh c) 
Now, /=2a, w=c, h= 36 


Hence, V = (2a) (c)(3b) 


V =cyl.I+ cyl. Il 
V = Rh + mrr2h 
Now, R = 3r 
Hence, V =7(3r)*h + 7r7h 


V = Babe Ans. V =1077r7h 
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5. DERIVING FORMULAS 
To Derive a Formula for Related Quantities 


Derive a formula relating the distance (D) traveled in a time (7) at arate of speed (R). 


Procedure: Solution: 
1. Obtain sets of values for these 1. Sets of Values: 
quantities, using convenient num- At 50 mph for 2hr, 100 mi. will be traveled, 
bers: At 25 mph for 10 hr, 250 mi. will be traveled. 
At 40 mph for 3hr, 120 mi. will be traveled. 
2. Make a table of values for those 2. Table of Values: (Place units above quantities.) 
sets of values: (mph) (hr.) (mi.) 


Rate (R) Time (T) ‘Distance (D) 


50 2 50°2 = 100 
25 10 25°10 = 250 
40 3 40°3 = 120 
3. State the rule that follows: 3. Rule: The product of the rate and time equals 
the distance. 
4. State the formula that expresses 4. Formula: 
the rule: RT=D 


Note: If Disinmi. and Tin hr., then R must be in mi. per hr. (mph); 
or, if Dis in ft. and T in sec., then R must be in ft. per sec. (fps). 
Rate must be in distance units per time unit. 


Obtaining Formulas from a More General Formula 


A formula, such as RT =D, relates three quantities: time, rate and distance. Each of these 
quantities may vary in value; that is, they may have many values. However, in a problem, situa- 
tion or discussion, one of these quantities may have a fixed or unchanging value. When such is 
the case, this constant value may be used to obtain a formula relating the other two quantities. 

Thus, D=RT leads to D=30T if the rate of speed is fixed at 30mph or 30feet permin. Or, 
D=RT leads to D=3R when the time of travel is fixed at 3hr. or 3 min. 


5.1. Deriving a Coin Formula 


Derive a formula for the number of nickels (n) equivalent to q quarters: 
(equivalent means equal in value) 


Solution: 
1. Sets of values: 2. Table of Values: 
No. of No. of 
Quarters (q) Nickels (n) 
2 quarters equal 10 nickels 2 5°2 or 10 
4 quarters equal 20 nickels 4 5°4 or 20 
7 ———S 

10 quarters equal 50 nickels 10 5°10 or 50 
q quarters equal 5q nickels q 5g 


3. Rule: The number of nickels equivalent to a number of quarters is five times that number. 


4. Formula: n=5q Ans. 


5.2. 


5.3. 


5.4. 


5.5. 


5.6. 
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Deriving a Coin Formula 
Derive a formula for the value in cents (c) of d dimes and n nickels. 


Solution: 
1. Sets of values: 2. Table of Values: 
(cents) 
No. of No. of Value of Dimes & 
Dimes (d) Nickels (n) Nickels (c) 
In 3 dimes and 4 nickels, there are 50¢. 3 4 10°3+5°4 or50 
In 4 dimes and 2 nickels, there are 50¢. ae 4 2 10:4+5°2 or50 
In 5 dimes and 3 nickels, there are 65¢. 5 3 10°5+5°3 or65 
In d dimes and n nickels, there are (10d+5n)¢. d n 10d + 5n 


3. Rule: The value in cents of dimes and nickels is ten times the number of dimes plus five 
times the number of nickels. 


4. Formula: c = 10¢d+5n Ans. 


Deriving Coin Formulas 
Derive a formula for each relationship: 
a) For the number of pennies (p) equivalent to q quarters. Ans. p = 25q¢ 
b) For the number of nickels (n) equivalent to d dimes. Ans. n= 2d 
c) For the number of quarters (q) equivalent to D dollars. Ans. g= 4D 
d) For the number of pennies (p) equivalent to n nickels and q quarters. Ans. p=5n+ 25q 
e) For the number of nickels (n) equivalent to g quarters and d dimes. Ans. n=5q + 2d 
Deriving Time Formulas 
Derive a formula for each relationship: 
a) For the number of seconds (s) in m minutes. Ans. s = 60m 
b) For the number of hours (A) ind days. Ans. h = 24d 
c) For the number of weeks (w) ind days. Ans. w= d 
d) For the number of days (d) in w weeks and 5 days. Ans. d=TWwt5 
e) For the number of minutes (m) in A hours and 30 sec. Ans. m= 60h+ 4 


Deriving Length Formulas 
Derive a formula for each relationship: 
a) For the number of in. (z) in f feet. Ans. i=12f 
b) For the number of ft. (f) in y yards. Ans. f= 3y 
c) For the number of yd. (y) in ¢ inches. Ans. y= = 
d) For the number of ft. (f) in m miles and 50 yd. Ans. f= 5280m +150 
Obtaining Formulas from D = RT 
From ])=RT, derive a formula for each relationship: 
a) For the distance in mi. and time in hr. when the rate is 35 mph. Ans. D = 35T 
b) For the distance in ft. and the time in sec. when sound travels 
at 1100 ft. per sec. Ans. D =1100T 
c) For the distance in mi. and the time in sec. when light travels 
at 186,000 mi. per sec. Ans. 1) =186,000T 
d) For the distance in mi. and the rate in mph when the time of 
travel is 1hr. and 30min. Ans. D=12R 


e) For the rate in mph and the time in hr. when the distance trav- 
eled is 125 mi. Ans. 125=RT 
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6. TRANSFORMING FORMULAS 


The subject of a formula is the letter that has been isolated and expressed in terms of 
the other letters. 
Thus, in p=4s, p is the subject of the formula. 


Transforming a formula is the process of changing the subject. 


Thus, p=4s becomes P =s when both sides are divided by 4. In the transforming of 
P 4 


the formula, the subject has changed from p tos. 


In solving a formula for a letter, the formula is transformed in order that the letter be 
made the subject. 
Thus, to solve D=5T for T, transform it into 7 = 2. 


Use Inverse Operations to Transform Formulas, as follows: 


1. Use division to undo multiplication. 
Thus, c= 25¢ becomes os =q by division. 


2. Use multiplication to undo division. 


Thus, w= ¢ becomes 7w=d by multiplication, 


3. Use subtraction to undo addition. 
Thus, S=P+C becomes S—P=C by subtraction. 


4. Use addition to undo subtraction. 
Thus, S=C-—L becomes S+L=C by addition. 


Formulas may be transformed by transposing terms. In transposing a term, change its 
sign. Thus, a+5=180 becomes a=180—8 when +64 is transposed. Actually, +b has 
been subtracted from both sides to undo addition. 


6.1. Transformations Requiring Division 
Solve for the letter indicated: 


a)D=RT forR b) D=RT forT c) V=LWH forL d)c=10d ford e) C=2m7r forr 
Solutions: 
a) D=RT b) D=RT c) V=LWH d) c= 10d e) C=2ar 
D_RT D_RT VV _LWH © _ 10d  _ 201 
Dp 7" TP De RR Dyn WH WH Dio 974 Don a= On 
D_ D_ Ves eo cL 
Ans. ; R Ans. R T Ans Wi L Ans. a d Ans. road 
6.2. Transformations Requiring Multiplication 
Solve for the letter indicated: 
a) yf fori b) f=4 forn c) pg =H forV d) $= tor A 
Solutions: 
Bn —-2 eee b_A 
a) 1a b) f=q c) tw d) ass 3 
Mio 12(j5) = 12f M, fd=d@) M,, LW (7) = LWH M, Gh= (Ah 
Ans. i = 12f Ans. fd =n Ans. V = LWH Ans. Sh= A 
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6.3. Transformations Requiring Addition or Subtraction 
(Transposing is the result of adding or subtracting.) 
Solve for the letter indicated: 


a) a+b = 90 fora b) a=b—180 forb c) atc = b+100d ford d)a—b—25 =c fora 
Solutions: 

a) a+b = 90 b) a=b—180 c) atc = b+100d d)a—-b—2B=c 
Transpose b: Transpose —180: Transpose 100d: Transpose — 5 — 25: 
Ans. a = 90—b Ans. a+180 = b Ans. a+c—100d = 5 Ans. a = b+e+25 


6.4. Transformations Requiring Two Operations 
Solve each formula for the letter indicated: 


a) P = 2a+b fora b) ¢ = 10d+25q forg c) F = 20 +32 forC d) V =4Bh forB 
Solutions: 
a) P = 2a+b b) ¢ = 10d +25q c) F = 20+ 32 d) V=+Bh 
Transpose b: Transpose 10d: Transpose 32: M, 3V = 3(4Bh) 
D, P—b= 2a Dos c—10d = 25g Ms7g F-32=2C D, 3V = Bh 

P—b_ c—10d _ 5 ¢p_99) = 3V 
Ans. a Ans. ae Ans, ar 32)=C Ans. ; B 

6.5. More Difficult Transformations 

Solve each formula for the letter indicated: 
a) A= 448) for h 4) S= 5 (atl) fora ce) l=at(n—1)d forn 
Solutions: 
a) A= 4(b+B) b) M, S = 2(a+l) c) p= et(n—1jd 
M, 2d = 2(4y(b+8') D, «25 = n(atl) Transpose a: 

i D l—a = (n—1)d 

, 2A _ h(btb 28 _ 'd 

Dost) 5e8 7 pas mee 1H 2-1 
2A R 
Ans. eee Transpose +1: Transpose —1: 
Ans. 8 _p=a Ans. S%4+1=n 


7. FINDING THE VALUE OF AN UNKNOWN IN A FORMULA 


To Find an Isolated Unknown, Substitute and Solve 


The value of an unknown in a formula may be found if values are given for the other let- 
ters. By substitution replace the letters by their given values and then solve for the unknown. 
Thus, in A=bh if b=10 and A=5, then A=(10)(5) or 50. 


To Find an Unisolated Unknown, Substitute First or Transform First 
pe ta A lc hh tl tar a eda alte acacia ic eit ch 


When the unknown is not isolated, its value may be found by either of two methods. One 
method is to substitute first and then solve. The second method is to transform the formula 
first to isolate the unknown. After the transformation, substitution is then used. 

Thus, in p= 3s if p= 27, the value of s may be found 

(1) by substituting first: 27=3s, s=9 
or (2) by transforming first: 


Transform p=3s into s = ae Then s =a or 9. 
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7.1. Finding the Value of an Isolated Unknown 


7.2. 


7.3. 


7.4. 


Solutions: 
(1) By substitution, first: 
A= bh 
156 = 13A 
Ans. 12=h 
(2) By transformation, first: 
A = bh 
Transform: a =h 
tinte: 188 — 
Substitute: aa h 
’ Ans, 12=A 


Find each unknown: 


a) Find V if V=lwh and 1=10, w= 2, h=3.2 

b) Find S if S=$ atl) and n=8, a=5, /=12, 
ce) Find A if A=ptprt and p= 800, r=.04, ¢=3. 
d) Find S if S= ge? and g = 32, t=5. 


Solutions: 
a) V = lwh b) S =F atl) c) A=ptprt d) S = 3¢t? 

V = 10(2)(3.2) S = £(5+12) A = 800 + 800(.04) 3 S = 4+32-5" 
Ans. V = 64 Ans. S = 68 Ans. A = 896 Ans. S = 400 
Finding the Value of an Unknown that is Not Isolated 

Find each unknown, using substitution first or transformation first: 
a) Find A if A =bh, b) Find a if p = 2a+b, c) Find A if V=14Bh, 

b=13 and A=156. b= 20 and p= 74. B= 240 and V = 960. 


(1) By substitution, first: 


p= 2a+b 
74 = 2a+ 20 
Ans. 27=a 
(2) By transformation, first: 
p = 2a+b 
Transform: ?=5 =¢ 


Substitute: e2 =a 


Ans, 27=a 


More Difficult Evaluations Using Transformations 
Find each unknown: a) Find hif V =7r?h, 7=3.14, V = 9420 and r=10. 
b) Find ¢ if A =ptprt, A = 864, p= 800 and r= 2. 


Solutions: 
a) V = tr?h 
2 Vis 
Transform: a a h 
3 5 9420 _ 
Substitute: @.14)(100) 
9420 _ » 
314 
Ans. 30 =h 
Finding an Unknown in a Problem 


b) 


Transform: 


Substitute: 


(1) By substitution, first: 


V= +Bh 
960 = $(240)h 
Ans. 12=h 
(2) By transformation, first: 
V = 3Bh 
Transform: ay h 
‘inte: 3(960) _ 
Substitute: a0 h 
Ans. 12=h 
A =pt+prt 
AP _ 
pr 
864~800 _ , 
800(2) 
64 _ 
1600 
04 =¢ 


A train takes 3 hours and 15 minutes to go a distance of 247 miles. Find its average speed. 


Solution: Here, D=RT, T=3% br. and D= 247. 


(1) By substitution, first: 


247 = 43R 
4 19 
Majs Tg PAT = R 
76=R 


To find R: 


Transform: 


Ans. Avetage rate is 76 mph 


(2) By transposition, first: 


D=RT 
D_ 
B=R 
13 _ 
aT ee aR 
247-4. =R 
As 
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SUPPLEMENTARY PROBLEMS 


. State the formula for the perimeter (p) of each, using the letters shown on page 87: (2.1) 
a) right triangle Ans. p=atbte d) trapezoid Ans. p =a+b+b't+e 
b) acute triangle Ans. p= atbtce e) rhombus Ans. p = 4s 
c) parallelogram Ans. p = 2a+ 2b f) isosceles trapezoid Ans. p = 2a+b+b' 

. State the name of the equilateral polygon to which each perimeter formula applies: (2.2) 
a)p=5s Ans. equilateral pentagon c)p=6s Ans. equilateral hexagon 
b)p=8s Ans. equilateral octagon d)p=ns_ Ans. equilateral n-gon 


. Stating the formula used, find the perimeter of each equilateral polygon having a side of 6in. Ex- 


press each answer in inches, feet and yards. (2.1, 2.4) 
a) equilateral triangle b) regular hexagon e) equilateral centagon (100 sides) 
b) square or rhombus d) equilateral decagon f) Tegular n-gon 
Ans. a) p= 3s; 18in., 17 ft., gyd. c)p=6s; 36in., 3ft., Lyd. e) p=100s; 600 in., 50 ft., 164 yd. 
b) p=4s; 24in., 2ft., Syd. d) p=10s; 60in., 5ft.,lfyd. f) p=ns; 6nin., > ft., 2 yd. 
. A piece of wire 12 ft. long is to be bent into the form of an equilateral polygon. (2.3) 
How many feet will be available for each side of 
a) an equilateral triangle? c) aTregular pentagon ? e) an equilateral dodecagon? 
b) a square? d) an equilateral octagon ? f) an equilateral] centagon ? 
Ans. a) each of 3 sides = 4 ft. c) each of 5 sides = 2.4 ft. e) each of 12 sides = 1ft. 
b) each of 4 sides = 3ft. d) each of 8 sides = 17 ft. f) each of 100 sides = .12ft. 
. Find the perimeter of (2.5) 
a) arectangle with sides of 3yd. and 53 yd. Ans. a) i\Tyd. 
b) a rhombus with side of 4yd. 1ft. Ans. b) 174 yd. 
c) a parallelogram with sides of 3.4 ft. and 4.7 ft. Ans. c) 16.2ft. 
d) an isosceles trapezoid with bases of 13 yd. 1ft. and 6 yd. 1ft., and 
each remaining side 5 yd. 2ft. Ans. d) 31yd. 
. For a rectangle shown, if J, w and p are in inches, find (2.6, 2.7) 
a) the perimeter if 7=12 and w=7 d) the length if p= 30 and w=93 
b) the perimeter if [=5% and w= 22 e) the lengthif p=52 and w=/-4 ,, 
c) the perimeter if /=7.6 and w=4.3 f) the width if p=60 and l=2w+3 
Ans. a) 38in., 5) 15$in., c) 23.8in., d) 54in., ‘ 


e) Since 52 = 2/+2(/-4), length is 15in., f) Since 60 = 2(2w+3)+ 2w, width is Qin. 


. For the isosceles triangle shown, if a, b and p are in yd., find (2.8) 
a) the perimeter if a=12 and 5b=16 d) the base if p= 20 and a=7 
b) the perimeter if a=3y andb=42  e) each equal side if p=32 and b=at5 y 7 
c) the perimeter if a=1.35 and b= 2.04 f) the base if p=81 and a= 6-3 
Ans. a) 40 yd., b) 105 yd., c)4.74yd., d) Since 20=14+6, base is 6yd., 2 


e) Since 32= 2a+(a+5), equal side is 9yd., f) Since 81= 2(b—3)+ 5, base is 29 yd. 


. For any circle, state a formula which relates (2.9) 
a) the circumference (c) and an arc of 45° (a) Ans. a)c = 8a 
5) the semi-circumference (s) and the radius (r) Ans. b) s =r 
c) an arc of 120° (a’) and the diameter (d) Ans. c) a'= ne 


vT 
d) an arc of 20° (a”) and semi-circumference (s) Ans. d) a"=% 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


For a circle, if r, d and c (c = circumference) are in mi., find, 
using 77=3.14,- 


a) Circumference if r=6 d) radius if c =157 
b) semi-circumference if d= 20 e) diameter if c= 314 
c) 60° arc if r=12 f) radius, if a 90° arc = 9.42 mi. 


Ans. a) 37.68mi., 5) 31.4mi., c)12.56mi., d) 25mi., e) 100mi., 


f) Since 90° arc = y of circumference, 9.42 = 4x 2(3.14)r. Radius is 6 mi. 


State the formula for the perimeter of each figure: 
a) b) c) 


equilateral 
~~ triangle 
2a ~ 


N 


Ans. a) p =18s b)p=Tat+b c) 4a+ 7a 


Find the area of 

a) a Square yard in square inches 

b) a square rod in square yards (1rd. = 53 yd) 
c) a square rod in square feet (1rd. = 162 ft.) 


2a 


Ans. a) 367 of 1296sq.in., 6) (53) or 30¢sq.yd., c) (162) or 2724 sa. ft. 


Find the area of a square in sq.in. whose side is 


a) 5in, b) 63 in. c) 7.2in. d) 1ft. 3in. e) 1.3 ft. 
Ans. a) 25sq.in., 6) 424sq.in., c)51.84sq.in., d)225sq.in., ¢) 243.36sq. in. 


Find the area in sq. ft. of 

a) a rectangle with sides of 83 ft. and 12ft. 

b) a parallelogram with a base of 52 ft. and an altitude of 4ft. 
c) a triangle with a base of 10.4 ft. and an altitude of 8 ft. 


d) a trapezoid with bases of 6ft. and 4ft. and an altitude of 34 ft. (A =4(b+b')) 


Ans. a) 102sq.ft., 6) 22sq.ft., c)41.6sq.ft., d) 172 8sq. ft. 


For a circle, state a formula which relates 

a) the area of the circle (A) and a sector of 60° (S) 
b) a sector of 120° (S’) and the area of the circle (A) 
c) a sector of 90° (S”) and the radius (r) 

d) a sector of 90° (S”) and the diameter (d). 


2 
Ans. a)A=6S, 6)S'=4, cyS"=™, dysr=4(7ty) = TE 


Find, in terms of 7 and to the nearest integer, using 77=3.14, the area of 


a) a circle whose radius is 30 in. Ans. 9007 or 2826sq. in. 
b) a circle whose diameter is 18in. Ans. 8177 or 254 Sq. in. 
c) a semi-circle whose radius is 14 ft. Ans. 9877 of 308 sq. ft. 


d) a 45° sector whose radius is 12 yd. Ans. 1877 or 57sq. yd. 


a 


(2.11) 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


16. 


17. 


18. 


19. 


20. 


21. 


FORMULAS 


State the formula for the area (A) of each shaded figure: 


a) b b) 
c 
d) e) 
r 
Ans. a) A= (at) b) A = 5s? 
d) A = Tr? + 2r? e) A = 8r?—27r? 


Find, to the nearest integer, using 7=3.14. the total area of 
a) a cube with an edge of Tyd. 

b) a rectangular solid with dimensions of 8ft., 62 ft. and 14 ft. 
c) a sphere with a radius of 30in. 


c) 


f) 


c) A= s%+13s2 or 23s? 


fy A 


47r? — ar? or 3 7Fr? 


(3.8) 


d) a cylinder of revolution with a radius of 10rd. and a height of 421d. (Hint. Use T=27r(rth)] 


Ans. a) 6(7°) or 294sq.yd., 6) 2(8)(63) + 2(8)(14) + 2(62)(14) or 510sq. ft., 


c) 4(3.14)30° or 11,304sq.in., d) 2(3.14)(10)(10+ 43) or 911sq.rd. 


Find the volume of 

a) acubic yard in cubic inches 

b) a cubic rod in cubic yards 

c) a cubic meter in cubic centimeters (1 meter =100cm.). 


Ans. a) 36° or 46,656cu.in., 6) (52) or 166¢ CU. yd., c) 100° of 1,000,000 cu. cm. 


Find, to the nearest cubic inch, the volume of a cube whose edge is 


a) 3in. b) 43 in. c) 7.5in. d) .3ft. 
Ans. a) 27cu.in., 6) 91cu.in., c)422cu.in., d)47cu.in., 


Find, to the nearest integer, the volume of 


e) 1ft. 2in. 
e) 2744 cu. in. 


a) a rectangular solid whose length is 3in., width 82 in. and height 8in. 
6) a prism having a height of 2ft. and a square base whose side is 3 yd. 
c) apyramid having a height of 2yd. and a base whose area is 6.4sa. ft. 


Ans. a) 3(8z)(8) or 204cu.in., 6) 2(9)(9) or 162cu.ft., c) +(6) (6.4) or 13 cu. ft. 


Find, to the nearest integer, the volume of 
a) a Sphere with a radius of 6in. 


b) acylinder having a height of 10ft. and a base whose radius is 2yd. 
c) a cone having a height of 3yd. and a base whose radius is 1.4 ft. 


a) +(3.14) 6° or 904.32 b) (3.14) (67)10 or 1130.4 
Ans. 904 cu. in. Ans. 1130 cu. ft. 


(4.1) 


(4.2) 


(4.3) 


(4.4) 


c) ¥(3.14) (1.42) (9) or 18.4632 


Ans. 18 cu. ft. 
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22. From V =tBh, the volume formula for a pyramid or cone, derive volume formulas for each of the 


following: (4.5) 
a) b) c) d) 
Cone Pyramid with a Pyramid with a Cone where 
Square Base Rectangular Base h=2r 
a) =4Bh by) V=3Bh c) V=3Bh d) V=4Bh 
Since B =77r?, Since B =s?, Since B =lw, Since B =7rr? 
V =4(nr)h V=4(s2%h V = 4(lw)h and i = 2r, 
Ans. V= S7r2h Ans. V = 5s7h Ans. V= slwh V = 3(171r") (2) 


2 
Ans. V=57r® 


23. State a formula for the volume of each solid: (4.6) 
a) b) : c) 
h 
a) (2e)(3e)e + 5 (26%) h b) lwh + 1g) w ec) Tr2(2r) + S-711?(3r) 
2 
Ans. 6e% + 26h Ans. lwh + me Ans. 37° 
24. Derive a formula for each relationship: (5.1) 


a) the no. of pennies (p) equivalent to d dimes 

b) the no. of dimes (d) equivalent to p pennies 

c) the no. of nickels (n) equivalent to D dollars 

d) the no. of half-dollars (h) equivalent to ¢ quarters 
e) the no. of quarters (q) equivalent to d dimes. 


Ans. a) p =10d, byd=F, c)n=20D, d)h= 39, e)q=2d ar 


25. Derive a formula for each relationship : (5.2, 5.3) 
a) the value in cents (c) of d dimes and q quarters 
b) the value in cents (c) of n nickels and PD dollars 
c) the no. of nickels (n) equivalent to d dimes and A half-dollars 
d) the no. of dimes (d) equivalent to n nickels and p pennies 
e) the no, of quarters (q) equivalent to D dollars and n nickels. 


Ans. a) c =10d+25q, b)c=5n+100D, c)n=2dtl0h, d)d= ons e)q= 4D +e 


us 
2 
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26. Derive a formula for each relationship : (5.4) 
a) The no. of sec.(s) in A hr. c) The no. of hr. (A) in w wk. 
b) The no. of hr. (A) in m min. d) The no. of da.(d) in M mo. of 30 days. 
e) The no. of da.(d) in M mo. of 30 days, w wk. and 5 da. 
f) The no. of min.(m) inh hr. and 30 sec. 
g) The no. of da.(d) in y yr. of 365 da. and 3 weeks. 
Ans. a) s = 3600h, byh=a c)h=168w, d)d=30M, e)d=30M+7wt5, 
f)m=60h+3, g)d=365y+21 
2%. Derive a formula for each relationship: (5.5) 
a) The no. of in. (7) in y yd. c) The no. of yd.(y) inr rd. 
b) The no. of yd. (y) in f ft. d) The no. of mi.(m) in f ft. 
e) The no. of meters (m) inc centimeters. (1 meter =100cm.) 
f) The no. of centimeters (c) in d decimeters. (1decimeter =10 cm.) 
: f f c 
Ans. a) i = 36y, byy=5, c) y=5ar, d) m= 5550 , e) saan re f) ec =10d 
28. From D=RT, obtain a formula for each relationship: (5.6) 
a) Distance in mi. and rate in mph for a time of 5 hr. 
b) Distance in mi. and rate in mph for a time of 30 min. 
c) Time in hr. and rate in mph for a distance of 25 mi. 
d) Time in sec. and rate in ft. per sec. for a distance of 100 yd. 
e) Distance in ft. and time in min. for a rate of 20 ft. per min. 
f) Distance in ft. and time in min. for a rate of 20 ft. per sec. 
Ans. a)D=5R, 6)D=4R, c)RT=25, d)RT=300, e)D=20T, 
f) D =1200T (20 ft. per sec = 1200 ft. per min.) : 
29. Solve for the letter indicated: (6.1) 
a) d=2r forr e)c=m7d ford i)V=LWH for 
b) p=5s fors fye=7d fora 7)V = 2rr2h forh 
c) D=30T for T g)NP=C for N k) 9C =5(F—32) for C 
d) 25W=A for W hy I=PR forR 1) 2A=h(bt+b') forh 
Bee: Deve pees =f re ues _ 5(F—32) 
Ans. a) 5 r c) 30 T eyo g)N P i)pp 7A a ee ess 
P = = A =f I — ; V = 2A = 
b) 578 d)W-55 fares hy aR Dae! 1) Seo 
30. Solve for the letter indicated: (6.2) 
a) f=s for p e) T=>5, fore i) apy 7H forV 
_D M _ T  _1 
b)R=75 for D fF for M I) TERS = for T 
= A i? A LL = 2 
c)W 5 for A g)P OF for A kh) gq =v for L 
_@ Te Vio_A 
d) w 7 for d hyo 5R for T 2 Be for V 
Ans. a) p =10s c) 8W=A e) 2nr=c g) 2PF=A i)V=3LWH k) L= KAV? 
b) 15R=D d) Tw=d f) M=FD h) T=5ROQ j) T= RS ly y= 20h 
3 


31. Solve for the letter indicated: 


a)at+b=60 fora 
b) 3c+g =85 for g 
c)h-10r=1 forh 
Ans. a)a=60—b 

b) g =85—3c 


c) h =1+10r 
d) 3m—4n=p 


d) 3m=4ntp for p 
e) 107=s—5z fors 
f) 4g+h—-12=j7 forh 
e) 10r+5t=s 
f) h= j412—4g 


g)b=c—d—5a 
h) 5a—4c —3e =f 


(6.3) 
g) 5atb=c—d forb 
h) 5a—4e = 3e+f for f 
i) 2-10+¢=100p for 


i) = 100p +10-2 
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32. Solve for the letter indicated: (6.4) 
a) 4P —3R =40 for P d) A=4bh ford z) 8 -4S=T forR 
b) 36—5i=12f for i e) V=4mr2h for h h) 8h-*% =12 fork 
c) £ +R=S for P f) A=4h(b+b') for h i) 20p—2q=8t for g 
Ans. a) P = 3R+40 dy 24 = g) R=8S+ aT 
: : h) 5(Bh—-12)=k of 40h—60=k 
by Soe e) SU ah saa 
5 Wr? i) 2(20p-8t)=4q 
2A _ 
= 295 — = ~—12¢ = 
c) P=2S5—2R f) wy or 30p—12t=4q 
33. Solve for the letter indicated: (6.5) 
a) l=a+(n—1)d ford b) S= (atl) for / c) F= 2¢ +32 for C 
l—a@ — _ 2s 2s—an 5 oR = 
Ans. a) ea b) = 8 or = c) 9 (F 32)=C 
34. Find each unknown: (7.1) 
a) Find] if ]=prt and p= 3000, r=.05, ¢= 2. Ans. a) 300 
b) Find 2 if = 4, and = 40, p = 2000, r=.01. Ans. b) 2 
c) Find F if F= 2C+32 and C =55. Ans. c) 131 
d) Find F if F= 2C+32 and C= —40. Ans. d) — 40 
e) Find C if C= 2(F—32) and F = 212. Ans. e) 100 
f) Find S if S= age? and g=32,¢=8. Ans. f) 1024 
g) Find g if g= 23 and S= 800, ¢=10. Ans. g) 16 
h) Find S if S= eat and a=5,1=40,r=—1. Ans. h) 224 
i) Find A if A=ptprt and p=500,r=.04,t=23. Ans. i) 550 
35. Find each unknown: (7.2, 7.3) 
a) Find R if D=RT and D=30, T= 4. Ans. a) 72 
b) Find b if A=bA and A= 22, A= 2.2. Ans. b) 10 
ce) Find a if P= 2a+b and P =12, b=3. Ans. c) 4% 
d) Find w if P = 2l+2w and P = 68, |= 21. Ans. d) 13 
e) Find ¢ if p=a+2b+c and p=33, a=11, b=32. Ans. e) 15 
f) Find h if 24 =A(b+b') and A= 70, b = 3.3, b'= 6.7. Ans. f) 14 
g) Find B if V= Bh and V = 480, h=12. Ans. g) 120 
Ah) Find a if l=at+(n—1)d and 1=140, n=8, d=3. Ans. h) 119 
i) Find Fit [= 7 and [= 40, R=3,r=14. Ans. i) 180 
j) Find E if C= @2- if C= 240, n= 8, R=14,r=2. Ans. j) 900 


36. a) A train takes 5 hours and 20 minutes to go a distance of 304 miles. Find its average speed. 
Ans. 57 mph (R= 2) (1.4) 


6) Atectangle has a perimeter of 2yd. and a length of 22in. Find its width. Ans. 14in. 


Chapter 7 


GRAPHS of. 
LINEAR EQUATIONS 


1, UNDERSTANDING GRAPHS 


Reviewing Number Scales 


A number scale is a line on which distances from a point are numbered in equal units, 
positively in one direction and negatively in the other. 


& +5 
of 
P 6 +4 
—-5—4 -3 -2 -l 0 +1 +2 43 44 45 = 
Horizontal Number Scale +2-@Q 
The origin is the zero point from which distances are numbered. Vertical a 
Note on the horizontal number scale, how positive numbers are pain 0—] Origin 
to the right of the origin, while on the vertical number scale they e - 
are above the origin. -2 
The position of any point on a number scale is found by deter- -3 
mining its distance from the origin. Thus, P on the horizontal scale =a 


is -2 units from the origin, and Q on the vertical scale is +2 units 
from the origin. 


Forming a Graph by Combining Number Scales y 


The graph shown is formed by combining two number 
scales at right angles to each other so that their zero 
points coincide. 

The horizontal number scale is usually called the 
x-axis. To show this, x and x’ are placed at each end. 
(x' is read ''x-prime'') 

The vertical number scale is called the y-axis. Its 
end letters are y and y’. 

The origin, O, is the point where the two scales cross 
each other. 


To locate a point, determine its distance from each axis. Note on the graph that for P, 
the distances are +4 and +3. 
The coordinates of a point are its distances from the axes. 


(1) The x-coordinate of a point, its abscissa, is its distance from the y-axis. This 
distance is measured along the x-axis. For P, this is +4; for Q, -4. 

(2) The y-coordinate of a point, its ordinate, is its distance from the x-axis. This 
distance is measured along the y-axis. For P, this is +3; for Q, -3. 

(3) In stating the coordinates of a point, the x-coordinate precedes the y-coordinate, 
just as x in the alphabet precedes y. Place the coordinates in parentheses. Thus 
the coordinates of P are written (+4,+3) or (4,3), those for Q, (-4,~-3). 


The quadrants of a graph are the four parts cut off by the axes. Note on the graph how 
these are numbered I, II, III and IV in a counterclockwise direction. 
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Comparing a Map and a Graph 


A map is a special kind of graph. Each position on a map, such as the map of Graphtown 
shown, may be located using a street number and an avenue number. Each point on a graph is 
located using an x number and a y number. The points B,M,L,S and T on the graph corre- 
spond to the map position of the bank, museum, library, school and town hall, respectively. 

Note how quadrant I corresponds to the northeast map section, quadrant II to the north- 
west, quadrant IJJ to the southwest and quadrant IV to the southeast. 

Use the map and graph in exercises 1.1. and 1.2. 


MAP of GRAPHTOWN 


North 
Northwest Northeast 
wee gNorth 8 avesd ag 
yuses™ | : a Hagen wa 
_.. North 2 Ave-| a) agin: 
a @ a ® 
North tAve.| § 8 8. 8 
oe Main Ave. town Hall a, 
al: gi sh :| South 1 Ave. 
~ om NN: Mm H H 
@| South 2 ‘Ave. 
o @ @ o oO : j : 
y= F)F Ol South saves i 
ie ee — F Schoo) 
Southwest Southeast 


South 


1.1. 


1.2. 


1.3. 


1.4. 


1.5. 


1.6. 
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Locating Points on a Graph 
On the graph shown above, locate each point, placing the x-c oordinate before the y-coordinate: 


Point Coordinates (Ans.) Point Coordinates (Ans.,) 
a) B (+2,+2) or (2,2) d) L (-4,-3) 
b) M (-3,+3) or (-3,3) e) § (+2, -3) or (2, -3) 
¢) T (0,0), the origin 


Locating Positions on a Map 


On the map of Graphtown, locate the position of each indicated building, placing the street 
before the avenue. 


Building Position (Ans.) Building Position (Ans,) 
a) Bank (E 2 St., N 2 Ave.) d) Library (W 4 St., S 3 Ave.) 
6) Museum (W 3 St., N 3 Ave.) e) School (E 2 S8t.,8 3 Ave.) 
c) Townhall (Center St., Main Ave.) 


Coordinates of Points in the Four Quadrants 


State the signs of the coordinates of 
a) any point A inI 
5) any point # in Il 
c) any point C in III 
d) any point D in Iv. 
Ans. a) A: (+,+) ce) C: (-,-) 
b) Bz (-,+4+) d) D: (4+,~-) 


Coordinates of Points Between the Quadrants 


State the zero value of one coordinate 

and the sign of the other for 
a) any point P between I and II 
b) any point Q between II and III 
c) any point R between III and IV 
d) any point S between IV and I. 
Ans. a) P: (0,+) c) R: (0,~) 

by) O: (-,0) d) S: (4,0) 


Graphing a Quadrilateral 

If A(3,1), B(-5,1), C(-5,-3) and D(3,-3) 
are the vertices of the rectangle shown, find 
its perimeter and area. 
Solution: 

The base and the height of the rectangle 
ABCD are 8 and 4. Hence the perimeter is 24 
units and the area is 32sq.units. Ans. 24,32 


Graphing a Triangle 

If A(4z,-2), B(-27,-2) and C(1,5) are 
the vertices of the triangle shown, find its area. 
Solution: 

The base, bA=7. The height, CD=7. 
Since A=7bh, A=4(7)(7) = 244. Ans. 243 
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2. GRAPHING LINEAR EQUATIONS 


A linear equation is an equation whose graph is a straight line. 


Note "line" in "linear". 


To Graph a Linear Equation 


Procedure: 


1. Make a table of coordinates for 

three pairs of values as follows: 
Let x have convenient values such 
as 2, 0 and -2. Substitute each 
of these for x and find the corre- 
sponding value of y. 


Graph: y=x+4 
Solution: 


1. Table of Coordinate Values: 


Since y = x+4, Point | Coordinates (x, 


(if x=2,y=24+4-65 A (2,6) 
(2)if x=0,y¥=0+4=45 B (0,4) 
(3) ifx=-2, y=-24+4=25 C (-—2,2) 


2. Plot the points and draw the . Join the 
straight line joining them: Plotted 
Points: 


Note. If correct, two points deter- 
mine a line. The third point 
serves as a check point to 
ensure correctness. 


An intercept of a graph is the distance from the origin to the point where the graphcrosses 
either axis. 


(1) The x-intercept of a graph is the value of x 
for the point where the graph crosses the 
x-axis. At this point, y=0. 

Thus, for 2x+3y = 6, the x-intercept = 3. 


y-intercept 

(2) The y-intercept of a graph is the value of y x! 
for the point where the graph crosses the 
y-axis. At this point, x=0. 


Thus, for 2x+3y = 6, the y-intercept = 2. oe amie y bee onda 


To Graph a Linear Equation Using Intercepts 


Graph: 2x+3y =6 


Procedure: Solution: 


1. Table of Coordinate Values: 
| Coordinates 
Point (xx) 


1. Make a table of pairs of values as follows: 


a) Let x=0 to obtain the y-intercept. 

b) Let y=0 to obtain the x-intercept. 

c) Obtain athird or check point, using any 
convenient value for either unknown. 


2. Plot the points and join them with a straight 
line: 


a) lf x=0, y=2. A 
b) If y=0, x=3. B 
ce) lf x=-3, y=4. C 


2. Join the no 
Plotted 
Points: 


Pe ee 


_y-intereept 


-3 E 


- x-intercept > 
BEC ie Seem cere ents Ce | 
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Equations of the First Degree 


(1) An equation of the first degree in one unknown is one which, after it has been simplified, 
contains only one unknown having the exponent 1. 
Thus, 2x=7 is an equation of the first degree in one unknown. 


(2) An equation of the first degree in two unknowns is one which, after it has been simplified, 
contains only 2 unknowns, each of them in a separate term and having the exponent 1. 
Thus, 2x = y+7 is an equation of the first degree in two unknowns, but 2xy = 7 is 
not since x and y are not in separate terms. 


Rule 1. The graph of a first degree equation in one or two unknowns is a Straight line. Hence, 
such equations are Jinear equations. 
Thus, the graphs of the equations y = x+4 and 2x+3y = 6 are Straight lines. 


Rule 2. The graph of a first degree equation in only one unknown is either tne vx-axis, the 
y-axis or a line parallel to one of the axes. Thus, 


(1) The graph of y=0 is the x-axis and the 
graph of x=0 is the y-axis. 


(2) The graphs of y=3 and y=-3 are lines 
parallel to the x-axis. 


(3) The graphs of x=4 and x=~-4 are lines 
parallel to the y-axis. 


Note. The coordinates of any point of in- 
tersection of two such lines are obtainable 
from the equations of these lines. Thus, 
(4,3) is the intersection of x=4 and y=3. 


Rule 3. If a point is on the graph of an equation, its coordinates satisfy the equation. Thus, 
x=1 and y=4, the coordinates of P on the 
graph of y=x+3, satisfy the equation y = 
x+3. 


Rule 4. If a point is not on the graph of an equation, 
its coordinates do not satisfy the equation. 
Thus, «=3 and y=4, the coordinates 
of B which is not on the graph of y= x+3, 
do not satisfy the equation y = x+3. 


2.1. Making Tables of Coordinate Values 
Complete the table of values for each equation: 
a) y= 2x-3 | 6) x= 8y+41 c) x+2y =10 


(Vertically Arranged Tables) (Horizontally Arranged Tables) 


Solutions: 
If one of two coordinate values is given, the corresponding value is found by substituting 
the given value in the equation and solving. 


a) __| (my) |b) |_ (x) | 
(1)| (-2,-7) | (1) | (-5,-2) 
(2) (1,0) 


(7,2) | (y=8 for all values of x) 
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2.2. Rule 1. Graphing Linear Equations 


Using the same set of axes, graph: 


a) y=5 and y =5-x bya ae and y=3 
Procedure: Solutions: 
1. Make a table of values: Point| (x,y) Point | (x,7) 
A |(-2,-1) D \(-2,7) 
B_ | (0,0) E | (0,5) 
C (2,1) F (2,3) 


(a) 


2.3. Graphing Linear Equations, Using Intercepts 
Graph, using intercepts: 


a) 2x+5y =10 

Procedure: Solutions: 

1. Make a table of values: Point | (x,y) 
a) Let x=0 to find y-intercept: A (0,2) 
b) Let y=0 to find x-intercept: B (5,0) 
c) Obtain a check point: C | (22.1) 


2. Join the plotted points: 


(a) (6) 


y-intercept : 
x-intercept 
a 


x-intercept 


2.4. 


2.5. 


2.6. 


2.7. 
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Rule 2. Graphing Equations of First Degree in Only One Unknown 
Using a separate set of axes for each, graph 
a) x=-4, x=0, x=25 b) y=33, y=0, y=~-4 
Solutions: (Each graph is an axis or a line parallel to an axis.) 
a) Graphs of +=—4 and x=23 are parallel to) b) Graphs of y=33 and y=~4 are parallel to 
y-axis. Graph of x=0 is the y-axis. x-axis. Graph of y=0 is the x-axis. 


Rule 3. Coordinate Values of Any Point on a Line 


A(4,3) and B(-5,6) are on the graph of x+3y=13. Show 
that their coordinates satisfy the equation. 


Solution: (Substitute to test each pair of coordinate values.) 


Test for A(4,3): Test for B(-5,6): 
x+ 3y = 13 x+ 3y = 13 
4+ 3(3) = 13 ~5 + 3(6) = 13 
13 = 183 13 = 13 


Rule 4. Coordinate Values of Any Point Not on a Line 


C(4,4), D(-2,3) and E(0,54) are not on the graph of x+3y=13 used in 2.5. Show that their 
coordinates do not satisfy the equation. 


Solutions: (Substitute to test each pair of coordinate values.) 


Test for C(4,4): Test for D(-2,3): Test for E(0,54): 
alae Meera way = Ad Baa aeate 
4+ 3(4) = 18 -2+ 3(3) = 13 0+ 3(55) = 13 
4+12 £13 -2+9 213 16 # 13 
16 # 13 7 # 13 


Intercepts and Points of Intersection 


The graphs of 3x+2y=6, x+2y=~-2 and 2y-3x=6 
are shown in the adjoining diagram. Find 

a) the x and y-intercepts of each line, 

b) the coordinates of their points of intersection. 
Solutions: 
a) (Let y=0) 
x-intercept 


(Let x=0) 
-intercept 


3x+ 2y=6 3 
x+2y=-2 ~-1 
2y¥-3x=6 3 


b) A(4,-3) is the point of intersection of 3x+2y=6 and x+2y=-2. 
B(0,3) is the point of intersection of 3x+2y=6 and 2y—3x = 6. 
C(-2,0) is the point of intersection of x«+2y=~-2 and 2y~3x = 6. 
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3. SOLVING A PAIR OF LINEAR EQUATIONS GRAPHICALLY 


The common solution of two linear equations 
is the one and only one pair of values that satis- 
fies both equations. 

Thus, x=3, y=7 is the common solution of 
the equations x+y=10 and y=x+4. Note that the 
graphs of these equations meet at the point, x=3 
and y=7. Since two intersecting lines meet in 
one and only one point, this pair of values is the 
common solution. 


Consistent, Inconsistent and Dependent Equations 


(1) Equations are consistent if one and only 
one pair of values satisfies both equa- 
tions. Thus, x+y=10 and y=x+4, shown 
in the adjoining graph, are consistent 
equations. 


(2) Equations are inconsistent if no pair of 
values satisfies both equations. Thus, 
x+y=3 and x+y=5 are inconsistent 
equations. Note that the graphs of these 
equations are parallel lines and cannot 
meet. There is no common solution. Two 
numbers cannot have a sum of 3 and also 5. 


(3) Equations are dependent if any pair of 
values that satisfies one also satisfies 
the other. Thus, y=x+2 and 3y = 3x+6 
are dependent equations. Note that the 
same line is the graph of either equation. 
Hence, any pair of values of a point on 
this line satisfies either equation. 

If equations are dependent, one equa- 
tion can be obtained from the other by 
performing the same operation with the 
same number on both sides. Thus, 3y = 3x+6 can be obtained from y=x+2 by mul- 
tiplying both sides of y=x+2 by 3. 


To Solve a Pair of Linear Equations Graphically 
Solve x+2y=7 and y=2x+1 graphically 
and check their common solution. 
Procedure: Solution: 
1. Graph each equation, using lxt2y=7 y=2x4+1 
the same set of axes: (x,y) (x,¥) 
A(7,0) D(-1,-1) 
B(5,1) E(0,1) 
C(3,2) F(1,3) 
2. Find the common solution: 2. The common solution is the pair of coordinate values of 
the point of intersection: x=1, y=3. 


3. Check the values found: 3. Check, using x=1 and y=3: 
x+2y : 7 i i 2x +1 
1+6=7 3 = 2+1 


7T=7 3=3 
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3.1. Finding Common Solutions Graphically 

From the graphs of 3y+x=5, x+y=3 and y=x+3 
shown, find the common solution of 

a) 38y+x=5 and x+y = 3, 

b) 3y+%=5 and y = x+3, 

c) x+y = 3 and y = x+3. 
Solutions: 

The common solution is the pair of values of the 
coordinates at the points of intersection. 


Ans. a) x=2, y=1 6) x=-1, y=2 c) x=0, y=3 


3.2. Consistent Equations and Their Graphic Solution 


Solve each pair of equations graphically: 


a) y=3 b) y=1 c) x+y = 8 
x=4 y=x-2 y= x+6 
Solutions: 
Graph of y=3 | Graph of x=4 Graph of y=1 | y=x~-2 x+y =8| y= x+6 
is a line par- is a line par- pet Dale (x,y) (x,y) (x,y) 
allel to x-axis | allel to y-axis allel to x-axis (~2,-4) (0,8) (-2,4) 
(0,~2) (2,6) (0,6) 


Using intersection Using intersection Using intersection 
point A, point B, point C, 
x=4, y=3 Ans. x=3, y=1 Ans. x=1, y=7 Ans. 


3.3. Inconsistent Equations 
Show graphically that there is no common solution 
for the following pair of equations: 
x+y =4, 2x =6-2y 
Solution: 
x+y = 4, 2x = 6 -2y 


(x.Y) (%Y) 


(0,4) (0,3) 
(4,0) (3,0) ee | 
(2,2) (2,1) Lsenchianndaricohs 


The graphs are parallel lines. Hence, the equations are inconsistent and there is no com- 
mon solution. 
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3.4. Dependent Equations 
For the equations x-2y=2 and 2x =4y+4, 
show graphically that any pair of values satisfying 
one equation satisfies the other equation also. 


Solution: 
x-2y = 2 ax = 4y +4 
(x,Y) (x,¥) 
(0,~1) (-2,-2) 
(2,0) (-4,-3) 
(4,1) (1,-3) 


The same line is the graph of the two equa- 
tions. Hence, any pair of values satisfying one 
equation satisfies the other also. 


4, DERIVING A LINEAR EQUATION FROM A TABLE OF VALUES 
Deriving a Simple Linear Equation By Inspection 


A simple linear equation such as y=x~+3 involves only one operation. Any y-value equals 
3 added to its corresponding x-value. Note this in the following table of values for y=x+3: 
y = 0 |3|4|6| 13 

-10| -3} 0/113 | 10 


x 


A simple equation can be derived from a table of values by inspection. Once the single 
operation is found, the equation follows. For example, suppose we are given the table 
¥ 4| 8 | 16] 40 
«| 112/41] 10 
.An inspection shows that any y-value equals 4 times its corresponding x-value. Hence, its 
equation is y=4-x. 


Note also that in y=x+3 and y=4x, y is expressed in terms of x. In such cases, it 
is useful to place y-values above x-values in a horizontally arranged table. 


Deriving a Linear Equation by the Ratio Method 


How can we derive a linear equation when two operations are involved as in the case of 
y =4x+2? Here any y-value equals 2 added to four times its corresponding x-value. 


. Examine the following table of values for y = 4x%+2 and notice that as x increases 1, y 
increases 4; as x increases 2, y increases 8 and finally as x decreases 1, y decreases 4. 
Change in y +4 +8 -4 
i. Ci a a 
¥ 6 | 10 | 18 | 14 
«lile2la4atl 3 
~F NT SY 
Change in x +1 +2 —1 


Compare each change in y (above the table) with the corresponding change in x (below 
thetable). Notice that the y-change or y-difference equals 4 times the x-change or x-difference. 
From this, we may conclude that the equation is of the form y= 4x+6. The value of b may 
now be found. To find 6, substitute any tabular pair of values for x and yin y=4x+). 
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Thus, in y = 4x+5, substitute x=1 and y=6. 
6= 4(1)+ 5b 
2= 6b Since b= 2, the equationis y = 4x+2. 


Rule. If a linear equation has the form y=mx+b, the value of m can be obtained from a 
table using the ratio of the y-difference to the corresponding x-difference; that is, 
y-difference 


Me “ON Soman gah ae, OT 
x-difference 


difference of two y-values 
cotresponding difference of two x-values 


(Think of m as the multiplier of x in y= mx +b.) 


4.1. Deriving Simple Linear Equations by Inspection 


Derive the linear equation for each table: 


a) b) c) d) 
y | 3 |4 | 10 y |2|0|-4 y | 7 | 21] 70 y(2|5 | 9 
x11/218 x 15/3] —-1 x}1 {3 1 10 x |6115] 27 
Solutions: 


a) Since each y-value is 2 more than its corresponding x-value, y Ans. 
b) Since each y-value is 3 less than its corresponding x-value, y=%x—3. Ans. 


4 
R 
+ 
N 


c) Since each y-value is 7 times its corresponding x-value, y= Tx. Ans. 
d) Since each y-value is one-third of its corresponding x-value, y = 2. Ans. 


4.2. Deriving a Linear Equation of Form y = mx +b by Ratio Method 


Derive the linear equation for each table: 


a) b) 
y|1)4 | lo y | -12 | —2 | 18 
x!O/1] 83 x}|—-2| 0 4 
Procedure: Solutions: 
1. Find m: 1. +3 +6 1. +10 +20 


_ y-difference 
~ x-difference 


2. Find 5: 
Substitute any tabular 
pair of values in 
y=mxtb 


3. Form equation 
y =mxtb 


in an 
y| 1/4} 10 oe 
aR 1ile3 xl—2]|0 | 4 


2. Since m= 3, y= 3xtb. 


Substitute x=0, y=1 


in y = 3x+5 
1 = 3(0)+b 
1=5 


3. y = 3x+1 Ans. 


+2 +4 
SRD 2200s 
+#20~«O«+4 


2. Since m=5, y= 5x+b. 
Substitute y =18, x =4 


in y = 5x+b 
18 = 5(4)+5 
—2=45 


3. y = 5x—2 Ans. 
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SUPPLEMENTARY PROBLEMS 


1. State the coordinates of each lettered point 3. Plot each point: A(2,3), B(-3,3), C(-3,-2), 
on the graph. (1.1) D(2,-2). Find the perimeter and area of the 
Ans. square ABCD. (1.5) 
A(3,0) estas Leak ata Sesal Ans. Perimeter of square formed is 20 units, 
B(4,3) its area is 25 square units. 

C(3,4) 
D(0,2) 
E(-2,4) 
F(-4,2) 
G(-1,0) 
H(-3,-2) 
I (-2,-3) 
J(0,-4) 
K(12,-23) 
L(4,-23) 


2. Plot each point and locate it with reference to 4. Plot each point: A(4,3), B(-1,3), C(-3,~3), 
quadrants I to IV: (1.3, 1.4) D(2,-3). Find the area of parallelogram ABCD 
A(-2,-3) C(0,-1) E(3,~4) G(0,3) and triangle BCD. (1.5, 1.6) 
B(-3,2) D(-3,0) F(13,22) (32,0) Ans. Area of parallelogram = 
Ans. bh = 5(6) or 30sq. units 

Area of ABCD = 


F is in! zbh = 4(30) = 158q. units 
B is in I 
A is in III 
E is in IV 
G is between 
T and II 
D is between 
II and Ill ate: 
Cis between (i). ;. gf. Joke 
WandIv Wm A A Iv 
Hisbetween | yo 
Weed] fel ee ee Pe 
5. Graph each equation after completing each table of values: (2.1, 2.2) 
a) y=~-4 b) y = 2x c) x= 2yv+3 
| (%,¥) (x,y) (%y) 
A | (-2,?) D | (-2,?) G | (?,-1) 
B) (0,2) E | (0,?) Hl! (?,0) 
Ci! (2,2) Fl (2,?) 7 | (?,1) 
Ans. a) | (xy) Ans. b) (%,Y) Ans. c) (x,¥) 
A | (~2,-4) dD | (-2,-4) 
B | (0,-4) E (0,0) 
Cc F (2,4) 


(2,-4) 


GRAPHS OF LINEAR EQUATIONS 121 


6. Graph each equation, using intercepts: 
a) 3x+2y = 6 b) 4y -3x = 6 


Ans. b) 


Ans. a) 


q. Using one set of axes, graph each line and (2.4) 
state the coordinates of their nine points of 
intersection: x=13, x=0, x=-3, y=5, y=0, 
y=-23. 
Ans, The points of intersection are 
A(iz,0) = D(-3,5) G(0,~23) 
B(4z,5) — E(-3,0) H(z ,~23) 
C(0,5) F(-3,-23) 0(0,0) 
8. Locate A(1,0) and B(2,-4) on the graph of y+4x=4 and show that o>) (2.5, 2.6) 
their coordinates satisfy the equation. Also, show that C(2,2) and L ig 


D(-1,3) are not on the graph of y+4x = 4 and show that their coordi- 
nates do not satisfy the equation. 


Ans. Test A(1,0) | Test B(2,-4) | Test C(2,2) Test D(-1,3) 
yt+4ax= 4 yt4x=4 | yeae= 4 yrae 4 
0+4(1) = 4 —4+4(2)=4 | 2+4(2)=4 3+4(-1)=4 
4=4 4=4 10744 -1/44 


A is on graph| B is on graph | Cis not ongraph |! Dis not ongraph 


9. The graphs of 2y-x=6, 2y-x=2 and 2y= 
3x-2 are shown in the adjacent figure. Find 
a) the x and y-intercepts of each line, 
6b) the coordinates of any point of intersection 

common to two graphs. 


(Let y=0,) 


(2.7) 


(Let x=0)) 


Ans. a) equation | x-intercept | y-intercept 
2y-x=6 3 
ay -X = 1 
2y = 3x-2 Li 


b) (2,2) is the point of intersection of 2y-x = 2 and 2y = 3x-2. 
(4,5) is the point of intersection of 2y-x =6 and 2y = 3x-2. 
Since 2y-x = 2 and 2y-x = 6 are parallel, they have no point of intersection. 
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10. From the graph of 3x+4y =12, 4y+7x =12 and 
3x+4y = -4, find any solution to any two equa- 
tions. 


Ans. The common solution of 3x+4y =12 and 
4y+7x =12 is x=0, y=3. The common 
solution of 3x+4y = -4 and 4y+ 7x = 12 
is x=4, y=-4. Since 3x+4y=12 and 
3x+4y = —4 are parallel, there is no com- 
mon solution. 


11. Solve each pair of equations graphically: (3.2) 
a) y=-2 b) y=4 c) 3x+4y = -6 
x= 33 x+y =2 y=3-3x 


sonia vnce ss 


Ans. x=33, y=-2 Ans. x=-2, y=4 Ans. x=2, y=-3 
12. Graph each equation and determine which equations have no common solution. (3.3) 
a) 2x+ 3y = 6 b) y+ 2x = 0 
5x + 3y = 6 -  2y ~ 3x = 6 
ax+ 3y = -3 y= 3-2x 
Ans. Ans. 


2x+3y = 6 and 2x+ 3y = -3 have y =3-2x and y+ 2x = 0 have no 
no common solution. common solution. 
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13. Graph each equation and determine which equations are such that any pair of values satisfying 


one equation satisfies the other also: (3.4) 
a) t4y-x = 2 b) 24y=x-4 

y+ ax = 6 x+4y = 4 

3x = by -6 By = 8 - 2x 
Ans. Ans. 


The graph of 2y-x=2 and 3x = The graph of x+4y =4 and 8y = 
6y-6 is the same line. A pair of 8-2x is the same line. A pair of 
values satisfying one equation satis- values satisfying one equation satis- 
fies the other. fies the other. 

14. Derive the linear equation for each table: (4.1) 


a) 5|8|9 b) vf 4) <8} =10 c) y |-8| -7 |-3 d) y|-1\1|4 
AERA o|-21-31 <5 xlolils x|-3{3 1/12 
eyo | 2 eaelce fy) y|4]210 g) P|6|9 | 15 hy r\4s | zx |-2 
ACES 20 x1315 [7 qg/8 [12120 sis ~%|-5 
x 


Ans. a) y = “+3 b) y = 2x c) y= x-8 d) y=F 
e)y=2 f) x+y =7 g) p= aq h) r= 8438 
15. Derive the linear equation for each table: (4.2) 
a) y|-1/1]|5 by) y| -1] 3] 15 ec) y| 443 |-2 d) p|8|o0|-4 
x10 {1/3 x|-1101 3 x | ~1 re g\|0/41/ 6 
e) ¥| 2 |8| 14 f) y | -19 | -4| 6 g) ¥|6|0|~2 Ay) s| 1|3(|7 
x|-2|,0]| 2 xi -3 012 x!l0131 4 t|-4;01|8 
ti) ¥ | 7|16| 28 J) ¥|.27 | 13 | -1 ky) y | 7 | -2| -14 ly a|5/7 411 
xl1141/ 8 x1 513 11 xl-1! 2 6 b16/91|15 
Ans. a) y = 2x-1 b) y = 4x4+3 c) y = -x+3 d) p = -2q+8 
e) y = 3x+8 f? y = 54-4 g) ¥ = -2x+6 h) s = 3t+38 
i) y = 3x44 J) ¥ = 1x-8 k) y = -3x+4 lL) a = b+1 
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FIRST DEGREE 


EQUATIONS of 


in 


TWO UNKNOWNS 


1. SOLVING A PAIR OF EQUATIONS BY ADDITION OR SUBTRACTION 


To Solve a Pair of Equations by Adding or Subtracting 


Procedure: 


1. 


Atrange so that like terms are in the 
same column: 


. Multiply so that the coefficients of 


one of the unknowns will have the 
same absolute value: 


. To eliminate the unknown whose co- 


efficients have the same absolute 
value: 

a) Add if their signs are unlike, 

b) Subtract if their signs are like. 


. Find the remaining unknown by solv- 


ing the resulting equation: 


. Find the other unknown by substi- 


tuting the value found in any equation 
having both unknowns: 


. Check the common solution in each 


of the original equations: 


Solve: (1) 3x-T=y 
(2) 4x-5y = 2 


Solution: 
1. Arrange: (1) 3x-7 = y —3x-y = 7 
(2) 4x—By = 2 
2. Multiply: 
Ms, 3x-y = 7 —*15x-5y = 35 
3. Eliminate y: 
15x-5y = 35 
Subtract: 4x-5y = 2 
11x = 33 
4. Find x: D,, 11x = 33 
x = 3 
5. Find y: 4x-5y = 2 
Substitute 3 for x: 4(3)-5y = 2 
y= 2 
6. Check for x=3, y=2: 
(1) aoa» (2) 4x-5y = 2 
3(3)-7 = 2 4(3)-5(2) = 2 
a= 2 QD 


1.1. Using Addition or Subtraction to Eliminate One Unknown 


Add or subtract to eliminate one unknown; then find the value of remaining unknown: 


a) 5x +3y =19 b) 10x +4y = 58 
x+3y =11 13x -4y = 57 
Solutions: 


a) By subt., 4x-8] b) By adding, 23x=115 
Ans. 


x=2 Ans. x=5 


c) 10v = 38 -6x 
12y = 48 -6x 


c) By subt., -2y= 
Ans. 


124. 


d) 3x+10 = 5y 
7x +20 = -5y 


-10 


y=5 | Ans. 


d) By adding, 10x+30=0 


x=-3 
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1.2. Solutions Not Requiring Multiplication 
Solve by addition or subtraction and check: 
a) (1) 5x 4+3y = 17 
(2) “x+3y =1 
Solutions: 
a) By subtracting, 4x = 16 
x=4 
Subst. 4 for x in x + 3y =1 
4+3y=1 
yal 
Ans. x=4, y=~-1 
Check for x=4, y=—l: 
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b) (1) 10x +4y = 20 
(2) 13x -4y = -66 
b) By adding, 23x = —46 
x=~-2 
Subst. -2 forx in 10x + 4y = 20 
~20+ 4y = 20 
y = 10 


Ans. x=-2, y=10 
Check for x=-2, y=10 


(1) 5%+3y =17 |(2) x+3y =1 (1) 10x+4y = 20 | (2) 13%-4y = -66 
? ? 
20-3 217 4-341 ~20+40 2 20 -26-40 = ~66 
17=17 1=1 20 = 20 -66 = -66 
1.3. Solutions Requiring Multiplication 
Solve by addition or subtraction: 
a) (1) 13x -4y = 57 b) (1) 8r-5s = 19 
(2) 5x+2y = 29 (2) a2r-4s = 16 
Solutions: [In (a) one multiplication is needed, in (6) two are needed. | 
a) (1) 13x ~-4y = 57 6) (1) M, 3r-—5s =19—6r-—-10s = 38 
(2)My 5x+2y = 29-—+10x + 4y = 58 (2)Mg 2r-4s = 16—6r-12s = 48 
By adding, 23x = 115 By subtracting, 2s = -10 
x = 5 s=—-5 
Subst. 5 for x in 5x + 2y = 29 Subst. -5 for s in 3r-5s = 19 
25 + 2y = 29 3r+25 = 19 
y= 2 r= -2 
Ans. x=5, y=2 Ans. s=-5, r=—-2 


1.4. Solutions Requiring Rearrangement of Terms 


Rearrange, then solve by addition or subtraction: 


a) (1) 2x+y =16 


b) (1) 3(%-2)= B41 


(2) y = 25-5x (2) 8(y41) = 4x-4 
Procedure: Solutions: 
1. Rearrange: (1) 2x+y = 16 (1) 3x-8y=7 
(2) 5x+y = 25 (2) -4x+ 8y = -12 
2. Add or subtract: By subtr., -3x = ~-9 By adding, -x=-~-—5 
x=83 x=5 
3. Substitute: Subst. 3 for x in Subst. 5 for x in 
2x+y = 16 3(*%-2) = By+1 
6+y = 16 9 = 8y+1 
y = 10 1=y 


Ans. x=3, y=10 


Ans. x=5, y=1 
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1.5. Fractional Pairs of Equations 


a) (1) gx+4y = 5 
(2) ax- dy = ~-3 
Solutions: 
a) (1) gx+4y = 5 
(2) ax- iy = ~-3 
By subtracting, y = 8 
Subst. 8foryin gx+4y = 5 
gx+2 = 5 
x = 6 
Ans. x= 6, y=8 


Solve by addition or subtraction: 


1.6. Decimal Pairs of Equations 


a) (1) 38x = .6Y 
(2) x+6y = 8000 
Solutions: 
(1) Mio 3x = .6y 
Rearrange 3x = 6y 
3x -6y = 0 
(2) x+6y = 8000 
By adding, 4x = 8000, x=2000 
Subst. 2000 for x in x + 6y = 8000 
2000 + 6y = 8000 
Ans. x=2000, y=1000 


Solve by addition or subtraction: 


2. SOLVING A PAIR OF EQUATIONS BY SUBSTITUTION 


To Solve a Pair of Equations by Substitution 


Procedure: 


1. Express one unknown in terms of the other 
by transforming one of the equations: ** 


2. In the other equation, substitute for the 
first unknown the expression containing 
the other unknown: 


3. Find the remaining unknown by solving 


the resulting equation: 


4. Find the other unknown by substituting 


the value found in any equation having 
both unknowns: 


5. Check the common solution in each of the 


original equations: 


b) (1) $45 = -F 
(2) -2a-36 = -6 
a Be a 
(1) Mp 3 +5 = - b 
Mo a+5b = —4 
2a+10b = -8 
(2) -2a~ 3b = -6 
By adding, 76 = -14, = ~2 
Subst. -2 forb in ~2a-3b = -6 
-2a+6 = -6 
Ans. a=6, b=-2 
b) (1) 2% = .05y + 75 
(2) 3x -5y = 700 
(1) Migg 62x = .05y + 75 
Rearrange 20x = 5y + 7500 
20x ~5y = 7500 
(2) 3x -5y = 700 
By subtracting, 17x = 6800, x=400 
Subst. 400 forx in 3x -5y = 700 
1200 -5y = 700 
Ans. x=400, y=100 
_ CU) x-% = 7 
pele; (2) 3x +y = 35 
Solution: 
1. Express x in terms of y: 
(1) x-2y = T—»x« = 2y+T7 
2. Substitute for x: 
Subst. (2y+7)forxin 3x+y = 35 
3(2y+T)+¥ = 35 
3. Find y: 6y + 21+y = 35 
Ty = 14 
y= 2 
4. Find x: Subst. 2foryin x = 2y+7 
x= 4+7 
x = ll 
5. Check for x=11, y=2: 
(1) x-2y=7 |(2) 3x+y = 35 
11-2(2)=7 3(11)+ 2 = 35 
T=7 35 = 35 


**Do this after studying the equations to determine which transformation provides the easier ex- 
pression for one of the unknowns. 


EQUATIONS OF FIRST DEGREE IN TWO UNKNOWNS 


2.1. Using Substitution to Eliminate One Unknown 


2.2. 


2.3. 


Substitute to eliminate one unknown; then find the value of the remaining unknown: 


a) y= 4x a) Subst. 4x foryin 3x+y = 21 
3x+y = 21 3x + 4x = 21 
Tx = 21, x=3 Ans. 
b) x =¥ +8 6) Subst. (y+8) forxin x + 3y = 48 
x+ 3y = 48 (y+8) + 3y = 48 
4y = 40, y=10 Ans. 
c) x= c) Subst. 2 for x in 4x =¥ +6 
4x = ¥+6 4(2) = y +6 
2y = ¥+6, y=6 Ans. 
d) y = 3x+2 d) Subst. (3x+2)foryin 2y~-5x = 7 
2y ~5x = 7 2(3x+2)- 5x = 7 


6x+4-5x = 7, 


Substitution Solutions Requiring Transformation 


Solve by substitution: 
a) (1) 2x = 3y +14 

(2) x-y =10 
Solutions: 


Rearrange (2) > x 

Subst. y+10 for vin 2x 
2(y +10) 

2y + 20 


Since x=y+10, x= 6+10=16. 


Ans. x =16, y=6 


x=3 Ans. 


b) (1) y-2x = 9 
(2) 5x = 3y - 26 


Fractional and Decimal Pairs of Equations 


Solve by substitution: 


a) (1) a=3b 

(2) 2t8 = 15~-a 
Solutions: 

M; oss = 15-a 


Subst. 36 for a in 
b+5 = 45 -3a 
6+5 = 45 -96 

b= 4 


Since a=36, a= 3(4) =12. 


Ans. a=12, b=4 


y +10 
3vy +14 
sy +14 
3y +14 
6 
Ans. 
b) d) x= 7-¥ 
% 4- 
3 = 
Me = MSY 
Mz 3° (2 
Subst. 7-y for x in 
2x = 12 ~ 3y 
14 ~- 2y = 12 ~ 3y 
y= 2 


Since x=7-y, x=7+2=9. 


Ans. x=9, y=-2 


Rearrange (1)>y = 2x +9 
Subst. 2x+9 foryin 5x = 3y - 26 


5x = 3(2x+9)~- 26 
6x + 27 - 26 
x=-1 


5x = 


Since y=2x+9, y=~-2+9=7 


x=-1,v=T7 


ec) (1) y = 2000 - x 


(2) .3x = 5-40 

Mig .3% = - - 40 

Subst. 2000-x for y in 
3x = 5y - 400 
3x = 5(2000-x) - 400 
x = 1200 


Since y = 2000-x, y= 800. 
Ans. x=1200, y= 800 
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SUPPLEMENTARY PROBLEMS 


1. Add or subtract to eliminate one unknown; then find the value of the remaining unknown: (1.1) 
a) 3x-y = 21 c) m+4n = 6 e) 8r=11-5s 
ax+y=4 m—-2n = 18 Sr = 15+ 5s 
b) Ta+b = 22 d) 3k+5p = 9 f) -10u = 2v+ 30 
5a+b = 14 3k —-p = -9 -u = -2v4+14 
a) (Add, 5x=25) Ans. x=5 c) (Subt., 6n=-12) Ans. n=-2  e) (Add, 13r=26) dns. r=2 
b) (Subt., 2a=8) Ans. a=4 d) (Subt., 6p=18) Ans. p=3 f) (Add, -11u=44) Ans. u=-4 
2. Solve by addition or subtraction: (1.2) 
a) Tla+t= 42 c) 2a+5s = 44 e) 8r-1 = 3£ 
3a—t = 8 6a -5s = ~8 8r+1 = 9 
b) 4r-2s = -14 d) Tc -3d = 23 f) -Tg = 31 -2h 
4r-5s = -32 -2c-3d = 5 -17g =17+ 2h 
a) (Add) Ans. a=5, t=7 c) (Add) Ans. a=43, s=7 e) (Subt.) Ans. r=4, t=4 
b) (Subt.) Ans. r=-$, s=6 d) (Subt.) Ans. c=2, d=-3 f) (Add) Ans. g=-2, h=83 
3. Solve by addition or subtraction: (1.3a) 


(One multiplication is needed before adding or subtracting.) 


a) (1) 2x-y=5 ce) (1) 3¢+5d=11 
(2) 3x + 3y = 21 (2) 2c -d = 16 

b) (1) A+4B = 18 d) (1) Tr = 5s +15 
(2) 544+3B =5 (2) 2r= s+9 


a) (M,in eq.] and add) c) (Ms in eq.2 and add) 
Ans. x=4, y=3 Ans. c=1, d=-2 
b) (M; in eq.] and subt.) d) (M, in eq.2 and subt.) 


Ans. A=-2, B=5 Ans. r=10, s=11 


4. Solve by addition or subtraction: : 


e) 
f) 
e) 


f) 


(1) 3h ~4j] = 18 
(2) -6h + 3j = -21 
(1) 6t = 3v+4 63 
(2) 5t = 9v + 85 
(M. in eq.] and add) 
Ans. h=3, j=-1 


(M, in eq.] and subt.) 
Ans. t=8, v=—-5 


(1.30) 


(Two multiplications are needed before adding or subtracting.) 


a) (1) 3x + 5y =11 c) (1) 8a+ 3b =13 
(2) 4x -38y = 5 (2) Ba+ 26 =11 
b) (1) 5t -2s =17 d) (1) 6¢ +126 = 7 
(2) 8t+ 5s = 19 (2) 8c ~ 156 = -1 
a) (M, in eq./, Mg in eq.2 c) (Mp in eq.1, M,in eq.2 
and subtract) and subtract) 
Ans. x=2, y=1 Ans. a=-1, b=17 
b) (M,in eq.], M, in eq.2 d) (M,in eq.], Mg in eq.2 


and add) 
Ans. t=3, s=-1 


and subtract) 
Ans. c=3, b= + 


5. Rearrange; then solve by addition or subtraction: 


a) 3x -y =17 c) 9 = 8p - 5q¢ 
y = 8 - 2x 10+ 7q = 6p 

b) 2y -Tx = 2 d) 10C -9D = 18 
3x =14-y¥ 6D+2C =1 


Ans. a)x=5, y=-2 6) x=2, y=8 


e) 


f) 


e) 


f) 


(1) ~-3m + 4p = -~6 

(2) 5m ~ 6p = 8 

(2) Tr+11s = 35 

(2) 6r-12s = 30 

(M, in eq.], M, in eq.2 

and add) 

Ans. m=-2, p=-3 

(M, in ea.], Mz in eq.2 
and subtract) 

Ans. r=5, s=0 


(1.4) 
12r- 3s = 3 
3(r-1) = s -4 
4(W+3) = 3Z +7 
2(Z2-5) = W+5 


e)r=2,s=7 f)W=7, Z=11 


6. Solve by addition or subtraction: 


10. 
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a) zct+gd=4 


ze-5d = ~-2 
b) $r-4s5 =11 
Be oy De a 

ae 


Ans. a)c=2,d=6 6)r=15, s=4 


. Solve by addition or subtraction: 


a) 3x~-y = 500 
-7x + .2y = 550 


Ans. x= 

b) (Subst. 5+2 for a) 
Ans. b=2 

c) (Subst. 7 for R) 
Ans. S=12 


. Solve by substitution: 


a) x-y =12 
3x =1-4y 

b) 5A -8B = 8 
B+A=12 


a) (Subst. y+12 for x) 
Ans. x=1, y=-5 

b) (Subst. 12-8 for A) 
Ans. A=8, B=4 


Solve by substitution: 
a)x-9b = 0 

x —- ohy 1 

3 3 
a) (Subst. 9b for x) 


Ans. b=4, x=3 


c) 


d) 


c) 


b) a-2b = 500 d) 
.03a + .025 = 51 
Ans. a) x=500, y=1000 c) 
b) a=1400, 6=450 d) 
. Substitute to eliminate one unknown, 
a) y = 2% d) 
Tx -y = 35 
b) a= b+2 e) 
3a+ 4b = 20 
cy R= 3 f) 
3R + 2S = 36 
a) (Subst. 2x for y) d) 


e 


Nev 


i 


~ 


c) 


d) 


c) 


d) 


(1.5) 
3K - N = 11 e) 3r-2p = 32 
2K+ 4N = 4 £43p=-1 

b 
x-y =17 fy e-4-2 
4 By 2 5a = 29 
und a = 0 os 2 i 
c)K=3,N=-6 d)x=9, y=-8 e)r=10,p=-1 f)a=3, b=5 

(1.6) 
y = 4x -100 e) .8R -.7T = 140 
O6y = .05x + 32 .03R + .05T = 51 
.03C + .04D = 44 f) .05(W+ 2000) = .03(Y+ 3000) 
.04C + .02D = 42 VY = © 4500 

2 

vy=700, x = 200 e) R=700, T=600 
C=800, D=500 f) W=4000, Y=7000 
then find the value of the remaining unknown: (2.1) 
r= 4t-1 g) a@= 9-36 
6t+r= 79 76+ 5a = 33 
3p = 27-q h) 3d- 2g = 27 
2q = 3p d=4-~-g8 
5y —9x = -24 i) s=+-1 
Sy = 11x 6s +t = 21 
(Subst. 4t-1 for r) g) (Subst. 9-36 for a) 
Ans. t=8 Ans. b=13 
(Subst. 2q for 3p) h) (Subst. 4-g for d) 
Ans. q=9 Ans. g=-3 
(Subst. 11% for 5y) i) (Subst. £ - 1 for s) 
Ans. x=~-12 Ans. t=9 

(2.2) 
r-3s =11 e) 6a = Tce+7 
os +30 = 4r Tc -a= 28 
p = 2(r-5) fy h-5=-4 
4p+40=r-7 3h-2d = -6 
(Subst. 3s+11 for r) e) (Subst. 7c -28 for a) 
Ans. r=5, s=-2 Ans. a=7, c=5 
(Subst. 2r-10 for p) f) (Subst. £45 for A) 
Ans. p=-12, r=-1 Ans. h=12, d=21 

(2.3) 


b)r+5 = 2s 
4s+1 _ 37-3 
5 


b) (Subst. 2s —5 for r) 
Ans. s=33, r=2 


c)f4+4=9 
c= 4d+4 


c) (Subst. 4d+4 for c) 
Ans. c=16, d=3 


d)h+10m = 900 


4h = ~-2m + 300 


d) (Subst. 900-10m for h) 


Ans. h=600, m=30 


Chapter 9 
PROBLEM-SOLVING 


The four steps of problem solving are as follows: 
J. Representation of unknowns by letters. 
2. Translation of relationships about unknowns into equations. 
3. Solution of equations to find the values of the unknowns. 


4. Verification or check of the values found to see if they satisfy the original problem. 


1. NUMBER PROBLEMS HAVING ONE UNKNOWN 


In number problems having one unknown, a single relationship about the unknown is need- 
ed. After the unknown is represented by a letter such as n or x, this relationship is used to 
obtain an equation. 

The value of the unknown is found by solving the equation. However, the value found 
must be checked in the original problem. Do not check in any equation; the equation may be 


incorrect! 
To Solve a Number Problem Having One Unknown 
Solve: Twice a certain number increased by 10 
equals 32. Find the number, 
Procedure: Solution: 
1. Represent the unknown by a letter: 1. Representation: Let n=the number. 
2. Translate the relationship about 2. Translation: 
the unknown into an equation: Twice acertain number increased by 10 equals 32. 
Sa agate ea ipe S © a, a8 
3. Solve the equation: 3. Solution: 2n=22 or n=11. Ans. The number is 11. 
4. Check the value found in the 4. Check: Does 11 satisfy the statement, 
original problem: "Twice the number increased by 10 equals 32."9 
(Do not check in any equation!) If it does, then 2(11) + 10 z 32 
32 = 32 


1.1. Translation of Statements into Equations 


Using n to represent the unknown, express each statement as an equation: then, find the 


unknown: 
Equations Value of n 
a) If a number is decreased by 5, the result is 28. Ans. n—5 = 28 n = 33 
b) Three times a number, increased by 8 equals 41. Ans. 3n+8= 41 n=11 
c) Two-fifths a number equals 18. Ans. ee = 18 n= 45 
d) A number added to one-fourth of itself equals 45. Ans. n+ = 45 n= 36 
e) When eight times a number is diminished by 20, the Ans. 8n— 20 = 28 n=6 
remainder is 28, 
f) 10 exceeds one-fourth of a number by 3. Ans. 10~7 = 3 n= 28 
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1.2. Verification or Check in Original Statement 


Check each statement for the number indicated: 


a) Does 20 check in "one-fifth of the number increased by 3 is 7"? 
? 
Check: 22+3= 7, 4+3=7, 7=7 


b) Does 3 check in "seven times a number less 12 is 9''? 


Check: 7(3)—12 2 9, 


91-1229, 9=9 


Ans. Yes 


Ans. Yes 


c) Does 24 check in "three-fourths of the number decreased by 10 equals 8"? 


Check: 2(24)-10 # 8, 
d) Does 21 check in "five times the sum of the number and 8 is three times the number less 2"? 
Check: 5(21+8) 2 3(21) -2, 


a) Find a number such that 
three times the number 
decreased by 5 equals 
i9. 


Solutions: 
a) Let n =the number, 
3n—5 = 19 
3n = 24, n=8 


Ans. The number is 8. 


Check: 
Does 8 check in "three 


times the number decreased © 


by 5 equals, 19''? 
24—5=19, 19=19 


18-1028, 8=8 


9 


5(29) = 63 - 2, 


1.3. Complete Solutions of Number Problems 


6) What number added to 40 
is the same as five times 
the number? 


b) Let n =the number. 
n+40 = 5n 
40 = 4n, n=10 
Ans. The number is 10. 


Does 10 check in "the 
number added to 40 is five 
times the number ''? 

40+10 = 50, 50=50 


145 # 61 


Ans. Yes 


Ans. No 


c) If eleven times a number 
is increased by 10, the 
result is fourteen times 
the number less 5. Find 
the number. 


c) Let n=the number. 
1in+10 4 14n—5 
15 =3n, n=5 


Ans. The number is 5. 


Does 5 check in "eleven 
times the number increased 
by 10 is fourteen times the 
number less 5"? 


55+10 = 70—5, 65=65 


2. NUMBER PROBLEMS HAVING TWO UNKNOWNS 


In number problems having two unknowns, two relationships concerning the unknowns are 
needed. Such problems may be solved by either of two methods: 


Method 1. Using One Letter and Obtaining One Equation 


One of the relationships is used to represent the two unknowns in terms 
of one letter. The other relationship is then used to obtain a single equation. 


Method 2. Using Two Letters and Obtaining Two Equations 


Each of the unknowns is represented by a different letter. Each of the 
two relationships is then used to obtain a separate equation. 


The value found for the unknown by either method must be checked in the original problem. 


Do Not Check in Any Equation or Equations Since They may be Incorrect! 
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To Solve a Number Problem Having Two Unknowns 


Procedure, using one letter: 


1. 


Represent one of the unknowns by 
a letter. Represent the other un- 
known in terms of the letter, using 
one of the relationships. 


. Translate the other relationship 


into an equation: 


. Solve the equation: 


. Check the values found in the 


original problem: 


Procedure, using two letters: 


1. Represent each of the two un- 


knowns by a different letter: 


2. Translate each relationship into a 


separate equation: 


3. Solve both equations: 


4. Check in the original problem: 


Solve: One positive number is twice another. The larger 
is 10 more than the smaller. Find the numbers. 


Solution: Method 1. 


1. Representation: Let s 
Then 2s 


the smaller number, 
the larger number, since the 
larger is twice the smaller. 


2. Translation: The larger is 10 more than the smaller. 
2s = s +10 

2s—s = 10, s=10 and 2s = 20 

Ans. The numbers are 20 and 10. 


4. Check: Are the numbers 20 and 10? 
One number is twice another. | The larger is 10 more 


3. Solution: 


Ibo 


Hence, 20 = 2(10) than the smaller. 
20 = 20 Hence, 20 = 10+ 10 
20 = 20 


Solution: Method 2. 


1. Representation: Let /= the larger number, 
and s = the smaller number. 
2. Translation: One number is twice another. 
l = 2s 
The larger is 10 more than the smaller. 
fo de rege 


3. Solution: Substitute 2s for] in 1 = s +10, 
; 2s = s+10, s=10. 
Since [=2s, l= 20. 

Ans. The numbers are 20 and 10. 


4. Check: (Same as check for Method 1.) 


2.1. Representing Two Unknowns Using One Letter 


2.2. 


If n represents a number, represent another number that is 


a) five more than n Ans. n+5 f) the product of n and 15 Ans, 15n 
b) ten less than n Ans. n—10 | g) the quotient of n and 3 Ans. 4 
c) five times as large asn_ Ans. 5n h) 3 more than twice n Ans, 2n+3 
d) one-fifth of n Ans. = i) 80 reduced by six times n Ans. 80—6n 
e) the sum of twice n and 8 Ans. 2n+8 | /) ten less than the product of n and 5. Ans. 5n—10 
Using One Equation for Two Unknowns 
Express each statement as an equation; then, find the numbers: 
a) Two numbers are represented by n and (n+5). Ans. nt+(n+5) = 3n—3, n=8 
Their sum is 3 less than three times the smaller. Numbers are 8 and 13. 
b) Two numbers are represented by n and (20—n). Ans. n= 3(20—n), n=15 
The first is three times the second. Numbers are 15 and 5. 
c) Two numbers are represented by n and (3n— 2). Ans. (83n—2) = 2In-—6, n=—4 
The second number is twice the first number less 6. Numbers are —4 and —14, 
d) Two numbers are represented by n and 6n. Ans. 10n—6n = 18, n=43 


Ten times the first exceeds the second by 18. 


Numbers are 44 and 27. 
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2.3. Using Two Equations for Two Unknowns 


Using s for the smaller number and / for the larger, obtain two equations for each prob- 
lem; then find J and s: 


a) The sum of two numbers is 15. Ans. a) 1+s =15 l=113, s=33 
Their difference is 8. l—s =8 

b) The sum of the larger and 8 is three times the smaller. by) 1+8=3s 1=46, s=18 
The larger reduced by 10 equals twice the smaller. 1-10 = 2s 

c) Separate 40 into two parts such that the larger exceeds c) l+s = 40 l1=44,s=-—4 
twice the smaller by 52. l—2s = 52 


2.4. Complete Solution of Number Problem Having Two Unknowns 


The larger of two numbers is three times the smaller. Their sum is 8 more than twice 
the smaller. Find the numbers. 


Solution: Method 1 Method 2 
1. Representation, using one letter: 1. Representation, using two letters: 
Let s = smaller number Let s = smaller number 
8s = larger number, since larger l = larger number 
is three times as large. 
2. Translation, using one equation: 2. Translation, using two equations: 
Their sum is 8 more than twice the smaller. Larger is three times the smaller. 
ye —— aii aii atl 
8sts = 2s + 8 d)yl = 3s 
Their sum is 8 more than twice the smaller. 
—_—— aie ee 
(2) l+s = 2s +8 
3. Solution: 3. Solution: Substitute 3s for / in (2): 
4s = 2s+8, 2=8 38s+s = 25+ 8, 28 =8 
s=4 and 3s=12 s=4 and 1=3s =12 
Ans. Numbers are 12 and 4. Ans. Numbers are 12 and 4, 
4. Check: (Do this in the original problem.) 4. Check: (Do this in the original problem.) 


3. CONSECUTIVE INTEGER PROBLEMS 
An integer is a whole number. An integer may be a positive whole number such as 25, a 
negative whole number such as —15, or zero. 
Each consecutive integer problem involves a set of consecutive integers, a set of con- 


secutive even integers or a set of consecutive odd integers. Each such set involves integers 
arranged in increasing order from left to right. 


TABLE OF INTEGERS 


Consecutive Consecutive Consecutive 
Integers Even Integers Odd Integers 


F 4,5,6,7 4, 6, 8, 10 5, 7, 9, 11 
Illustrations ad 3. OE a ie, me et 


Kinds of Integers Odd or Even Even Only Odd Only 
Differ by 


Representation 
of First Consecutive No. 
of Second Consecutive No. 
of Third Consecutive No. 


Note. In the table, n represents the first number of a set. However,n may be used to repre- 
sent any other number in the set. Thus, a set of three consecutive integers may be rep- 
resented by n—1,n and n+1. 
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3.1. Representation Using n for First Integer 


Using n for the first integer, represent 


Representation 
a) three consecutive integers and their sum, Ans. a) n, n+1, n+2 Sum = 3n+3 
b) three consecutive even integers and their sum, Ans. b) n, n+2, n+4 Sum = 3n+6 
c) three consecutive odd integers and their sum, Ans. c) n, n+2, n+4 Sum = 3n+6 
d) four consecutive integers and their sum. Ans. d)n, n+1, n+2,n+3 Sum=4nt+6 
3.2. Representation Using n for Middle Integer 
Using n for the middle integer, represent 
Representation 
a) three consecutive integers and their sum, Ans. a)n—1, n, n+1 Sum = 3n 
b) three consecutive even integers and their sum, Ans. b) n—2, n, n+2 Sum = 3n 
c) five consecutive odd integers and their sum. Ans. c)n—4,n—2, n, 
n+2,n+4 Sum = 5n 


3.3. Translation in Consecutive Integer Problems 


Using 1, n+1 and n+2 for three consecutive integers, express each statement as an equa- 
tion; then, find the integers: 


Equations Integers 
a) Their sum is 21. Ans. a) 8n+3 = 21 6, 7,8 
b) The sum of the first two is 7 more than the third. Ans. b) 2n+1 = (n+2)+7 8,9, 10 
c) The sum of the second and third is 2 less than 
three times the first. Ans. c) 2n+3 = 3n—2 5,6,7 
d) The third added to twice the first is 12 more than 
twice the second. Ans, d) 2nt(n+2) = 2(n+1) +12 | 12, 13, 14 


3.4. Translation in Consecutive Even Integer Problems 


Using n, n+2 and n+4 for three consecutive even integers, express each statement as an 
equation; then, find the integers: 


Equations Integers 
a) Their sum is 42. Ans. a) 8n+ 6 = 42 12, 14, 16 
b) The second is half the first. Ans. b)n+2= 4 —4,—2,0 
c) The first equals the sum of the second and third, Ans. c)n = 2n+6 -—6, —-4, —2 
3.5. Complete Solutions of an Integer Problem 
Find five consecutive odd integers whose sum is 45. 
Solutions: 
Method 1 Method 2 
Represent the five consecutive odd integers, Represent the five consecutive odd integers, 
using n,nt+2,n+4,n+6 and nt8. using n—4, n—2, 7, n+2 and n+4. 
Then, their sum = 5n + 20 = 45. Then, their sum = 5n = 45, 
5n= 25, n=5 (the first) n= 9Q (the third) 


Ans. 5,7, 9, 11, 13 Ans. 5,7,9,11, 13 
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4. AGE PROBLEMS 


Rule 1. To find a person’s future age a number of years hence, add that number of years 
to his present age. 
Thus, in 10 yr., a person 17 yr. old will be 17+10 or 27yr. old. 


Rule 2. To find a person’s past age a number of years ago, subtract that number of years 
from his present age. 
Thus, lO yr. ago, a person 17 yr. old was 17—10 or Tyr. old. 


4.1. Representing Ages on Basis of Present Age 


Represent the age of a person in years 


a) 10 yt. hence if his present age is x yr. Ans. a)x+10 
b) 10 yr. ago if his present age is x yr. Ans. b) x —10 
c) iny yr. if his present age is 40 yr. Ans. c) 40t+y 
d) y yr. ago if his present age is 40 yr. Ans. d) 40—y 
e) y yt. ago if his present age is p yr. Ans. e)p—y 


4.2. Representing Ages 


Find or represent the age of a person (in years) 
(In answer, the expression in parentheses is present age.) 


4.3. 


4.4. 


a) 5yr. hence if he was 20 yr. old 10 yr. ago. 
b) y yr. hence if he was 30 yr. old 5yr. ago. 
c) 5yr. ago if he will be 20 yr. old in y yr. 


Ans. a) (20410) + 5 = 35 
Ans. b) (30+5) + y = y + 35 
Ans. c) (20-y)-5 = 15-y 


Using One Equation for Two Unknowns in Age Problems 


Using 4S and S to represent the present ages of a father and his son, express each state- 


ment as an equation; then, find their present ages: 


Equations Ages Now 
a)In 14yr., the father will be twice as old Ans. a) 4$+14 = 2(S+14) 28,7 
as his son will be then. SeSe7 
b) In 5yr., the father will be 21 yr. older than Ans. b) 4S8+5 = 28+ 21 32,8 
twice the age of his son now. S = 8 
c) 3 yr. ago, the father was five times as old Ans. c) 4S—3 = 5(S—3) 48,12 
as his son was then. S=12 


Using Two Equations for Two Unknowns in Age Problems 


Obtain two equations for each problem, using F and S to represent the present ages of a fa- 
ther and son, respectively; then find their present ages: 


Equations Ages Now 
a) The sum of their present ages is 40. Ans. a) (1) F+S = 40 30, 10 
The father is 20 yr. older than the son. (2) F = $+ 20 
b) The sum of their present ages is 50. Ans. b) (1) F+S = 50 40, 10 
In 5yr., the father will be three times as (2) F +5 = 3(S+5) 
old as the son will be then. 
c) In 8yr., the father will be twice as old as Ans. c) (1) F+8 = 2(S+8) 36, 14 
his son will be then. 
3 yr. ago, the father was three times as (2) F—3 = 3(S—3) 


his son was then. 
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4.5. Complete Solution of an Age Problem: Two Methods 


Solutions: Method 1, using two letters. 


A father is now 20 yr. older than his son. In 8yr., the father’s age will be 5yr. more than 
twice the son’s age then. Find their present ages. 


Method 2, using one letter. 


Let F = father’s present age Let S = son’s present age 
S = son’s present age and S+20 = father’s present age 


Then (1) F = $+ 20 Then (S+20) + 8 = 2(S+8) + 5 
(2) F+8 = 2(S+8) +5 S+28 = 28+16+5 
Substitute $+20 for F in (2): 7= 5S 


(S+20) + 8 = 2(S+8) +5, S=7 Ans. 27 yt. and Tyr. 


5. RATIO PROBLEMS 


Ratios are used to compare quantities by division. 
The ratio of two quantities expressed in the same unit is the first divided by the second. 
Thus, the ratio of 10ft. to 5ft. is 10ft.+5ft. which equals 2. 


Ways of Expressing a Ratio 
A ratio can be expressed in the following ways: 
1. Using acolon, 3:4. 
. Using "to", 3 to 4. 
. AS acommon fraction, 3. 
. As adecimal fraction, .75. 
. AS a percent, 75%. 


om Ww Ww 


General Principles of Ratios 


1. To find the ratios between quantities, the quantities must have the same unit. 
Thus, to find the ratio of 1 foot to 4 inches, first change the foot to 12 inches. 
Then, take the ratio of 12 inches to 4 inches. The result is aratio of 3 to 1 = 3. 
2. Aratio is an abstract number; that is, a number without a unit of measure. 
Thus, the ratio of $7 to $10 = 7: 10 =.7. The common unit of $ must be removed. 
3. A ratio should be simplified by reducing to lowest terms and eliminating fractions con- 
tained in the ratio. 
Thus, the ratio of 20 to 30 = 2to3 = 2. 
Also, the ratio of 23 to 4 =5to1=5. 
4. The ratios of three or more quantities may be expressed as a continued ratio. This is 
simply an enlarged ratio statement. 
Thus, the ratio of $2 to $3 to $5 is the continued ratio, 2:3:5. This enlarged 
ratio is a combination of three separate ratios. These are 2:3, 3:5 and 2:5, as 


shown: 2:5 
2:3: 5 
2:3 3:5 
5.1. Ratio of Two Quantities with Same Unit 
Express each ratio in lowest terms: 
a) $15 to $3 Ans. a) 2 =5 e) $2.50 to $1.50 Ans. e) $38 =% 
b) 15 Ib. to 3b. Ans. b) #=5 f) $1.25 to $5 Ans. fy) *2B=¢ 
c) 3 oz. to 15 oz. Ans. c) &=+ g) 22 da. to 2 da, Ans. g) 23+ 2=% 
d) 24 sec. to 18 sec. Ans. d) #=4 h) 24 yr. to | yr. Ans. h) 2+ 4 =9 
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5.2. Ratio of Two Quantities with Different Units 


Express each ratio in lowest terms: 


Change to Same Unit Ratio 
a) 2yr. to 3 mo. a) 24mo. to 3mo. 3 = 8 Ans. 
b) 80¢ to $3.20 b) 80¢ to 320¢ fe = = Ans. 
c) 12 ya. to 2ft. c) 5ft. to 2ft. 2-22 Ans. 
d) 50 mph to 1mi. per min. d) 50 mph to 60 mph a4 = 3 Ans. 
5.3. Continued Ratio of Three Quantities 
Express each continued ratio in lowest terms: 
Change to Same Unit Continued Ratio 
a) lgal. to 2qt. to 2pt. a) 8pt. to 4pt. to 2pt. 8:4:2= 4:2:1 Ans. 
b) 1ton to 1]b. to 80z. b) 2000 lb. to 1lb. to 2 lb. 2000:1:2 = 4000: 2:1 
c) $1 to 1 quarter to 2dimes c) 100¢ to 25¢ to 20¢ 100: 25:20 = 20:5:4 
d) 30sec. to 2min. to Lhr. d) 30sec. to 120sec. to 3600 sec. 30 :120: 3600 = 1:4:120 
5.4. Numerical Ratios 
Express each ratio in lowest terms: 
a) 50 to 60 dng: 2 3 e) 12 t07 Ans. 2+ 7= 4 
* 60 6 4 ‘4 4 
70 _ 14 3 noes 
b) 70 to 55 Ans. 5507 Ti f) 12 to 5 Ans. 12 + 5 32 
ha age pil 43.4 _ 43 
c) 175 to 75 Ans. Ge = 3 £) 7, tol, Ans. er ; 
6.3 _ 80% _ 8 
d) 6.3 to .9 Ans. oe: 7 h) 80% to 30% Ans. 30% 3 
5.5. Algebraic Ratios 
Express each ratio in lowest terms: 
ax _ 2 4ab _ 4 
a) 2x to 5x Ans. er d) 4ab to 3ab Ans. nae - 
3a _ a 2 to 5 5s? _ 5 
b) 3a to 6b Ans. Sb ob e) 5s? to s Ans. 3 7 
c) 7D to 7d Ans, 72 2 2 f) x to 5x to Tx Ans. x:5x:7% =1:5:7 
5.6. Representation of Numbers in a Fixed Ratio 
Using x as their common factor, represent the numbers and their sum if 
Numbers Sum 
a) two numbers have a ratio of 4 to 3, Ans. 4x and 3x 7x 
b) two numbers have a ratio of 7 to 1, Ans. Tx and x 8x 
c) three numbers have aratio of 4:3:1, Ans. 4x, 3x and x 8x 
d) three numbers have aratio of 2:5:8, Ans. 2x, 5x and 8x 15x 


e) five numbers have aratio of 8:5:3:2:1. Ans. 8x, 5x, 3x, 2x and x 19x 
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5.7. Ratio in Number Problems 


If two numbers in the ratio of 5:3 are represented by 5x and 3x, express each statement as 
an equation; then, find x and the numbers: 


Equations Value of x Numbers 

a) The sum of the numbers is 88. Ans. a) 8x = 88 x=11 55 and 33 
b) The difference of the numbers is 4. Ans. b) 2x = 4 =2 10 and 6 
c) Twice the larger added to three times the Ans. c) 10x +9x = 57 =3 15 and 9 

smaller is 57. 
d) Three times the smaller equals the larger Ans. d) 9x = 5x + 20 x=5 25 and 15 

increased by 20. 

5.8. Ratio in a Triangle Problem 
The sides of a triangle are in the ratio of 2:3:4. If the perimeter of 
the triangle is 45in., find each side. 
3x ox 


Solution: 


Let 2x, 3x,and 4x represent the sides in inches. 
Then the perimeter, 9x = 45; 
x =5, 2x=10, 3x =15, 4x = 20. Ans. 10in., 15in., 20in. 


4x 


5.9. Ratio in a Money Problem 


Will has 33 times as much money as Lester. If Will gives Lester a quarter, they will then 
have the same amount. How much did each have? 
Solution: 
Since the ratio of their money, 3z to 1, is 7:2, 
let 7x = Will’s money in¢ and 2x = Lester’s money in ¢. 
Then, 7x—25 = 2x +25, and x=10, 7x= 70, 2x = 20. 
Ans. 7T0¢ and 20¢ 


5.10. Ratio in a Will Problem 


In his will, a man left his wife $20,000 and his son $12,000. Upon his death, his estate 
amounted to only $16,400. If the court divides the estate in the ratio of the bequests in the 
will, what should each receive? 

Solution: 

The ratio of $20,000 to $12,000 is 5:3. 

Let 5x = the wife’s share in$ and 3x = the son’s share in $. 

Then, 8x = 16,400, and x = 2050, 5x = 10,250, 3x = 6150. 

Ans. $10,250 and $6150 


5.11. Ratio in a Wage Problem 


Henry and George receive the same hourly wage. After Henry worked 4hr. and George 33 
hr., Henry found he had $1.50 more than George. What did each earn? 
Solution: 
Since the ratio of 4 to 32 is 8:7, 
let 8x = Henry’s earnings in$ and ‘7x = George’s earnings in $. 
Then, 8x = 7x+1.50, and x=1.50, 8x =12, 7x =10.50. Ans. $12 and $10.50 


6. ANGLE PROBLEMS 
Pairs of Angles: 


(1) Adjacent Angles 


Adjacent angles are two an- 
gles having the same vertex 
and a common side between 
them, 


Fig. 1 , 


Rule 1. If an angle of c° con- 
sists of two adjacent angles of 
a° and b°, as in Fig. 1, then 


a’+ ho = c°, 


Thus, if a°= 25° and b°= 32°, 
then c°=57. 


(4) Angles of any Triangle 


Fig. 6 


Rule 4. The sum of the angles 
of any triangle equals 180°. 

Thus, if the angles of atri- ! 
angle contain a°, 6° and c® as 
in Fig. 6, then 


a°+ b°+c¢° = 180° 
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(2) Complementary Angles 


Complementary angles are 
two angles whose sum equals 
90° or aright angle. 


Fig. 2 Fig. 3 


Rule 2. If two complementary 
angles contain a° and 6°, then 
a°+b°=90° or b°= 90° a", 
Thus, 70° and 20° are comple- 

mentary angles. 

Complementary angles may 
be adjacent as in Fig. 2, or non- 
adjacent as in Fig. 3. 

Either of two complemen- 
tary angles is the complement 
of the other. If a° and b° are 
complementary, 
b° = complement of a° = 90°—a® 
a° = complement of 6° = 90°— 4° 


(5) Angles of a Right Triangle 


jor) 


Fig.7 


Rule 5. The sum of the acute 
angles of aright triangle equals 
90°. 

Thus, if the acute angles 
of a right triangle as in Fig. 7, 
contain a° and b°, then 


a° + b° = 90° 
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(3) Supplementary Angles 


Supplementary angles are 
two angles whose sum equals 
180° or a straight angle. 


Fig. 4 


Fig.5 


Rule3. If two supplementary 
angles Contain a° and }°, then 
a°+b°=180° or b°=180°—a°. 
Thus, 70° and 110° are sup- 
plementary angles. 

Supplementary angles may 
be adjacent as in Fig. 4, or non- 
adjacent as in Fig. 5. 

Hither of two supplemen- 
tary angles is the supplement 
of the other. If a° and b° are 
supplementary, 
b° = supplement of a° = 180°— a° 
a° = supplement of 5° =180°—b°. 


(6) Angles of Isosceles Triangle 


Fig. 8 


Rule 6. The angles opposite the 
equal sides of an isosceles tri- 
angle are equal. 

Thus, if the equal angles 
of an isosceles triangle contain 
b° and the third angle a°, asin 
Fig. 8, then ; 


a° + 2b° = 180° 


Note. Henceforth, unless otherwise indicated, the word "angle" will mean ''the number of degrees 


in the angle", 
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6.1. 


6.2. 


6.3. 


6.4. 
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Using One Equation for Two Unknowns in Angle Problems 


If two angles in the ratio of 3 to 2 are represented by 3x and 2x, express each statement as 


an equation; then find x and the angles: 


a) The angles are adjacent and form an angle of 40°. Ans. 
b) The angles are complementary. Ans. 
c) The angles are supplementary. Ans. 
d) The larger angle is 28° less than twice the smaller. Ans. 
e) The smaller is 40° more than one-third of the larger. Ans. 
f) The angles are two angles of a triangle whose third Ans. 
angle is 70°. 
g) The angles are the acute angles of aright triangle. Ans. 
Ah) The first angle is one of the two equal angles of Ans. 


an isosceles triangle and the other is the remaining 
angle. 


Using Two Equations for Two Unknowns in Angle Problems 


Equation 
3x+2x = 40 
3x+2x = 90 
3x+2x = 180 
3x = 4x — 28 
Qx = + 40 
3x+2x+70 = 180 


3x+2x = 90 
3x+3x+2x = 180 


Angles 
24°, 16° 
54°, 36° 
108°, 72° 
84°, 56° 
120°, 80° 
66°, 44° 


54°, 36° 
672°, 45° 


If two angles are represented by a and 6, obtain two equations for each problem; then find 


the angles: 


a) The angles are adjacent forming an angle of 88°. 
One is 36° more than the other. 
b) The angles are complementary. 
One is twice as large as the other. 
c) The angles are supplementary. 
One is 60° less than twice the other. 
d) The angles are two angles of a triangle whose third angle 
is 40°. 
The difference of the angles is 24° 
e) The first angle is one of the two equal angles of an isos- 
celes triangle and the other is the remaining angle. 
The second angle is three times the first. 


Three Angles Having a Fixed Ratio 


Equations 


Ans. 


at+bh = 88 


a = b+36 


Ans. 
a= 2b 
Ans. 


Ans. 


a—b = 


Ans. 2a+b 


a+b = 90 


a+b = 180 
a = 2b— 
a+b = 140 


60 


24 
180 


Angles 
62°, 26° 


60°, 30° 
100°, 80° 


82°, 58° 


36°, 108° 


If three angles in the ratio of 4:3:2 are represented by 4x, 3x and 2x, express each state- 


ment as an equation; then find x and the angles: 


a) The first and second are adjacent and form an Ans. 
angle of 84°. 

b) The second and third are complementary. Ans. 

c) The first and third are supplementary. Ans. 

d) The angles are the three angles of a triangle. Ans. 

e) The sum of the first and second is27° more than Ans. 
twice the third. 

f) The first and third are acute angles of a right Ans. 


triangle. 


Supplementary Angles Problem 


Equation 
4x+3x = 84 
3x+2x = 90 
4x+2x = 180 


4x+3x+2x = 180 
4x+3x = 4x+27 


4x+2x% = 90 


The number of degrees in each of two supplementary angles are con- 


secutive odd integers. Find each angle. 


Solution: Let n and n+2 = the no. of degrees in each of the angles. 


Then 2n+2 = 180, n=89. Ans. 89°, 91° 


(nt 27° 


Angles 
48°, 36°, 24° 


72°, 54°, 36° 
120°, 90°, 60° 
80°, 60°, 40° 
36°, 27°, 18° 


60°, 45°, 30° 
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6.5. Sum of Angles of a Triangle Problem 
In a triangle, one angle exceeds another by 12°. The third angle 

is 4° less than the sum of the other two. Find the angles. 

Solution: Let x = the no. of degrees in one angle 
x+12 =the no. of degrees in the second 
2x+8 = the no. of degrees inthe third, since x+(x+12)~—4 = 2x+8. 
Then their sum 4x +20 = 180, and 

x=40, x+12= 52, 2x+8 = 88. Ans. 40°, 52°, 88° 


ql 


7. PERIMETER PROBLEMS 


Note. Unless otherwise indicated, the word "side" means "the number of linear units 
in the side", : 

The perimeter of a polygon is the sum of its sides. 

Thus, for a quadrilateral as shown, if p = the perimeter, 


Rg 
Q 


p = at+btct+d 


d 
The perimeter of a regular polygon equals the product of 
one side and the number of sides. 
Thus, for a regular pentagon, if p =the perimeter, 
p = 5s 
7.1. One Equation Method: Perimeter of Rectangle B gut C 
The width and length of a rectangle are represented by w 4b w 
and 2u+2, respectively. Express each statement as an equation; A D 
then find w and the dimensions of the rectangle: 2w+2 
Equation w | Width, Length 
a) The perimeter is 76 ft. Ans. 6w+4 = 76 12 | 12ft., 26ft. 
b) The semi-perimeter (half-perimeter) is 56in. Ans. 3w~+2= 56 18 | 18in., 38in. 
c) The sum of three sides not including RC is Ans. 4w+2= 82 20 | 20yd., 42 yd. 


82yd. 

d) A rectangle having each dimension 3 rods Ans. 2(2w—1)+ 2(w—3) = 28 6 6rd., 14rd. 
less than those of the one shown has a pe- 
rimeter of 28 rods. 


7.2. Two Equation Method: Perimeter of Triangle Z 
The base of a triangle is 20. If x and y represent the remain- x y 
ing sides, obtain two equations for each problem; then find AR 
and RC, a 20 . 
Eguations | AB, BC 
a) The perimeter is 50. Ans. x+y +20 = 50 10, 20 
BC is twice AB. y = 2x 
b) The sum of AB and RC is 25. Ans. xty = 25 10, 15 
BC is 15 less than three times AB. y = 3x—15 
c) AB is 4 more than half of BC. Ans. x =4 +4 10, 12 
The difference of BC and 4f is 2. yx = 2 
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; x+3 C 
7.3. One Eguation Method: Perimeter of Trapezoid B 
In a trapezoid having equal sides, the bases and sides are % x 
represented as shown in the adjoining figure. Express each state- D 
ment as an equation; then find x and the length of each base: 3x—5 
Equation x BC, AD 
a) The perimeter is 70 yd. Ans. 6x—2 = 70 12 15yd., 31yd. 
b) The combined length of the upper and low- Ans. 4x—2 = 36 92 |12zin., 232 in. 
er bases is 36in. 
c) The sum of three sides not including the Ans. 5x—5 = 65 14 i7ft., 37ft. 
upper base is 65 ft. 
d) The perimeter of the trapezoid exceeds the Ans. 6x—~2 = 4(x+3)+10| 12 15rd., 31rd. 
perimeter of a square having BC as aside 
by 10rd. 
7.4. Perimeter of a Quadril. ‘eral: Ratio of Sides 3x, c 
B 
: The sides of a quadrilateral in the ratio of 2:3:4:5 are rep- 
resented by 2x, 3x, 4x and 5x, as shown in the adjoining figure. D 
Express each statement as an equation; then find x and AB: 4 - 
Equation x AB 
a) The perimeter is 98 ft. Ans. 14x = 98 7 14 ft 
b) The largest side is 8in. less than the sum of Ans. 5x = 9x-—8 2 4in 
the other three sides. 
c) The sum of twice the smaller side and the other Ans. 2(2x)+12x = 84 54 | 103 mi 
sides is 84 mi. 
d) The perimeter of the quadrilateral is 22rd. more Ans. 14x = 4(3x—4)+ 22 3 6rd. 
than that of a square having a side 4rd. less 
than BC, 
e) The perimeter of triangle ACD exceeds that of Ans. 9x + 20 = (5x+20)+18 | 43 9 yd. 
triangle ABC by 18 yd. 
7.5. Perimeter of an Isosceles Triangle Problem A 
In an isosceles triangle, the ratio of one of the equal sides 
to the base is 4:3. A piece of wire 55 inches long is to be used 
to make a wire model of it. Find the base and the side. 
Solution: Let 4x = each equal side inin. and 3x = base in in. si as 
Hence, 4x+4x+3x = 55, 1lx=55, 
*=5, 3x=15, 4x = 20. Ans. 15in. and 2Qin. 
7 3 B 3 C 
ya 
7.6. Perimeter of a Square Problem 
The side of a larger square is 3 feet more than twice the side 
of a smaller square. The perimeter of the larger square exceeds 
that of the smaller square by 46 feet. Find the sides of the squares. 
Solution: Let s = each side of the smaller square in ft. 2s+3 


and 2s+3= each side of the larger square in ft. 


Then 4(2s+3) = 4s+46, 8s+12= 45+ 46, 
s=83, 2s+3 = 20. Ans. 84 ft. and 20ft. 
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8 COIN OR STAMP PROBLEMS 
The total value (7) of a number of coins or stamps of the same kind equals the number 
(N) of the coins or stamps multiplied by the value (V) of one of the coins or stamps. 
Formula: 7 = NY 
Thus, 8 nickels have a total value = 8(5) = 40¢, 
20 3-cent stamps have a total value = 20(3) = 60¢. 


Note: In 7 =NV, T and V must have the same unit of money; that is, if V is in dollars 
then 7 must be in dollars. 


8.1. Finding Total Values 


Find the total value in cents of each of the following: 


a) 3 nickels and 5 dimes. Ans. a) 3(5) + 5(10) = 65 

5) q quarters and 7 nickels. Ans. b) 25q + 7(5) = 259 + 35 
c) 8 2-cent and ¢ 3-cent stamps. Ans. c) 8(2) + 3t = 3¢ +16 

d) ~ 4-cent and (x+5) 6-cent stamps. Ans. d) 4x + 6(x+5) = 10x + 30 


8.2. Representation in Coin or Stamp Problems 


Write the expression that represents the total value in cents of each; then simplify it: 


Representation In Simplified Form 
a) n dimes and (n+3) quarters. Ans. a) 10n + 25 (n+3) 35n + 75 
b) n nickels and (2n —3) half-dollars. Ans. b) 5n + 50(2n—3) 105n — 150 
c) n 2-cent and 2n 1z-cent stamps. Ans. ¢) 2n + 2n(12) 5n 
d) n 6-cent and (3n —10) 12-cent stamps. Ans. d) 6n + 12(3n—10) 42n — 120 


8.3. Using One Equation in Coin or Stamp Problems 
Express each statement as an equation; then find n and the number of each coin or stamp: 
a) The total value of n dimes and 2n nickels is $2.40. 
6) The total value of n nickels and (n—3) quarters is $7.65. 
c) The value of (n+5) dimes is three times n nickels. 
d) The value of n 2-cent and (n+3) 3-cent stamps is 2¢ more than (n—1) 6¢ stamps. 


Ans. Equations Number of Each Coin or Stamp 
a) 10n + 5(2n) = 240 12 dimes and 24 nickels 
b) 5n + 25(n—3) = 765 28 nickels and 25 quarters 


c) 10(n+5) = 3(5n) 10 | 10 nickels and 15 dimes 
d) 2n + 3(n+3) = 6(n—1) + 2 | 13 | 13 2-cent, 16 3-cent and 12 6-cent stamps 


8.4. Using Two Equations in Coin or Stamp Problems 


Using x for the value in ¢ of the first kind of coin and y for the value in ¢ of the second, 
obtain two equations for each problem; then find the kind of coins. 


Equations 
a) The value of 5 of the first kind and 6 of the second is 85¢. Ans. a) 5x + by = 85 
Each second coin has twice the value of each first. y = x 


x= 5, y = 10 
NICKELS and DIMES 
b) The value of 4 of the first kind is 85¢ less than 5 of the second. Ans. b) 4x Sy — 85 
The value of 2 of the first kind and 4 of the second is $1.20. ax + 4y = 120 


x=10, y = 25 
DIMES and QUARTERS 


H 


144 PROBLEM-SOLVING 


8.5. Complete Solution of Coin Problem 
In his coin bank, Joe has three times as many quarters as nickels. If the value of the quar- 
ters is $5.60 more than the value of the nickels, how many of each kind does he have? 


Solution: Let n = the number of nickels. NV =T 
Number of Coins | Value of Each in (¢) | Total Value in ¢ 
nickels n 5n 
quarters 3n 75n 


The value of the quarters is $5.60 more than the value of the nickels. 
75n = 5n + 560, n=8, 3n= 24. Ans. 8 nickels, 24 quarters 


8.6. Complete Solution of a Change Problem 
Is it possible to change a $10 bill into an equal number of half-dollars, quarters and dimes? 
Solution: Let the no. of half-dollars, the no. of quarters and the no. of dimes, each be represented 
by n. The combined value is $10. 
Then, 10n + 25n + 50n = 1000, 85n = 1000, n= 1143 


Ans. Impossible, the number of coins must be a whole number. 


8.7. Complete Solution of a Fares Problem 
On a trip, the fare for each adult was 50¢ and for each child 25¢. The number of passengers 
was 30 and the total paid was $12.25. How many adults and children were there? 
Solution: Let a = the no.of adults and c = the no. of children. 
Then, 50a+ 25c = 1225 
atc = 30 
Solving, a=19,c=11. Ans. 19 adults, 11 children 


il 


9. COST AND MIXTURE PROBLEMS 
The total value (T) of a number of units of the same kind equals the number (N) of the 
units multiplied by the value (V) of one of the units. 
Formula: T= NV 


Thus, the total value of 5 books at 15¢ a book = 5(15) or 75¢. 
The total value of 6 tickets at 50¢ each and 5 tickets at 25¢ each = 6(50) + 5(25) or 425¢. 


Coin or Stamp Problems 


The coin or stamp problems previously considered, are special cases of mixture problems. 
Stamps and coins may be "mixed" as coffees, teas, nuts and other items are mixed, 


Cost Problems 


When T=VNYV is applied to a cost problem, the formula C=NP should be used as follows: 


C = total cost of number of units of a kind 
C = NP «WN =number of such units 
P = price of each unit purchased 


Thus, the cost of 5 pencils at 8¢ a pencil = 5(8) or 40¢. 
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9.1. Representation in Mixture Problems: T = NV 


9.2. 


9.3. 


9.4. 


Write the expression that represents the total value in cents; then simplify it: 


Representation In Simplified Form 
a) n lb. of coffee valued at 90¢ a lb. and Ans. a) 90n + 105 (n+3) 195n + 315 
(n+38) lb. of coffee valued at $1.05 alb. 
b) 3 1b. of tea valued at $1.50 per lb. and Ans. b) 3(150) + 175n 175n + 450 
n lb. of tea valued at $1.75 per lb. a 
c) n stamps valued at 35¢ each and Ans. c) 35n + 50(20—n7) 1000 — 15n 
(20 —n) stamps valued at 50¢ each. 
d) d dozen pencils at $1.30 a dozen and Ans. d) 130d + 3(60) 130d + 180 


3 dozen pencils at 60¢ a dozen. 


Representation in Cost Problems 
Write the expression that represents the total cost in dollars; then simplify it: 


Representation In Simplified Form 
a) 10 tables priced at $5 apiece and Ans. a) 5(10) + 7.50n 7.5n + 50 
n tables at $7.50 apiece. 
b) n lb. of candy priced at 65¢ a lb. and Ans. b) .65n + 1.45(30—n) 43.5 — .8n 
(30—n) lb. of candy at $1.45 a Ib. 
c) q at. of cream at 35¢ a at. and Ans. c) .85q + .42(2q+3) | 1.199 + 1.26 


(2q+3) qt. of cream at 42¢ a at. 


Translation in Value and Cost Problems 
Express each statement as an equation; then find n and the number of each kind: 
Equation 
a) The cost of n lb. of coffee at 95¢ a lb. and Ans. 95n+110(25—n) = 2600, n=10 
(25—n) Ib. of coffee at $1.10 alb. is $26.00. 10 1b. at 95¢ and 15 1b. at $1.10 


b) The value of 40 tickets at 75¢ each and Ans. 40(75)+135n = 4080, n=8 
n tickets at $1.35 each is $40.80. 8 tickets at $1.35 


c) The cost of n lb. of cookies at 80¢ alb. and Ans. 80n+160(2n—3) = 1520, n=5 
(2n—3) lb. of cookies at $1.60 alb. is $15.20. 5 lb. at 80¢ and 7lb. at $1.60 


d) The value of n dollar bills, (n +10) five-dollar Ans. Indollars: n+5(n+10)+10(3n—2) = 174, n=4 
bills and (3n—2) ten-dollar bills is $174. 4 $1 bills, 14 $5 bills, 10 $10 bills 


Complete Solution: Blending Coffee Problem 


A coffee merchant blended coffee worth $.93 a lb. with coffee worth $1.20 a lb, The mixture 
of 30 lb. was valued by him at $1.02 alb. How many lb. of each grade of coffee did he use? 


Solutions: Method 1, using one letter. Method 2, using two letters 
Value Total Value Total 
per Jb. (¢) Value (¢) per Ib. (¢) Value (¢) 
cheaper 93 93x cheaper 93 93x 
better 120 120(30--x) | better 120 y 120y 
mixture 102 3060 mixture 102 30 3060 
93x + 120(30—x) = 3060 93x +120y = 3060 93x+120y = 3060 
93x + 3600 —120x = 3060 Mos xty = 30 93x + 93y = 2790 
x= 20, 30—x=10 Subtract: 2Ty = 270 
Ans. 201b. of $.93¢ coffee and 101b. of $1.20 coffee y = 10, x= 20 
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9.5. Complete Solution: Selling Tickets Problem 


At a game, tickets were bought at 30¢, 50¢ and 75¢ each. The number of 50¢ tickets was 
three times the number of 30¢ tickets and ten less than the number at 75¢. The receipts amount- 
ed to $88.50. How many of each were sold? 


Solution: 
Let n = the number of tickets at 30¢ each 
3n = the number of tickets at 50¢ each 
3n +10 = the number of tickets at 75¢ each. 
Hence, 30n + 50(3n) + 75(3n+10) 8850 
302 + 150n + 225n + 750 8850 or 405n = 8100 
n= 20, 3n= 60, 32+10 = 70 Ans. 20 at 30¢, 60 at 50¢, 70 at 75¢ 


iH 


10. INVESTMENT OR INTEREST PROBLEMS 
Annual interest (/) equals the principal (?) multiplied by the rate of interest (R) per year. 
Formula: /= PR 
Thus, the annual interest from $200 at 6% per year is (200)(.06) or $12. 


Note. Unless otherwise stated, the rate of interest is the rate per yr.; that is, "5%" 
means "5% per yr.". 


10.1. Representation in Interest Problems: / = PR 


Write the expression that represents the annual interest in dollars earned by each principal; 
then simplify it: 


__Representation _|_ In Simplified Form_ 
a) $2000 at 4% and $(P+200) at 3%. Ans. .04(2000) + .03(P +200) .03P +86 
b) $P at 2% and $2P at 53%. Ans. .02P +.0523(2P) .13P 
c) $P at 3% and $(2P—400) at 6%. Ans. .03P +.06(2P—400) 15P — 24 
d) $P at 7%, $2P at 5% and $3P at 3%. Ans. .07P +.05(2P) +.03(3P) .26P 


10.2. Translation in an Interest Problem 
Express each statement as an equation; then solve and state each principal: 
Equation 


a) The total annual income from $500 at Ans. a) .04(500)+.05P = 55, P = 700 


4% and $P at 5% is $55. $700 at 5% 

b) The total annual income from $P at 3% Ans. b) .03P +.02(5000—P) = 120, P = 2000 
and $(5000—P) at 2% is $120. : $2000 at 3% and $3000 at 2% 

c) The annual interest from $P at 3% equals Ans. c) .03P = .05(P— 2000), P = 5000 
that from $(P—2000) at 5%. $5000 at 3% and $3000 at 5% 

d) The annual interest from $2P at 5% ex- Aas. d) .05(2P) = .03(3P)+ 25, P = 2500 
ceeds that from $3P at 3% by $25. $5060 at 5% and $7500 at 3% 


e) The total annual interest from $P at 6%, Ans. e) .06P +.05(2P) +.04(2P—300) = 180, P = 800 
$2P at 5% and $(2P—300) at 4% is $180. $800 at 6%, $1600 at 5%, $1300 at 4% 
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10.3. Complete Solution: Ratio in an Interest Problem 
Mr. White invested two sums of money in the ratio of 5:3. The first sum was invested at 
4% and the second at 2%. The annual interest from the first exceeds that of the second by $56. 
How much was each investment? 


ul 


Solution: Since the ratio is 5:3, let 5x = first investment in $ 


and 3x = second investment in $. 
($) Rate of Annual .04(5x) = .02(3x) + 56 
Principal | Interest | Interest ($) 20x = .06x +56 
First Investment 5x .04 (5x) x = 400, 5x = 2000, 3x =1200 
Second Investment 3x .02(3x) Ans. $2000 at 4%, $1200 at 2% 


10.4. Alternate Methods in an Investment Problem 
Mr. White invested $8000, part at 5% and the rest at 2%. The yearly income from the 5% 
investment exceeded that from the 2% investment by $85. Find the investment at each rate. 


Solutions: Method 1, using one letter Method 2, using two letters 
($) | Rate of Annual ($) Rate of | Annual 
Principal | Interest | Interest ($) Principal | Interest | Interest ($) 
ist x 05% 1st x .05 05x 
2nd (8000—x) | .02(8000—x) 2nd .02 .02y 
Ming =.05x —.02(8000 —x) = 85 M, x+y = 8000 
5x —2(8000—x) = 8500 Mioo §=.05x —.02y = 85 
5x — 16,000 + 2x = 8500 2x + 2y = 16,000 
Tx = 24,500 Add: 5x —2y = 8,500 
x = 3500, 8000—x = 4500 x = 24.500 
x = 3500, y = 4500 


Ans. $3500 at 5%, $4500 at 2% 


10.5. Alternate Methods in a Profit and Loss Investment Problem 
Mr. Brown invested a total of $4000. On part of this he earned 4%. On the remainder he 
lost 3%. Combining his earnings and losses, he found his annual income to be $55. Find the 
amounts at each rate. 


Solutions: Method 1, using one letter Method 2, using two letters 
($) Rate of Annual ($) Rate of | Annual 
Principal | Interest Interest ($) Principal | Interest | Interest ($) 

1st x 04x 1st x .04 04x 

2nd 4000—x —.03(4000-—x) 2nd y —.03 | —.03y 
Minn §=.04x —.03(4000—x) = 55 M, xty = 4000~>3x+3y = 12,000 
4x —3(4000—x) = 5500 Mino .04x —.03y = 55—+4x—3y = 5,500 

7x — 12,000 = 5500 
Tx = 17,500 
x= 2500, 4000 xh 1500 x= 2500 y= 1500 


Ans. Eatnings on $2500 at 4%, losses on $1500 at 3%. 
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10.6. Complete Solution: Adding a Third Investment 


Mr. Black has $3000 invested at 3% and $1000 at 4%. How much must he invest at 6% so 
that his annual income will be 5% of the entire investment? 


Solution: 


Let x = the principal to be added at 6%; then 
4000 + x = the entire principal at 5%. 
.03 (3000) + .04(1000) + .06% = .05(4000+x) 
90 + 40 + .06x% = 200 + .05x 


x 


7000 Ans. $7000 at 6% 


11. MOTION PROBLEMS 


The distance (D) traveled equals the rate of speed (R) multiplied by the time spent trav- 
eling (7). 
dD dD 
Formula: D = RT Other Forms: R = Te i R 
Thus, the distance traveled in 5 hr. at arate of 30 mph is 150 mi., 


and the distance traveled in 5 sec. at arate of 30ft.persec. is 150 ft. 


Note. In using D=RT7, units for rate, time and distance must be in agreement. 
Thus, if the rate is in miles per hour (mph), use miles for distance and hours fortime. 


Uniform and Average Rates of Speed 


Unless otherwise stated "rate of speed" or simply "rate'' may be taken to mean (1) uni- 
form rate of speed or (2) average rate of speed. 


(1) A uniform rate of speed is an unchanging or fixed rate of speed for each unit of time. 
Thus, a uniform rate of 40 mph for 3 hr. means that 40 mi. was covered during each 
of the 3 hours. 


(2) An average rate of speed is a rate that is the average per unit of time for changing 
rates of speed. 
Thus, an average rate of 40 mph for 3 hr. may mean the average rate in a Situation 


where 30mi. was covered during the first hr., 40 mi. during the second hr. and 
50 mi. during the third hr. 


11.1. Representation of Distance: 


Write the expression that represents the distance in miles traveled; then simplify it: 


Representation | In Simplified Form 
a) In 5hr. at 20 mph and in 6hr. more at R mph. Ans. 5(20)+6R 6R + 100 
b) In 6hr. at 45mph and in 7’ hr. more at 50 mph. Ans. 6(45)+ 50T 507 + 270 
c) In T hr. at 40 mph and in (10—7) hr. more at 30mph. Ans. 407+30(10—7) 107 + 300 
d) In 2hr. at Rmph and in 30min. more at 20 mph. Ans. 2R + 3(20) 2R +10 
e) In 4hr. at R mph and in 8hr. more at (R+10) mph. Ans. 4R + 8(R+10) 12R + 80 
f)In5 min. at R mi. permin. and inlhr.more at 3mi. Ans. 5R + 60(3) 5R +180 


per min. 
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11.2. Representation of Time: 7 = g 


Write the expression that represents the time in hr. needed to travel; then simplify it: 


Representation | In Simplified Form 
a) 100 mi. at 20 mph and 80 mi. farther at R mph. Ans. a) 100 + $0 5 + 2 
, ‘ ; 120 D D 
b) 120 mi. at 30 mph and / mi. farther at 20 mph. Ans. b) “ap tui 4 + TT 
; ; , 60 , 80 60 , 2 
c) 60 mi. at R mph and 80 mi. farther at 2 mi. per min. Ans. c) eo 190 R + 3 


11.3. Separation Situation: 
Two travelers start from the same place at the same time and travel in opposite directions. 
Two planes leave the same airport at the same time and fly in opposite directions. The 


speed of the faster plane is 100 mph faster than the slower one. At the end of 5hr., they are 
2000 miles apart. Find the rate of each plane. 


Solutions: 2000 mi. 
5 (r-+100) ——_————_ e-———_——_ 5 
ALTERNATE METHODS OF SOLUTION 
Method 1 Method 2 
(mph) | (hr.) | D (mi.) (mph) | (hr.) (mi.) 
Rate Distance Rate of | Time of Distance of 
faster ‘plane r+#100 5 5 (r +100) Separation | Separation | Separation 
slower plane r 5 or R 5 2000 
The sum of the distances equals 2000 mi. Here, R is the rate at which the twoplanes 
Sr + 5(r+100) = 2000 are separating from each other! 
5r + 5r + 500 = 2000 5R = 2000, R = 400 
10r = 1500 Hence, the rate of separation is 400 mph. 
r=150, r+100 = 250. Since 400 mph is the sum of both rates, 
r +(r+100) = 400 
r=150, r+100 = 250 


Ans. The rates are 150 mph and 250 mph. 


11.4. Separation Situations: Start 


In each of the following, two travelers start from the —______—____—> 
same place at the same time and travel in opposite \ ) 
directions. Using the letter indicated, express each 

statement as an equation; then solve and find each Distance Apart 

quantity represented: 


a) After 5hr., both are 300 mi. apart, one going 40mph Ans. a) 5R + 5(R+40) = 300, R=10 
faster. Find the rate of the slower, using R in mph. Slower rate is 10 mph. 

b) At speeds of 40 mph and 20 mph, both travel until they Ans. b) 407 + 20T = 420, T=7 
are 420 mi. apart. Find time of each, using 7 in hr. Time for each is 7hr. 


at the end of 3hr. Find their repective rates in mph, Faster rate is 84 mph. 
using 7x and 3x for these. Slower rate is 36 mph. 


c) At speeds in the ratio of 7:3, both are 360 mi. apart Ans. c) 3(7x) + 3(3x) = 360, x=12 
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: Start Meet Start 
11.5. Closure Situation: 


Two travelers start from distant points at the same 
time and travel toward each other until they meet. Distance Apart (at start) 


A car leaves Albany en route to New York at the same time that another car leaves New 
York for Albany. The car from Albany travels at an average rate of 40 mph, while the other 
averages 20mph. If Albany and New York are 150 mi. apart, how soon will the cars meet and 
how far will each have traveled? 


Solutions: 
ALTERNATE METHODS OF SOLUTION 
ALBANY Method 1 Method 2 
(mph) | (hr.) (mi.) (mph) | (hr.) (mi.) 
Rate | Time | Distance Rate of Time of | Distance 
from ALBANY 40 T 40T Closure Closure | of Closure 
150mi. from NY, 20 T 20T (40+20) or 60 
The sum of the distances is 150 mi. Here, the cars are coming together 
407 + 20T = 150 at a rate of closure of 60 mph! 
607 = 150 Hence, 60T = 150 
NEW YORK Pee T = 24 


Ans. The cars will meet in 23 hr. The Albany car will have traveled 100 miles and the New 
York car 50 miles. 


11.6. Closure Situations: 
In each of the following, two travelers start from 
distant places at the same time and travel toward 


Start Meet Start 
each other until they meet. 
Using the letter indicated, express each state- 
ment in an equation; then solve and find each quantity 
represented: 
a) Starting 600 mi. apart, they meet in 10 hr., one trav- Ans. a) 10R +10(R+20) = 600, R= 20 
eling 20 mph faster. Find the rate of the slower in Slower rate is 20 mph. 


mph, using R for this. 


b) Starting 420 mi. apart, they travel at rates of 27mph Ans. b) 217 + 33T = 420, T=7 
and 33mph. Find the time of each in hr., using T Time for each is Thr. 
for this. 


c) Starting 560 mi. apart, they travel for 4hr., one rate Ans. c) 4R + 4(4R) = 560, R= 28 
being four times the other. Find the rate of the Slower rate is 28 mph. 
slower in mph, using R for this. 


d) Starting 480 mi. apart, they travel at rates in the Ans. d) 4(3x) + 5(4x) = 480, x=15 
ratio of 4:3. They meet in 5hr. The slower is Slower rate is 45 mph. 
delayed for Ihr. along the way. Find the rates of Faster rate is 60 mph. 
speed in mph, using 4x and 3x for these. 


11.7. 


11.8. 
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Round Trip Situation: 
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A traveler travels out and back to the starting place along the same road. 


Henry drove from his home to Boston and back again along the same road in atotalof 10 hr. 
His average rate going was 20 mph while his average rate on the return trip was 30mph. How 
long did he take in each direction and what distance did he cover each way? 


Solutions: 
ALTERNATE METHODS OF 
Boston 
= Method 1, using D = RT 
(mph) (mi.) 
Out] Back Distance 
going 20 20T 
return 30 30 (10 —T) 
Home 


The distance out equals the distance back. 


207 = 30(10-T) 
20T = 300—30T 
50T = 300 

T= 6, 10-T=4 


Ans. Henry took 6hr. going and 4hr. back in going 120 mi. 


Round Trip Situations: 


In each Situation, a traveler travels out and back to 
the starting place along the same road. 


Using the letter indicated, express each statement 
as an equation; then solve and find each quantity repre- 
sented. 


a) A traveler required a total of 12hr. on a round trip, 
averaging 20 mph out and 30mph back. Find the time 
in hr. going, using T for this. 


b) A traveler took 2hr. more to travel back than to go out, 
averaging 50mph out and 45mph back. Find the time 
in hr. going, using T for this. 


c) A traveler traveled to his destination at an average 
rate of 25mph. By traveling at 5mph faster, he took 
30 minutes less to return. Find his time in hr. going 
out, using T for this. 


d) After taking 5hr. going out, a traveler came back in 
3hr. at a rate that was 20mph faster. Find the aver- 
age rate going in mph, using R for this. 


e) After taking 5hr. going out, a traveler came back in 
3hr. at a rate that was 20mph faster. Find the dis- 
tance either way in mi., using D for this. 


SOLUTION 


Method 2, using T = f 
going 20 
return 30 D 
The total] time is 10 hr. 
D dD _ - 
Meo 20 + 30 7 10 L.C.D = 60 
3D + 2D = 600, 5D = 600 
D = 120 
each way. 
Start Out 


Ans. 


Ans. 


Ans. 


Ans. 


. a) 20T = 30(12-T), T=7.2 


Time out was 7.2hr. 


b) 50T = 45(7T+2), T =18 
Time out was 18 hr. 


c) 25T = 30(T-2), T=3 
Time out was 3hr. 


d) 5R = 3(R+20), R=30 
Rate out was 30 mph. 


D 
e) 3 = 


oly 


+ 20, D=150 
Each distance was 150 mi. 
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11.9. Gain or Overtake Situation: 


11.10. Gain or Overtake Situations: 
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First Messenger 


After a traveler has begun his trip, a second one starts from 

the same place and, going in the same direction, overtakes 

the first. 

A messenger going at 30 mph has been gone for 3hr. Another messenger, sent to overtake 
him, travels at 50mph. How long will it take the second messenger to overtake the first and 
what distance will he cover? 


Second Messenger 
(starts 3 hr. later) 


Solutions: 
ALTERNATE METHODS OF SOLUTION 
Method 1 Method 2 
(mph) (mi.) (mph) (hr.) (mi.) 
Distance Rate of Time of | Distance to 
First 30 | T+3| 30(T+3) Gain Gain Gain 
Second 50 507 (50 — 30) or 20 3(30) or 90 
The distances are equal. Here the second messenger is gaining at the 
30(7T+3) = 50T rate of 20mph. The first has a head start of 90 mi. 
307+90 = 507, 90= 20T since he started 3 hr. earlier and his rate was 30 mph. 
4, = T 20T = 90 
T = 43 


Ans. To overtake the first, the second messenger must take 43 hr. and cover 225 mi. 


Z : Start Overtake 
In each of the following, after a traveler has begun his trip, a o—$— __—_—_—_» 


second traveler starts from the same place and, going in the same ‘ ; 

direction, overtakes the first. 

Using the letter indicated, express each statement as an equation; then solve and find 
each quantity represented: 

a) Their speeds are 20mph and 40mph. The second Ans. a) 20(T+3) = 407, T=3 
starts 3hr. later. Find the time of the second in hr., Time of second is 3 hr. 
using T for this. . 

b) The second starts 3hr. later and travels 6 mi. an hr. Ans. b) 11R = 8(R+6), R=16 
faster to overtake the first in 8hr. Find the rate of Rate of first is 16 mph. 
the first in mph, using R for this. 

c) The second travels 9 mph slower than twice the speed Ans. c) 62R = 4(2R—9), R= 24 
of the first and starts out 23 hr. later, overtaking in Rate of first is 24 mph. 
4hr. Find the rate of the first in mph, using R for this. 


11.11. Motion Problem: A Trip in Two Stages 


In going 1200 mi., William used atrain first andlater S'@" Train Change Plane Finish 
a plane. The train going at 30 mph took 2hr. longer than : | 
the plane traveling at 150 mph. How long did the trip take? 1200 mi. 


Solution: 
Rate (mph) | Time (hr.) | Distance (mi.) The total distance is 1200 mi. 
Plane trip 150 1507 307 + 60 + 1507 = 1200 
Train trip 30 30T + 60 1807 =1140, T= 6+thr. 


Ans. The trip took 14$hr., 64 by plane and 8+ by train. 
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12. COMBINATION PROBLEMS 


12.1. Cost Problems: Combining Prices or Numbers 


12.2. 
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Combination problems such as those included here are solved best by means of simulta- 
neous equations. In each of these problems, it is especially important to keep in mind that 


a letter may represent a number only. 


Thus, s may stand for the number of shirts, the number of dollars in the price of a shirt, 
the number of cents in the cost of laundering a shirt; but s may not stand for ''shirts”. 


a) Mr. Jones bought 5 shirts and 4 hats 
for $39. Later, at the same prices, 
he bought 4 shirts and 2 hats for $24. 
Find the price of each. 


Solution: 


a) Lets 
h 


Then, 


price of one shirt in $ 
price of one hat in $. 


5s + 4h = 39 
4s + 2h = 24, 


Solving, s=3 and A=6. 


i 


i] 


Ans. The prices were $3 per shirt and $6 
per hat. 


Motion Problems: Combining Rates or Times 
a) Mr. Ford covered 310 mi. by traveling 
for 4hr. at one speed and then for 5 hr. 
at another. Had he gone 5hr. at the 
first speed and 4hr.-at the second, he 
would have gone 320 mi. Find the two 
rates. 
Solution: 
a) Let r = first rate in mph 
R = second rate in mph. 
4r+ 5R = 310 
5r+ 4R = 320. 
Solving, r=40 and R = 30. 


Ans. The rates were 40 mph and 30 mph. 


b) Mr. Dodge paid $65 for a number of 
shirts at $5 apiece and a number of 
hats at $10 each. Had the shirts been 
$10 each and the hats $5 apiece, he 
would have paid $55. Find the num- 
ber of shirts and the number of hats 
purchased. 


Solution: 
b) Let s = no. of shirts 
hk = no. of hats. 
Then, 5s + 10A = 65 


10s + 5A = 55. 
Solving, s=3 and A=5. 


Ans. The number of shirts was 3 and the 
number of hats was 5. 


b) By going 20 mph for one period of time 

‘and then 30mph for another, Mr. Nash 

traveled 280 mi. Had he gone 10 mph 

faster throughout, he would have cov- 

ered 390 miles. How many hours did 
he travel at each speed? 


Solution: 


b): Let ¢ = first time in hr. 


T = second time in hr. 
20t + 307 = 280 
30¢ + 407 = 390. 


Solving, t=5 and 7=6. 


Ans. The times were 5hr. at one speed 
and 6hr. at the other. 
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12.3. Earnings Problems: Combining Rates of Pay or Times Worked 


a) A plumber and his helper received $30 
for their work when the plumber worked 
3hr. and his helper 5hr. Had each 
worked 2hr. longer, they would have 
earned $46. Find their hourly rates of 
pay. 


Solution: 
a) Let p = hourly rate of plumber in $ 
fh = hourly rate of helper in $. 
Then, 3p + 5h = 30 
5p + Th =, 46. 
Solving, p=5, h=3. 


Ans. Rates of pay were $5 per hr. for the 
plumber and $3 per hr. for the helper. 


b) The rate of pay for a plumber is $7per 
hr. and for his helper, $3 an hr. They 
received $53 for a certain job, the 
plumber working for one length of time, 
the helper for another. Had each re- 
ceived $1 per hr. less, they would have 
earned $42. Find the time worked by 
each. 


Solution: 
b) Let p = time worked by plumber in hr, 
h = time worked by helper in hr. 
Then, 7p + 3h = 53 
6p + 2h = 42. 
Solving, p=5, h=6, 


It 


Ans. Plumber worked 5hr. and helper 
worked 6 hr. 


SUPPLEMENTARY PROBLEMS 


Number Problems Having One Unknown 


1. Express each statement as an equation; then find the unknown: (1.1) 


a) The sum of n and 12 is 21. 
6) The result of adding m and 15 is 4m. 


"Equation Unknown 
Ans. a)n+12=21 n=9 
Ans. b)m+15= 4m m=5 


c) 27 is the difference obtained when p is subtracted from 40. Ans. c) 27 = 40—p p=13 


d) 20 increased by twice a is 32. 

e) 7 less than three times 6 is 23. 

f) Four times d exceeds 15 by d. 

g) The product of 3 and n+6 equals 20. 
h) 5 more than half of x equals 29. 


i) The difference between 15 and half of y is 6. 


Ans. d) 20+2a = 32 =6 
Ans. e) 3b—7 = 23 b=10 
Ans. f) 4d-15 = d d=5 
Ans. g) 3(n+6) = 20 n=% 
Ans. h) +5 = 29 % 
Ans.i) 15-4 = 6 y=18 


2. Check each statement as indicated: (1.2) 
a) Is 5 the correct number for "the result of adding a number Ans. a) 5+15 = 4(5) 
and 15 is four times the number"? 20 = 20 Yes. 
b) Is 11 the correct number for '7 less than three times the Ans. b) 3(11)—7 = 23 
number is 23''? 26 * 23. No. 
c) Is 2 the correct number for "the product of 3 and 6 more Ans. c) 3(6+2) + 20 
than a number equals 20''? 24# 20 No. 
d) Is 48 the correct number for "5 more than half a number Ans. d) #+5 2 29 


equals 29!''9 


29 = 29 Yes. 
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3. Find the number in each of the following: (1.3) 
a) Four times the number increased by 2 equals 30. Ans. a) 7 
b) Seven times the number less 6 equals 29. Ans. 6) 5 
c) The result of combining five times the number and the number is 24. Ans. c) 4 
d) If the number is added to 42 the sum is eight times the number. Ans. d) 6 
e) If twice the number is subtracted from 13, the remainder is 8. Ans. e) 23 


f) If twice the number is increased by 6, the result is the same as decreasing four Ans. f) 10 
times the number by 14. 

g) Five times the number minus 12 equals three times the number increased by 10. Ans. g) 11 

h) The sum of one-half the number and one-third the number is 15. Ans. h) 18 


Number Problems Having Two Unknowns 


4. If n represents a number, represent another number that is (2.1) 
a) 4 more than three times n. e) the sum of three times n and 20. 
b) 5 less than twice n. f) 40 reduced by twice n. 
c) one-half of n increased by 3. g) the product of (n+4) and 7. 
d) two-thirds of n decreased by 6. Ah) the quotient of (n — 2) and 4. 
Ans. a) 3n+4, b) 2n—5, es +3, d) 2n—6, e) 8nt+20, f)40—2n, g) T(nt4), h) = 
5. Express each statement as an equation; then find the numbers: (2.2) 
a) Two numbers are represented by n and (n—8). Ans. a)n = 3(n~8)—16, 20 and 12 
The first is 16 less than three times the second. 
5) Two numbers are represented by n and (30—n). Ans. b)n = 2(30—n)+ 6, 22 and 8 


The first is six more than twice the second. 


c) Two numbers are represented by n and 8n. Ans. c) 4n—-3n =15, 15 and 120 
Half the second exceeds three times the first by 15. 


6. Using s for the smaller number and ? for the larger, obtain two equations for each problem; then 
find 7 and s: (2.3) 
a) The sum of two numbers is 20. Their difference is 11. 
b) The sum of two numbers is 12. Twice the larger plus the smaller equals 21. 
c) The difference of two numbers is 7. The larger is one less than twice the smaller. 
d) Separate 50 into two parts such that the larger is nine times the smaller. 
e) Separate 42 into two parts such that the smaller is 3 less than one-half the larger. 


Ans. a)l+s = 20 byl+s =12 c)l-s=7 dylt+s = 50 e)l+s = 42 
l—s = 11 2l+s = 21 = 2s—1 l= 9s s=4£-3 
i=154, s=44 1=9, s=3 1=15, s=8 l=45, s=5 1=30, s=12 
7. Can you find two integers (2.4) 


a) whose Sum is 15 and whose difference is 5? 
b) whose sum is 20 and whose difference is 9? 
c) whose sum is 40 and the larger is 10 more than the smaller? 


Ans. @) Yes, 10 and 5. b) No, the numbers 143 and 535 are not integers. c) Yes, 25 and 15. 


Consecutive Integer Problems 


8. Using n for the first integer, represent (3.1) 
a) two consecutive odd integers and their sum. Ans. n, n+2; Sum = 2n+2 
b) four consecutive even integers and their sum. Ans. n, n+2, n+4, n+6; Sum=4n+12 
c) five consecutive integers and their sum. Ans. n, nt+1, n+2, n+3, n+4; sum = 5n+10 


d) six consecutive odd integers and their sum. Ans. n, n+2,n+4, n+ 6, nt+8, nt+10; Sum= 6n+30 


“ 
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9. Using n for the middle integer, represent (3.2) 
a) three consecutive odd integers and their sum. Ans. n—2,n, n+2; sum= 3n 
b) five consecutive integers and their sum. Ans. n—2, n—1, n, nt+1, n+2; sum=5n 


10. Using n, n+1 and n+2 for three consecutive integers, express each statement as an equation; 
then find the integers: (3.3) 
a) Their sum is 3 less than five times the first. 
b) The sum of the first and second is six more than the third. 
c) The sum of the first and third is 11 less than three times the second. 
d) Twice the sum of the first and second is 16 more than twice the third. 
e) Twice the third is 21 more than three times the sum of the first and second. 
f) The product of the second and third is 8 more than the square of the first. 


Ans. a) 38n+ 3 = 5n—3; 3,4,5 d) 2(2nt+1) = 2(n+2)+16; 9, 10, 11 
b) 2n+1 = (n+2)+6; 7,8,9 e) 2(n+2) = 3(2nt+1) + 21; —5, —4, —3 
c) In+2 = 3(nt1)—11; 10, 11, 12 f) (nt+1)(n+2) = n?+ 8; 2,3,4 


11. Using n, n+2 and n+4 for three consecutive odd integers, express each statement as an equa- 
tion; then find the integers: (3.4) 
a) Their sum is 45. : 
b) The sum of the first and second is 19 less than three times the third. 
c) Five times the sum of the first and third equals 18 more than eight times the second. 
d) Twenty times the sum of the second and third equals 3 more than the first. 
e) Twice the sum of the first and second equals four times the sum of the second and third. 
Ans. a) 8n+6 = 45; 18, 15,17 d) 20(2n+6) = n+3; —3, -1,1 
b) 2n+2 = 3(n+4) —19; 9, 11, 13 e) 2(2n+2) = 4(2n+6); —5, —3, -1 
c) 5(2nt+4) = 8(n+2)+18; 7,9, 11 


12. Can you find (3.5) 
a) three consecutive integers whose sum is 36? 
b) three consecutive odd integers whose sum is 33? 
c) five consecutive even integers whose sum is 60? 
d) five consecutive odd integers whose sum is 50? 


Ans. a) Yes; 11, 12, 13 b) Yes; 9, 11, 13 c) Yes; 8, 10, 12, 14, 16 
d) No. If n is used for the middle odd integer, 5n=50, n=10 which is not odd. 


Age Problems 


13. Represent the age of a person (4.1, 4.2) 
a)iny yr. if his present age is 50 yr. Ans. a) 50+y 
b) in 5 yr. if his present age is F yr. Ans. b) F +5 
c)in5 yr. if his age 10 yr. ago was S yr. Ans. c)S+10+5 or S+15 
d) 10 yr. ago if his present age is J yr. Ans. d) J —10 
e) y yr. ago if his present age is 40 yr. Ans. e) 40—y 


14. Using 5S and S to represent the present ages of a father and son, express each statement as an 
equation; then find their present ages: (4.3) 
a) In 7 yr., the father will be three times as old as his son will be then. 
b) 2 yr. ago, the father was seven times as old as his son was then. 
c) In 3 yr., the father will be 1 yr. less than four times as old as his son will be then. 
d) 9 yr. ago, the father was three times as old as his son will be 3 yr. hence. 
Ans. a) 5S+ 7 = 3(S+7); 35,7 c) 5S +3 = 4(S+3) —1; 40,8 
b) 5S — 2 = 7(S—2); 30,6 d) 5S — 9 = 3(S+3); 45,9 


15. 


16. 


Ans. a) J+C=45 6) J =C+10 
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Obtain two equations for each problem using J and C to represent the present ages of John and 
Charles respectively; then find their present ages: (4.4) 
a) The sum of their present ages is 45. 
John is-5 yr. older than Charles, 
b) John is 10 yr. older than Charles. 
12 yr. ago, John was three times as old as Charles was then. 
c) In 5 yr., John will be twice as old as Charles will be then. 
4 yr. ago, John was three times as old as Charles was then. 
d) At present John is six times as old as Charles. 
2 yr. hence, John will be ten times as old as Charles was 3 yr. ago. 
e) In 5 yr., John will be 25 yr. older than Charles will be then. 
2 yr.ago, John was seven times as old as Charles was last year. 


ec) J+5=2(C+5) d) J =6C e) J+5=(C+5)+25 
J—4 = 3(C—4) J+2=10(C—3) J—~2=1(C-1) 
31, 13 48,8 30,5 


J=C+5 
25, 20 


J~12= 3(C~12) 
27.17 


George is now 8 yr. older than Harry. Find their present ages if 

a) 14 yr, ago, George was twice as old as Harry was then. 

b) 2 yr. hence, George will be three times as old as Harry will be then. 
c) 5 yr. hence, George will be twice as old as Harry was 2 yr. ago. 


(4.5) 
Ans. a) 30, 22 
Ans. b) 10,2 
Ans. c) 25,17 


17. The sum of the present ages of Will and Sam is 60 yr. In 8 yr., Will will be 5 yr. older than three 
times as old as Sam was 3 yr. ago. (4.5) 
Ans. 42 and 18 {W¥+S=60 and W+8=3(S-3)+5} 

Ratio Problems 

18. Express each ratio in lowest terms: (5.1) 

a) 20¢ to 5¢ f) 50% to 25% k) 2 1b. to ¢ lb. 

b) 5 dimes to 15 dimes g) 15% to 75% 1) 2a da. to 37 da. 

c) 30 lb. to 25 lb. h) 33% to 17% m) 5 ft. to 4 ft. 

d) 202. to 14 oz. i) $2.20 to $3.30 n) zyd. to ig yd. 

e) 27 min. to 21 min. J) $.84 to $.96 0) 163 ft. to 52 ft. 
Ans. a)4 c)? e)# f)2 hy yt k) 2 m)20 0)3 

bs dF es iF LyF ny 

19. Express each ratio in lowest terms: (5.2) 

a) 1 yr. to 2 mo. e) 2yd. to 2 ft. i) 100 lb. to 1 ton 
b) 2 wk. to 5 da, f) 23 yd. to 2 ft. j) $2 to 25¢ 


20. 


Ans. 


Express each ratio in lowest terms: 


c) 3 da. to 3 wk. 
d) 3 hr. to 20 min. 


g) 13 ft. to 9 in. 
h) 2 lb. to 8 oz. 


e)3 g)2 
fyt hy4 


k) 2quarters to 3dimes 
1) 1 sq. yd. to 2 sa. ft. 


tise YS 


jp 8> 14 


(5.3) 


a) 20¢ to 30¢ to $1 
b) $3 to $1.50 to 25¢ 
c) 1 quarter to 1 dime to 1 nickel 
Ans. @) 2:3:10 ce) 5:2:1 
b) 12:6:1 d)1:4:7 


d) 1 da. to 4 da. to 1 wk. 

e) 2 da. to 9 hr. to 3 hr. 

f) 2 br. to 3 hr. to 15 min. 
e)4:3:1  g)50:5:1 £1) 8:2:1 
f)8:2:1 hk) 6:2:1 


g) 1 ton to 200 lb. to 40 Ib. 
h) 3 1b. to 1 1b. to 8 oz. 
iz) 1lgal. to 1 qt. to 1 pt. 
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21. Express each ratio in lowest terms: (5.4) 
a) 60 to 70 Ans. $ g).7to 2.1 Ans. + m)7z to 23 Ans. 3 
b) 84 to 7 Ans. 12 h) .36to.24 = Ans. + n) 1s to12 Ans $ 
c) 65 to 15 Ans. ® i) .002to .007 Ans. + o)5to+ Ans. 15 
d) 125to 500 dns. + j) 055 to .005 Ans. 11 p)+to3t Ans. 
e) 630 to 105 = Ans. 6 k) 6.4 to 8 Ans. .8 or qgv2to1% Ans. $ 
f) 1760 to 990 Ans. ¥ 1) 144 to 2.4 Ans. 60 r)ttogy Ans. 14 
22. Express each ratio in lowest terms: (5.5) 
a) x to 8x e) Tab to 71a? t)x to 4x to 10x 
b) 15e to 5 f) 48 to S? ]) l5y to 10y to dy 
c) 11d to 22 g) S° to 6S? k) x8 to x? to x 
d) 2nr to 7D h) Or? t to 6rt? 1) 12w to 10w to 8w to 2w 
d 2 b 4 5 3 
Ans. a) 5, b) 8c, ec), d) 5» eyes AR. BG hoe 
i) 1:4:10,  f)3:2:1, ky) x*:xe:1, 1) 6:5:4:1. 
23. Using x as their common factor, represent the numbers and their sum if (5.6) 
a) two numbers have a ratio of 5:4. Ans. a) 5x and 4x; sum=9x 
b) two numbers have a ratio of 9 to 1. Ans. b) 9x and x; sum=10x 
c) three numbers have a ratio of 2:5:11. Ans. c) 2x, 5x and 11x; sum=18x 


d) five numbers have aratio of 1:2:2:3:7. Ans. d) x, 2x, 2x, 3x and 7x; sum=15x 


24. If two numbers in the ratio of 7to 4 are represented by 7x and 4x, express each statement as an 


equation; then find x and the numbers: (5.7) 
a) The sum of the numbers is 99. Ans. a) 11x =99, x=9, 63 and 36 

b) The difference of the numbers is 39. Ans. b) 3x =39, x =18, 91 and 52 

c) Twice the smaller is 2 more than the larger. Ans. c) 8x = TIx+2, x= 2, 14 and 8 


d) The sum of the larger and one-half the smaller is 36. Ans. d) 7x+2x = 36, x=4, 28 and 16 


25. The perimeter of a triangle is 60 in. Find each side if (5.8) 
a) the sides are in the ratio of 5:4:3. 
6b) the sides are inthe ratio of 2:6:7. : 
c) two sides are in the ratio of 3 to 2 and the third side is 25 in. 


Ans. a) Using 5x, 4x and 3x for sides: 12x=60,x=5. Sides are 25in., 20 in., 15 in. 
b) Using 2x, 6x and 7x for sides: 15x = 60, x=4. Sides are 8 in., 24in., 28 in. 
c) Using 3x and 2x for sides; 5x = 35, x=. Sides are 21 in., 14 in., 25 in. 


26. The ratio of Fred’s money to Lee’s money is 5:2. How much does each have according to the 
following: (5.9) 
a) They will have equal amount if Fred gives Lee 24¢. 
b) Fred will have twice as much as Lee if Fred gives Lee 30¢. 


Ans. a) Using 5x and 2x; 5x—24 = 2x+ 24, x =16. Amounts are 80¢ and 32¢. 
b) Using 5x and 2x; 5x—30 = 2(2x+30), x=90. Amounts are $4.50 and $1.80. 


27. An estate of $8800 is to be divided among three heirs according to the conditions of a will. Find 
the amounts to be received if (5.10) 
a) the estate is to be divided in the ratio of 5: 2:1. 
b) one heir is to get $4000 and the others are to get the rest in the ratio of 7to 5. 


Ans. a) Using 5x, 2x and x; 8x = 8800, x=1100. Amounts are $5500, $2200, $1100. 
b) Using 7x and 5x; 12x = 8800—4000, x= 400. Amounts are $2800, $2000, $4000. 


28. 


PROBLEM-SOLVING 159 


The hourly wages of James and Stanley are in the ratio of 8:7. Find their hourly wages (5.11) 
a) if in 3 hours James earns 60¢ more than Stanley. 
b) if in 5 hours their combined earnings are $22.50. 


Ans. a) Using 8x and 7x; 3(8x) = 3(7x)+ 60, x= 20. Wages are $1.60 and $1.40 per hr. 
b) Using 8x and 7x; 5(8x+7x) = 2250, x= 30. Wages are $2.40 and $2.10 per hr. 


Angle Problems 


29. 


30. 


31. 


32. 


If two angles in the ratio of 5:4 are represented by 5x and 4x, express each statement as an equa- 

tion; then find x and the angles: (6.1) 

a) The angles are adjacent and form an angle of 45°. 

b) The angles are complementary. 

c) The angles are supplementary. 

d) The larger angle is 30° more than one-half the smaller. 

e) The smaller angle is 25° more than three-fifths the larger. 

f) The angles are the acute angles of a right triangle. 

g) The angles are two angles of a triangle whose third angle is their difference. 

h) The first angle is one of two equal angles of an isosceles triangle. The remaining angle of the 
triangle is half of the other angle. 


Ans. a) 5x+4x = 45, x=5, 25° and 20°. e) 4x = 3x +25, x= 25, 125° and 100°. 
b) 5x + 4x = 90, x=10, 50° and 40°. f) 5x+4x = 90, x=10, 50° and 40°. 
c) 5x + 4x = 180, x = 20, 100° and 80°. g) 5x+4x+x = 180, x=18, 90° and 72°. 
d) 5x = 2x+ 30, x=10, 50° and 40°. h) 5x + 5x + 2x = 180, x =15, 75° and 60°. 


If two angles are represented by a and 6, obtain two equations for each problem; then find the 

angles: (6.2) 

a) The angles are adjacent forming an angle of 75°. Their difference is 21°. 

b) The angles are complementary. One is 10° less than three times the other. 

c) The angles are supplementary. One is 20° more than four times the other. 

d) The angles are two angles of a triangle whose third angle is 50°. Twicethe firstaddedtothree 
times the second equals 300°. 


Ans. a)atb = 75 b)at+b = 90 c)at+b = 180 d)a+b = 130 
a—b= 21 a = 3b-10 a= 4b+ 20 2a+ 3b = 300 
48°, 27° 65°, 25° 148°, 32° 90°, 40° 


If three angles in the ratio of 7:6:5 are represented by 7x, 6x and 5x, express each statement 
as an equation; then find x and the angles: (6.3) 
a) The first and second are adjacent and form an angle of 91°. 

b) The first and third are supplementary. 

c) The first and one-half the second are complementary. 

d) The angles are the three angles of a triangle. 

e) The sum of the second and third is 20° more than the first. 

f) The second is 12° more than one-third the sum of the first and third. 


Ans. a) Ix+6x = 91, x=, 49°,42° and 35°. d) Ix+6x+5x = 180, x=10, 70°, 60° and 50°. 
b) Tx+5x = 180, x =15, 105°, 90° and 75°. e) 6xt+5x = 7x+20, x =5, 35°, 30° and 25°. 
c) Ix+3x = 90, x=9, 63°,54°and 45°. f) 6x = 4x 412, x =6, 42°, 36° and 30°. 


a) One of two complementary angles is 5° less than four times the other. Find the angles. (6.4) 
Ans. 19°,71° {If x is the other angle, x + (4x-5) = 90} 


b) One of two supplementary angles is 10° more than two-thirds of the other. Find the angles. 
Ans. 18°,102° {If x is the other angle, x + (4x%+10) = 180} 
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33. In a triangle, one angle is 9°less than twice another. The third angle is 18° more than twice their 
sum. Find the angles. (6.5) 
Ans. 33°, 21°, 126° {If x is the second angle, x+(2x—9)+ 6x = 180} 


Perimeter Problems 


34. The length and width of a rectangle are represented by / and 2/—20 (7.1) 
respectively. Express each statement as an equation; then find / B Cc 
and the dimensions of the rectangle. 2!—20 31-20 

a) The perimeter is 50 yd. 

b) The semi-perimeter is 22 in. A D 

c) A fence around the rectangle but not including BC-is 25 ft. 

d) If each dimension is increased 10 rd., the perimeter of the rectangle will be 72 rd. 

e) If the width is unchanged and the length is doubled, the perimeter will be 128 in. 

f) The rectangle is a square. 

g) The perimeter of a square having the width as a side exceeds the perimeter of an equilateral] 

triangle having the length as a side by 10ft. 


Ans. a) 6L—40 = 50, /=15, 15 yd. and 10 yd. e) 221) +2( 21-20) = 128, /=21, 21in. and 22in. 
b) 31—20 = 22, [=14, 14 in. and 8 in. f) | = 21-20, l= 20, 20 and 20. 
c) 51-40 = 25, 1=13, 13 ft. and 6 ft. g) 4(21-20) = 31+ 10, 1=18, 18 ft. and 16 ft. 
d) 2(2+10) + 2(21-10) = 72, 1=12, 12rd. and 4rd. 


iH 


Il 


35. Using b for the base and a for each of the equal sides of an isos- B (7.2) 
celes triangle, obtain two equations for each problem; then find AB 
and AC. a a 


a) The perimeter is 32. AB is 4 more than AC. 
b) The perimeter is 42. AB is 9 less tan twice AC. 
c) The perimeter is 28. The sum of twice AB and one-half of AC is 24. ; b 
d) If each of the equal sides is doubled, the new perimeter will be 43. 
If each of the equal sides is increased by 10, the new perimeter will be 45. 


Ans. a) 2a+b = 32 b) 2a+b = 42 c) 2at+bh = 28 d) 4a+b = 43 
a=b+4 a= 2-9 2a+4 = 24 2(at10) +b = 45 
AB =12, AC=8 AB =15, AC =12 ' AB=10, AC =8 AB=9, AC=7 
36. In a trapezoid having equal sides, the bases and sides are repre- RB x C (7.3) 
sented as shown in the adjoining diagram. Express each statement 
as an equation; then find x, AB and AD: x+2 x+2 
a) The perimeter is 49 in. 1 D 


b) The combined length of the upper and lower bases is 28 ft. : ax—-5 

c) A fence around the trapezoid not including CD is 19 yd. 

Ans. a) 5x—-1= 49, x=10, AB=12in., AD=15in., 56) 3x—5 = 28, x«=11, AB =13ft., AD =17ft. 
c) 4x—3=19, x=53, AB=7zyd., AD=6 yd. 


37. Three sides of a quadrilateral in the ratio of 2:3:5 are represented C (7.4) 
by 2x, 3x and 5x, respectively. If the base is 20, express each 
statement as an equation; then find x and AB. 


a) The perimeter is 95. Qx 
b) AD is 40 less than the combined length of the other three sides. 4 


c) BC is 12 less than the combined length of AD and AB. : 20 e 
d) The perimeter of triangle BCD exceeds that of triangle ABD by 22. 
Ans. a) 10x + 20 = 95, x= 73, AB =15 -  ¢) 8x = (2%4+20)-12, x=8, AB =16 


b) 20 = 10x—40, x=6, AB =12 d) 8x +18 = (2x+38)+ 22, x=7, AB =14 


38. 


39. 
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A piece of wire 72 inches long is to be used to make a wire model of an isosceles triangle. How 
long should the sides be if (7.5) 
a) the ratio of one of the equal sides to the base is 3:2? 

b) the base is to be 6 inches less than one of the equal sides? 


Ans. a) 27, 27 and 18 in. 6) 26, 26 and 20 in. 


The side of one square is 7 ft. longer than the side of another. (7.6) 
Find the sides of the squares if 

a) the sum of the two perimeters is 60 ft. 

b) the perimeter of the larger square is twice that of the smaller. 


Ans. a) 11 ft. and 4 ft. 6) 14 ft. and 7 ft. 


Coin or Stamp Problems 


40. 


41. 


42. 


43. 


Write the expression that represents the total value in cents of each; then simplify it: (8.1, 8.2) 


a) n nickels and (n—5) dimes. Ans. a) 5n+10(n—5); 15n — 50 

b) n dimes and (3n —10) quarters. Ans. b) 10n + 25(3n—10); 85n — 250 

c) n 3-cent and (2n+5) 2-cent stamps. Ans. c) 3n + 2(2n+5); Tn +10 

Express each statement as an equation; then find n and the number of each coin or stamp: (8.3) 


a) The total value of n nickels and 2n dimes is $1.25. 
6) The total value of n 2-cent and (n—3) 3-cent stamps is 91¢. 
c) The value of n quarters is $5.75 less than the value of (n+10) half-dollars. 
d) The value of n 6-cent stamps equals that of (2n—7) 10-cent stamps. 
Ans. a) 5n+10(2n) = 125, n=5, 5 nickels and 10 dimes 
b) 2n+ 3(n-3)=91, n= 20, 20 2-cent and 17 3-cent stamps 
c) 25n = 50(n+10) — 575, n= 3, 3 quarters and 13 half-dollars 
d) 6n = 10(2n—7), n=5, 5 6-cent and 3 10-cent stamps. 


Using x for the number of the first coin and y for the number of the second Coin, obtain two equa- 


tions for each problem; then find the number of each: (8.4) 
Equations No. of Coins 

a) John has 25 coins, nickels and half-dollars. Ans. xty = 25 13 nickels 
Their value is $6.65. ox + 50y = 665 12 half-dollars 

b) The value of a number of dimes and quarters is Ans. 10x + 25y = 205 8 dimes 
$2.05. If the quarters were replaced by nickels, 10x + Sy = 105 5 quarters 
the value would be $1.05. 

c) The value of a number of nickels and dimes is Ans. 5x + 10y = 140 14 nickels 
$1.40. If the nickels were replaced by dimes 10x + 5y = 175 7 dimes 
and the dimes by nickels, the value would be 
$1.75. 

d) The value of a number of nickels and quarters Ans. 5x + 25y = 325 15 nickels 
is $3.25. Ifthe number of nickels were increased 5 (x +3) + 25 (2y) = 590 10 quarters 


by 3 and the number of quarters were doubled, 
the value would be $5.90. 


Jack has a number of coins worth $4.05. The collection consisted of 5 more nickels than dimes, 
and the number of quarters was 3 less than twice the number of dimes. How many of each had 
he? (8.5) 
Ans. Using d for the number of dimes: 5(d+5)+10d+ 25(2d—3) = 405, d=7. 

12 nickels, 7 dimes, 11 quarters. 
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44. 


45. 


Is it possible to change a $20 bill into an equal number of nickels, dimes and quarters? If so, 
how many of each would be needed? (8.6) 
Ans. Yes. Using n for the number of nickels: 5n+10n+ 25n = 2000, n= 50. 

50 nickels, 50 dimes, 50 quarters. 


At a show, the price of admission for a child was 10¢ and for an adult 25¢. Find the number of 
each if (8.7) 
a) 40 were admitted and the total paid was $6.40. 

b) twice as many children as adults were admitted and the total paid was $4.05. 

c) 10 more children than adults were admitted and the total paid was $6.25. 

d) 15 more children than adults were admitted and the totals paid for each were equal, 


Ans. a) 24 children and 16 adults. {10c + 25(40—c) = 640, ¢ = 24} 
b) 18 children and 9 adults. {10(2a)+ 25a = 405, a=9} 
c) 25 children and 15 adults. {10(a+10)+ 25a = 625, a=15} 
d) 25 children and 10 adults. {10(a+15) = 25a, a=10} 


Cost and Mixture Problems 


46. Write the expression that represents the total value in cents; then simplify it: (9.1) 


47. 


48. 


49. 


a) n lb. of tea valued at $1.25 per lb. and 5 lb. of tea valued at $1.40 per Ib. 
b) n stamps valued at 50¢ each and (n— 8) stamps valued at 75¢ each. 

c) 2n notebooks at 10¢ each and (3n—5) notebooks at 15¢ each. 

d) d dozen pens at $3.25 a dozen and (2d+4) doz. pens at $2.80 a dozen. 


Ans. a) 125n +5 (140); 125n + 700 c) 10(2n)+15(3n—5); 65n — 75 
b) 50n + 75(n—8); 125n — 600 d) 325d + 280(2d+4); 885d +1120 
Write the expression that represents the total cost in dollars; then simplify it: (9.2) 


a) n souvenirs priced at $3 apiece and (n— 2) souvenirs priced at $1.50 each. 

b) 2n tickets at $3.30 each, 3 tickets at $4.40 each and n tickets at $1.60 each. 
ec) 12 chairs at $7 each, n chairs at $8.50 each and (2n+1) chairs at $10 each, 

d) n boxes of cards at $2.50 a box and (5n — 4) boxes at $3.75 a box. 


Ans. a) 38n+1.50(n—2); 4.51 — 3 c) 7(12) + 8.50n +10 (2n+1); 28.5n + 94 
b) 3.30(2n)+ 4.40 (5) + 1.60n; 10.4n d) 2.50n + 3.75 (5n—4); 21.25n — 15 
Express each statement as an equation; then find n and the number of each kind: (9.3) 


a) The cost of n lb. of tea at 85¢ a lb. and (10—n) 1b. of tea at 90¢ a Ib. is $8.80. 

b) The value of n tickets at 90¢ each and (3n+2) tickets at $1.20 each is $29.40. 

c) John’s earnings for n hr. at $1.70 per hr. and for (n —4) hr. at $2.40 per hr. is $31.40. 
d) The cost of (n+2) gifts at $8 each, 2n gifts at $10 each and n gifts at $15 each is $231. 


Ans. a) 85n + 90(10—n) = 880, n=4, 4 lb. at 85¢ and 6 lb. at 90¢. 
b) 90n +120 (3n+2) = 2940, n=6, 6 tickets at 90¢ and 20 tickets at $1.20. 
c) 170n + 240 (n —4) = 3140, n=10, 10 hr. at $1.70 and 6 hr. at $2.40. 
d) 8(n+2)+10(2n)+15n = 231, n=5, 7 gifts at $8, 10 gifts at $10 and 5 gifts at $15. 


A coffee merchant blended coffee worth 75¢ a lb. with coffee worth 95¢ a lb. How many lb.ofeach 
grade did he use to make (9.4) 


No. of Pounds 
75¢ grade, 95¢ grade 


a) a mixture of 30 lb. valued at 85¢ a lb? Ans. a) 15 |b., 15 lb. 
b) a mixture of 12 lb. valued at 80¢ a lb? Ans. b) 9 \b., 3 lb. 
c) a mixture of 24 lb. valued at 90¢ a lb? Ans. c) 6 lb., 18 lb. 


50. 
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At a game, tickets were sold at 25¢, 50¢ and 80¢ each. The number sold at 50¢ was 10 more than 
the number sold at 80¢. The total receipts were $16.50. (9.5) 


Find the number sold at each price 

a) if there were 20 sold at 25¢. 

b) if the number sold at 25¢ equalled the sum of the other tickets. 
c) if the number sold at 25¢ was 5 more than that at 50¢. 


Ans. a) 15 at 50¢, 5 at 80¢,20 at 25¢ { 20(25)+ 50(x+10)+ 80x = 1650, x=5} 
b) 15 at 50¢, 5 at 80¢, 20 at 25¢ {25 (2x+10) + 50(x+10) + 80x = 1650, x=5} 
c) 15 at 50¢, 5 at 80¢, 20 at 25¢ {25 (x +15) + 50(x+10) + 80x = 1650, x=5} 


Investment and Interest Problems 


51. 


52. 


53. 


54. 


55. 


56. 


Write the expression that represents the annual interest earned by each principal; (10.1) 
then simplify it: 

a) $1000 at 5%, $2000 at 3% and $P at 4%. Ans. a) .05 (1000) +.03(2000) +.04P; .04P +110 

b) $P at 2%, $2P at 5% and $7500 at 6%. Ans. b) .02P +.05(2P) +.06 (7500); .12P + 450 

c) $P at 3% and $(2P— 600) at 7%. Ans. c) .03P +.07(2P— 600); .17P — 42 


d) $P at 8%, $3P at 3% and $(P +2500) at 4%. Ans. d) .08P +.03(3P)+.04(P+ 2500); .21P+ 100 


Express each statement as an equation; then solve and state each principal: (10.2) 
a) The total annual income from $800 at 3% and $P at 4% is $56. 
b) The total annual interest from $P at 2% and $(P +2000) at 5% is $380. 
c) The annual interest from $P at 6% equals that from $(2P— 3000) at 5%. 
d) The annual interest from $2P at 32% exceeds that from $P at 5% by $40. 
Ans. a) .03(800)+.04P = 56, P = 800. $800 at 4% 
b) .02P +.05(P+2000) = 380, P = 4000. $4000 at 2%, $6000 at 5% 
c) .O6P = .05(2P—3000), P = 3750. $3750 at 6%, $4500 at 5% 
d) .033 (2P) = .05P + 40, P = 2000. $4000 at 32%, $2000 at 5% 


Mr. Baker invested two sums of money, the first at 5% and the second at 6%. State the amount 
invested at each rate if the ratio of the investments was (10.3) 
a) 3:1 and the interest from the 5% investment exceeded that from the 6% investment by $180. 

b) 4:3 and the total interest was $342. 


Ans. a) Using 3x and x, .05(3x)—.06x = 180, x= 2000, $6000 at 5% and $2000 at 6%. 
b) Using 4x and 3x, .05 (4x) +.06(3x) = 342, x=900, $3600 at 5% and $2700 at 6%. 


A total of $1200 is invested, partly at 3% and the rest at 5%. Find the amounts invested at each 
rate (10.4) 
a) if the total interest is $54. Ans. a) $300 at 3%, $900 at 5% 
b) if the annual interests are both equal. Ans. b) $750 at 3%, $450 at 5% 


c) if the annual interest from the 3% investment exceeds Ans. c) $800 at 3%, $400 at 5% 
that from the 5% investment by $4. 


On a total investment of $5400, Mr. Adams lost 4% on one part and earned 5% on the other. How 
large was each investment (10.5) 
a) if his losses equalled his earnings? Ans. $3000 at (—4%) and $2400 at 5% 
b) if his net income was $144? Ans. $1400 at (~4%) and $4000 at 5% 


Mr. Howard has $400 invested at 2% and $600 at 3%. State the amount he must invest at 6% so 
that his annual income will be a) 4% of the entire investment, 45) 5% of the entire investment. 
Ans. Using x for the added investment: (10.6) 
a) .02(400) + .03 (600) +.06x = .04(1000+~x), $700 to be added at 6% 
b) .02 (400) +.03 (600) +.06x = .05(1000+x), $2400 to be added at 6% 
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Motion Problems 


57. 


58. 


59. 


60. 


61. 


62. 


Write the expression, in simplified form, that represents the distance in miles traveled (11.1) 
a) in 7hr. at 20 mph and in 7 hr. more at 42mph. Ans. a) 7(20)+ 42T; 427 +140 
b) in 10 hr. at R mph and in 12hr. more at 10 mph. Ans. b) 10R +12(10); 10R +120 


c) in 7 hr. at 25 mph and in (7+8)hr. more at 15 mph. Ans. c) 257 +15(7+8); 407 +120 
d) in 5hr. at Rmph and in 34 hr. more at (2R+8)mph. Ans. d) 5R +35 (2R+8); 12R + 28 


Write the expression, in simplified form, that represents the time in hours needed to travel (11.2) 
a) 240 mi. at 40 mph and D mi. farther at 27 mph. Ans. a) "4042; 2 +6 

b) 100 mi. at R mph and 75 mi. farther at 15 mph. Ans. b) *99+ 12, 1 45 

c) Dmi. at 15 mph and 3D mi. farther at 45 mph. Ans. c) i + e : 2 


Aoi y AO: Sy B02 


d) 40 mi. at 4mi. per min. and 50 mi. farther at R mph. 240° R’ R 6 


Two trains leave the same terminal at the same time and travel in opposite directions. After 8 hr. 
they are 360 mi. apart. The speed of the faster train is 3mph less than twice that of the slower 
train. Find the rate of each train. (11.3) 


Ans. Using R for speed of slower train in mph, 8R + 8(2R—3) = 360, rates are 16 mph and 29 mph. 


In each situation, the travelers start from the same place at the same time and travel in opposite 
directions. Using the letter indicated, express each statement in an equation; then solve and find 
each quantity represented: (11.4) 


a) At speeds of 25 mph and 15 mph, they travel until they are 210 mi. apart. Find the time of each 
using 7 in hr. 

b) After 7hr., both are 707mi. apart, one going 39mph slower. Find the faster rate, using R in 
mph for this. 

c) At speeds in the ratio of 6:5, both are 308 mi. apart in 14hr. Find their respective rates, us- 
ing 6x and 5x in mph. for these. 


Ans. a) 257 +157 = 210, time is 54 hr. b) 7R + 7(R—39) = 707, faster rate is 70 mph. 
c) 14(6x)+14(5x”) = 308, ~=2, rates are 12mph and 10 mph. 


Two planes leave from points 1925 mi. apart at the same time and fly toward each other. Their 
average speeds are 225 mph and 325mph. How soon will the planes meet and how far wil] each 
have traveled? (11.5) 
Ans. Using T for the time of travel, 2257+ 3257 = 1925. Planes will meet in 3%4hr. 

The distances traveled will be 7872 mi. and 11372 mi. 


In each situation, the travelers start from distant places and travel toward each other until they 
meet. Using the letter indicated, express each statement in an equation; then solve and find each 
quantity represented: (11.6) 


a) Starting 297 mi. apart, they travel at 38 mph and 28mph. Find the time of each in hr., using 7. 

b) Starting 630 mi. apart, they meet in 5hr., one traveling 46 mph faster than the other. Find the 
tate of the faster in mph, using R for this. 

c) Starting 480 mi. apart, they meet in 6hr., one traveling five times as fast as the other. Find the 
rate of the slower in mph, using R for this. 


Ans. a) 387 + 287 = 297, time is 43 hr. 
b) 5R + 5(R—46) = 630, rate of faster is 86 mph. 
c) 6R + 6(5R) = 480, rate of slower is 134 mph. 


63. 


64. 


65. 


66. 


67. 
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A plane traveled from its base to a distant point and back again along the same route in a total of 
Shr. Its average rate going was 180 mph and its average rate returning was 300 mph, how long did 
it take in each direction and what was the distance covered each way? (11.7) 


Ans. Using T for the time in hr. going, 1807 = 300(8—T7), time going was 5hr. 
The distance covered each way was 900 mi. 


In each situation, a traveler traveled out and back to the starting place along the sameroad. Using 
the letter indicated, express each statement as an equation, then solve and find each quantity 
represented: (11.8) 


a) A traveler traveled out for 3hr. at an average rate of 44 mph and returned in 53 hr. Find the 
average rate returning in mph, using R. 

b) A traveler took 3hr. less to travel back than to go out. If he averaged 45 mph out and 54 mph 
back, find his time in hr. returning, using 7 for this. 


c) A traveler required a total of 8hr. for a round trip. If he averaged 24 mph out and 36 mph back, 
find his time in hr. returning, using 7 for this. 


d) After taking 3hr. going out, a traveler came back in 5hr., averaging 28 mph slower on the way 
back. Find the average rate going in mph, using R for this. 


Ans. a) 3(44) = 53R, rate returning 24 mph. c) 24(8-T) = 367, time back 3.2hr. 
b) 45(7+3) = 547, time back 15 hr. d) 3R = 5(R— 28), rate going 70 mph. 


A boat travels at 24mph. A patrol boat starts 3 hr. later from the same place and travels at 32mph 
in the same direction. How long will it need to overtake the first and what distance will it cover? 


Ans. Using T for the time of the patrol boat in hr., 327 = 24(T+3). (11.9) 
The time needed to overtake is 9hr. and the distance to cover is 288 mi. 


In each situation, after a traveler has begun his trip, a second traveler starts from the same place 
along the same road and, going in the same direction, overtakes the first. (11.10) 


a) The second starts 22 hr. later and travels for 6hr. at 34mph. Find the rate of the first in mph, 
using R for this. 


b) Their speeds are 15 mph and 24mph. The second starts 2hr. after the first. Find the time of 
the first in hr., using 7 for this. 


c) The first travels 18 mph slower than twice the speed of the second. If the second starts out 
2hr. later and overtakes the first in 5hr., find the rate of the second in mph, using R for this. 


d) The ratio of their rates is 4:5. The first was delayed 2hr. along the way and also made a de- 
tour of 10 extra mi. The second overtook the first in 6hr. after starting 4hr. later. Find their 
rates in mph, using 4x and 5~x for these. 


Ans. a) 8zR = 6(34); rate of first is 24 mph. 
b) 15T = 24(T—2); time of first is 54 hr. 
c) 7(2R—18) = 5R; rate of second is 14mph. 
d) 8(4x) —10 = 6(5x), x=5; rates are 20mph and 25 mph. 


On a trip, Phillip used a boat first and later a train. The boat trip took 3 hr. longer than the train 
ride. How long did the trip take if the speeds of the boat and train were (11.11) 
a) 20 mph and 30mph respectively and the trip was 210 mi.? 
b) 10 mph and 40 mph respectively and the trip was 255 mi.? 
Ans. Using T for the time of the train: 

a) 20(T+3) + 30T 210, 7=3, total time 9 hr. 

b) 10(7+3) + 407 = 255, T=42, total time 12hr. 


HH 
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Combination Problems 


68. 


69. 


70. 


71. 


72. 


Find the price of a shirt and the price of a hat in each problem: (12.12) 
a) 6 shirts and 8 hats cost $64. At the same price, 4 shirts and 1 hat cost $21. 
b) 3 shirts and 5 hats cost $65. If each price is increased by $1, 2 shirts and 6 hats would cost $78. 


Ans. Using s for the price of 1 shirt in $ and A/ for the price of 1 hat in $: 
a) 6s + 8h = 64 and 4s+h = 21. Prices are $4 per shirt and $5 per hat. 
b) 38s+5h = 65 and 2(s+1) + 6(A+1) = 78. Prices are $5 per shirt and $10 per hat. 


Find the number of lb. of each grade of tea in each problem: (12.15) 
a) A mixture of tea worth $1.20 a lb. and tea worth $1.80 a lb. is valued at $18. 

If the price per lb. of each grade is increased 30¢, the new value would be $21.30. 
b) A mixture of tea worth $1 a lb. and tea worth $1.40 a lb. is valued at $17. 

Had there been twice as many lb. of the second tea, the value would have been $24. 


Ans. Using n for the no. of lb. of the cheaper tea and N for the no. of lb. of the dearer tea: 
a) 120n+180N = 1800 and 150n+ 210N = 2130. 31b. at $1.20 and 8l1b. at $1.80. 
b) 100n +140N = 1700 and 100n+140(2N) = 2400. 101b. at $1 and 5lb. at $1.40. 


Find the two rates in each problem: (12.2a) 

a) By traveling for 5hr. at one speed and then for 3hr. at another, Mr. Hart covered 250mi. Had 
he traveled for two hours longer at each speed, he would have covered 370 mi. 

b) By traveling for 2hr. at one speed and then 7hr. at another, Mr. Hayes completed a trip of 258 
mi. Had the first rate been 10 mph faster and the second rate twice as fast, he would have 
gone 488 mi. 


Ans. Using r for the first rate in mph and R for the second rate in mph: 
a) 57+3R = 250 and 7r+5R = 370. Rates were 35 mph and 25 mph. 
b) 27+ 7R = 258 and 2(r+10)+ 7(2R) = 488. Rates were 24 mph and 30 mph. 


I 


Find the number of hours traveled at each speed in each problem: (12.2b) 

a) Mr. Ford completed 282mi. by going 22mph for one period of time and then 27 mph for another. 
Had he increased each speed 5mph, he would have covered 337 mi. 

b) Mr. Plymouth completed 420 mi. by going 15 mph for one period of time and then 36mph for an- 
other, Had he gone twice as fast during the first time and one-half as fast during the second, 
he would have gone 300 mi. 


Ans. Using t for the first time in hr. and 7 for the second time in hr.: 
a) 22¢+ 27T = 282 and 27¢+ 327 = 337. Times are 3hr. and 8hr. 
b) 15t+ 367 = 420 and 30t+ 187 = 300. Times are 4hr. and 1Ohr. 


a) Joseph and Richard earned $25.30 together when Joseph worked 4hr. and Richard 5hr. (12.3) 
Had each worked 1Lhr. longer, they would have been paid $31. Find their hourly rates of pay. 

b) Will and Robert earned $46.90 together for a certain job. Will was paid at the rate of $3.50 an 
hr. and Robert at the rate of $4.20 an hr. Had Will worked as long as Robert and Robert as long 
as Will, they would have earned $45.50. Find the time worked by each. 


Ans. a) Using r for Joseph’s hourly rate and R for Richard’s hourly rate, in ¢, 
4r+5R = 2530 and 57+6R = 3100. Rates were $3.20 and $2.50 per hr. 
b) Using ¢ for Will’s time of work and T for Richard’s time of work, in hr., 
3.50 + 4.207 = 46.90 and 4.20¢+ 3.507 = 45.50. Times were 5hr. and 7hr, 


Chapter 10 = SpECIAL PRODUCTS 


and FACTORING 


1, UNDERSTANDING FACTORS AND PRODUCTS 


A Product and Its Factors 
A product is the result obtained by multiplying two or more numbers. 


The factors of the product are the numbers being multiplied. 
Thus, 2, x and y are the factors of the product 2xy. 


To find the product of a monomial and a polynomial, multiply the monomial by every term 
of the polynomial. 


Thus, 3(4x+2y) = 12x + Gy. 


Two factors of any number are 1 and the number itself. 
Thus, 1 and 31 are factors of 31, while 1 and x are factors of x. 


A prime number is a whole number which has no whole number factors except 1 and itself, 
Thus, 2,5,17 and 31 are prime numbers. 


Note how products may be divided into factors or into prime factors: 


| Product | Factors | Prime Factors 


36 = 4°9 


36 = 6°6 
10a” = 10-a* 
2ax + 6a 2(ax + 3a) 


To factor a number or expression is to find its factors, not including 1 and itself, 
Thus, 2ax+6a may be factored into 2(ax+3a) or further into 2a(x+3), 
To factor a polynomial (2 or more terms) completely, continue factoring until the polyno- 
mial factors cannot be factored further. 
Thus, 2ax+6a may be factored completely into 2a(x+3). 


Note. Monomial factors need not be factored further. 


Thus, 6ax?+12x? may be factored completely into 6x2(a+2); 6 and x? need not be fur- 
ther factored. 


1.1. Finding the Product of Monomial Factors 


Find each product: 


a) 5°T+x Ans. a) 35x d) 4(3a)(10b) Ans. d) 120ab 
b) —3xxx Ans. b) — 3x8 e) (5%?) (—ily) Ans. e) —55x*y 
c) 8x7+x%.x* Ans. c) 8x® f) (2ab)(3ac)(4ad) Ans. f) 24a°bed 
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1.2. Finding the Product of Two Factors, a Monomial and a Polynomial 
Find each product: 
a) 4(a+b) Ans. 4a+4b d) —Tx(x—2) Ans. —Tx°+14x | g) 7r(rth) Ans. Tr? + T1rh 
b) y(wtz) Ans. wy+yz e) 3a7(3a—5) Ans. 9a°—-15a? hy a(w—y+l1) Ans. ax—ay+a 
c) 3(4y-1) Ans. 12y~3 | f) P(1+rn) Ans. P + Prn i) —3(at+tb—2) Ans. —3a—3b+6 


1.3. Finding Products Involving Fractions and Decimals 


Find each product: 
e 


a) 6(5+ 2) Ans. a) 30+ 3 = 33 f) 24(5 + 3) Ans. f) 12x + 8x = 20x 
b) 12¢4-+ 3) Ans. b) 4+9 = 13 g) 20(% —) Ans. g) 4x —5x = —x 
c) 14(10—=) Ans. c) 140-2 = 138 hy 9(E 2) Ans. h) 3x —2x = x 

d) 023 (1000-40) Ans. d) 25-1 = 24 i) .05(2000—x) Ans. i) 100—.05x 

e) .03(2000+250) Ans. e) 60+ 7.50 = 67.50 j) .034 (4000—2x) Ans. j) 140—.07x 


2. FACTORING A POLYNOMIAL HAVING A COMMON MONOMIAL FACTOR 


A common monomial factor of a polynomial is a monomial that is a factor of each term of 


the polynomial. 
Thus, 7 and a? are common monomial factors of Ta?x + 7a?y — Ta*z. 


The highest common monomial factor of a polynomial (H.C.F) is the product of all its 


common monomial factors. 
Thus, 7ab is the highest common monomial factor of Tabe + Tabd. 


To Factor a Polynomial Having a Common Monomial Factor 


Factor: Tax? +14bx2 — 21cx? 


Procedure: Solution: 

1. Use the highest common monomial factor 1. H.C.F is 1x?, 
(H.C.F) as one factor: 

2. Find the other factor by dividing each 2. Divide each term by H.C. F: 
term of the polynomial by the H.C. F.: Tax? +14bx? — 21cx? 


= at 2b—3c 


1x2 


Hence, by factoring: 


Tax? + 14bx2 —2lex? = Tx2(at+2b—3c) 


Note. A fraction may be used as a common factor if it is the numerical coefficient of eachterm 


of the original polynomial. 
Thus, by factoring, 2% + zy = 2(xty). 


2.1. Factoring Polynomials Having a Common Monomial Factor 
Factor, removing the highest common factor: 
a) 5a—5b Ans. 5(a—b) | d) 9x*—9x Ans. 9x(x—1) g) TR? — Tr? Ans. 7(R? —r?) 


by) gh+ ak = Ans. £ (htk) e) x°+ 3x? Ans. x?(x2+3) | h) 5bx+10by—15b Ans. 5b(x+2y—3) 
c) 2ay—2by Ans. 2y(a—b)| f)S—Snd Ans. S(1—nd) | i) 4x9+8x?—24x Ans. 4x(x?+2x—6) 
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2.2. Factoring Numerical] Polynomials 


Evaluate each, using factoring: 


a) 7(14) — 63 (14) Ans. a) 14(7—62) = 14(2) = 7 

b) 6(82)+ 4 (82) Ans. b) 82(6+4) = 83(10) = 85 

c) 174(10) — 154(10) Ans. c) 10(17¢—-154) = 10(2) = 20 

d) .03(800) +.03 (750) — .03 (550) Ans. d) .03(800+750—550) = .03(1000) = 30 
e) .023(8500) — .022(7500) — .023( 1000) Ans. e) .023(8500 — 7500-1000) = .023(0) = 0 
f) 8.43%) + 5.3(3%) — 3.7(3%) Ans. f) 3°(8.4+5.3—3.7) = 3°(10) = 270 


3. SQUARING A MONOMIAL 


The square of a number is the product of the number multiplied by itself. The number is 
used twice as a factor. 
Thus, the square of 7 or 7? (T)(T) = 49. 
Also, the square of (~7) or (~7)? = (~7)(—7) = 49. 


Opposites have the same square. 
Thus, both (+7) and (—7) have the same square, 49; that is, (+7)* = (—7)*. 


To square a fraction, square both its numerator and its denominator. 


2 22 _ ,2,,2, 2% 4 
Thus, the square of 3 or (3) (4G) 32 7 9° 


2 
In general, (7) = ©. 
b b2 


To square a monomial, square its numerical coefficient, keep each base and double the 
exponent of each base. 
Thus, (5ab?)* = (5ab*)(5ab") or 25a7b°. 


3.1. Squaring Numbers 


Find each square: 


a) (+8) = Ans. 64 fy ay Ans. f) + k) (.002)* Ans. k) .000004 
b) (~8)? Ans. b) 64 zg) (- =) Ans. g) 1) (-1.2)? Ans. 1) 1.44 

c) (8)? Ans. c) .09 hy (42)? Ans. h) 12 m) (1.25)? Ans. m) 1.5625 
d) (—.3)° Ans. d) .09 i) (2 or (14)? Ans. i) 2 or 22 | n) (—.125)? Ans. n) .015625 
e) (—.07)* Ans. e) .0049 | j) (-14/9 Ans. j) 2 or 25.| 0) (—.101)? Ans. 0) .010201 


3.2. Squaring Monomials 


Find each square: 


a) (rr)? Ans. a) r® e) (2ab)? Ans. e) 4a7b? |i) (—8a?b?c)* Ans. i) 64a*b®c? 

b) (x*¥ = Ans. by x® | ff) (— 4x4)? Ans. f) 16%° =|’) (.1x7?)? Ans. j) .01x?°° 
a® 10 b? 254 t 2-250 

e) (a)? Ans.c) “S| gy (—25 9? Ans. g) |) GP Ans. k)* a 


u 
a1 22 
d) (ae Ans. d) or A) (- = w®)? Ans. h) 200 20 l) (—taty?)? Ans. Ll) aS. x14y20 
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3.3. Finding Areas of Squares: A = s* 


Find the area of a square whose side is 


a) 3 ft. Ans. a) 9 sq. ft. d) 8x Ans. d) 64x? 
b) 2 yd. Ans. b) 2 sq. yd. e) 1.5y? Ans. e) 2.25y4 
c) 1.3 mi. Ans. c) 1.69 sq. mi. f) 2m° Ans. f) tm? 


4, FINDING THE SQUARE ROOT OF A MONOMIAL 


The square root of a number is one of its two equal factors. 
Thus, the square root of 49 is either +7 or —7, since 49 = (+7)(+7) = (—7)(-—7). 


A positive number has two square roots which are opposites of each other; that is, they 
have the same absolute value but differ in sign. 


Thus, # has two square roots, either +2 or —4. 
36 6 6 


The principal square root of a number is its positive square root. 
Thus, the principal square root of 81is +9. 


The symbol 'v " is used to indicate the principal or positive square root of a number. 


Thus, 81 = 9, Vi: =~! 09 =.3. 


To find the principal square root of a monomial, find the principal square root of its nu- 
merical coefficient, keep each base and use half the exponent of each base. 


Thus, V 16y'8 = 4y%, 


The principal square root of a fraction is the principal square root of its numerator di- 
vided by the principal square root of its denominator. 


4/ 100 _ 10 x8 x4 
Thus, 121 ii V yay 


4.1. Finding Principal Square Roots 


Find each principal square root: 


a) ¥100 Ans. a) 10 e) va Ans. e) a® i) ¥906a2b? Ans. i) 30ab 
b) /2500 Ans. b) 50 ae Vabi? — Ans. f) a*b® i) V.09¢e7° Ans. j) .3c° 
c) ¥.0001 Ans. c).01 z) ¥100s?°° Ans. g) 10s®° k) V36r°® ~— Ans. k) 6r'® 
81 an 9 xi8 a 169 is 
d) a0 Ans. d) 35 h) 2 Ans. h) ; Ll) 10 Ans. 1) ze 


4.2. Finding Sides of Squares: s = VA 


Find the side of a square whoSe areais 


a) 49 sq. in. Ans. a) Tin. c) 25 sq. yd. Ans. c) 5 yd. e) 1.216 Ans. e) 1.18 
100 10 
b) .0004 sq. ft. Ans. b) .02 ft. d) 169a? Ans. d) 13a f) 169x272 Ans. f) 13xy 
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5. FINDING THE PRODUCT OF THE SUM AND DIFFERENCE OF TWO NUMBERS 


(xt+y)(x—-y) = x? —y? 
If the sum of two numbers is multiplied by their difference, the product is the square of 
the first minus the square of the second. 
Thus, (x+5)(x—5) = x?—25. 
Note below how the middle term drops out in each case. 
(1) Multiply (x+y) by (x—y): | (2) Multiply (a°+8) by (a°—8): | (3) Multiply 103 x 97: 


x+y a°+ 8 103 =100 + 3 
x—y a*—8 97=100-3 
x2 + xy a&+ 8a? 10,000 + 300 
—xy—y? — 8a°— 64 — 300-9 
Ans. x? —y? Ans. a® — 64 Ans. 10,000 —9 = 9991 


Note, in (3) above, a new method for multiplying 103x97. This process of multiplying the 
sum of two numbers by their difference is a valuable shortcut in arithmetic in such cases as 
the following: 


HT] 


(a) 33x 27 (30+3)(30—3) = 900-9 or 891 
(b) 23x1g = (2+2)(2—7) = 4-y or 33 
(c) 9.8x*10.2 = (10—.2)(10+.2) = 100—.04 or 99.96 


5.1. Multiplying the Sum of Two Numbers by their Difference 
Find each product: 


(First + Second) (First — Second) 1. (First)? 2. (Second) . Product (Ans.) 


a)( m+ TFT )\C m—- TY) m? 49 m? — 49 
b)( 8 + 3x )( 8 — 3x ) 64 9x? 64 — 9x? 
c)( lla + 5b )( lla— 55 ) 121a? ani 121a? -- 255? 
d)( x2 + y? YC x? = ye) xt y xt — y? 

e)( 1 + y*2® yo 1 — y4z® ) 1 vez 1 — y®2*? 
fyCab+ 3 yCab- 2 ) ab? 3 °° — 4 
g)( .2+ Sp )( .2 — gp ) 04 aP? 04 — Xp? 


5.2. Multiplying Two Numbers by the Sum-Product Method 
Multiply, using the sum and difference of two numbers: 


a) 18x 22 Ans. a) 18x 22 = (20—2)(20+2) = 400 —4 = 396 

b) 25x 35 Ans. b) 25x 35 = (30—5)(30+5) = 900 — 25 = 875 

c) 961.04 Ans. c) .96x1.04 = (1—.04)(1+.04) = 1—.0016 = .9984 
d) 7.1 6.9 Ans. d) 7.1% 6.9 = (7+.1)(7—.1) = 49—.01-= 48.99 
e) 24x1q Ans. e) 2yx1@ = (2+4)(2-4) = 4-7 = 34 


5.3. Multiplying a Monomial by Sum and Difference Factors 


Find each product: (First, multiply the sum and difference factors.) 


By eto) 5) b) x%1—3y) (1+3y) c) @(t+u) (tu) d) 24(m?+4)(m?— 4) 
Solutions: 


2(x?— 25) x°(1—9y") t?(t? — u*) 24 (m*— y) 
Ans. 2x? — 50 Ans. x? — 92 y? Ans. t* — t?u? Ans. 24m* — 6 
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6. FACTORING THE DIFFERENCE OF TWO SQUARES 


6.1. 


6.2. 


x? —y? = (x—y)(xty) 

The expression x?~—y? is the difference of two squares, x* and y*. 

The factor, x+y, is the sum of the principal square roots of x? and y*, while the other 
factor, x—y, is their difference. 

To Factor the Difference of Two Squares 
Factor: c? — 49 

Procedure: Solution: 
1. Obtain principal square root of each square: 1. Principal square roots: V2 = c, V49 =7 


2. One factor is the sum of the principal square 2. Factors: 
roots. The other factor is their difference: Ans. (c+7)(c—7) 


Procedure for Factoring the Difference of Two Squares 


Factor: 

bese = pac 1. VFirst Square 2. /Second Square 3. Factors (Ans.) 
a) 36 — b? 6 b (6+b)(6—b) 
b) 1 — 25y? 1 5y (1+5y) (1—5y) 
c) a*b? — 100 ab 10 (ab+10)(ab—10) 
d) x88 — 730 xBy4 2 (x8y4+ 28) (x9y4— 25) 
e) 16 — x16 4 x8 (4428) (4—x8) 
fp) w-Z u? 2 (u2+ 2) (u2—-2) 
g) (a+b) — ce? ath c (at+b+c)(at+b—c) 


Complete Factoring Involving the Difference of Two Squares 
Factor completely: (Hint. Remove the highest common monomial factor first.) 


a) 10 — 40x? b) T5y? — 2Ty c) 7R2 — tr? d) 5abe* — 80ab 
Solutions: 
a) 10 is H.C.F. b) 3y is B.C.F. c) 7 is H.C.F. d) 5ad is H.C.F. 
10 (1—4x?) 3y(25y?—9) 7(R?—r?) 5ab(c*—16) 
Ans. 10(1+ 2x)(1—2x) | Ans. 3y(5y +3) (5y—3) | Ans. 7(R+r)(R—r) | Ans. 5ab(c?7+4) (c+ 2) (e—2) 


7. FINDING THE PRODUCT OF TWO BINOMIALS WITH LIKE TERMS 


Two Methods of Multiplying 3x+5 by 2x+4 


3x +25 Method 1. (Usual Method) 

eee Using Method 1, each separate operation is shown. The 

6x2 + 10x middle term of the answer, 22x, is obtained by adding the 
+ 12x + 20 cross-products, 12x and 10x. The arrows indicate the 


Ans. 6x2 + 22x + 20 cross-products, 


a Method 2. (Method by Inspection) 


(3x45) (2x+4) Using Method 2, the answer is written by inspection. The 

10x middle term of the answer, 22x, is obtained mentally by 

adding the product of the outer terms to the product of the 

Ans. 6%? + 22x + 20 inner terms. The arrows indicate the outer and inner prod- 


uct. 
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To Multiply Two Binomials By Inspection 


Procedure: 


1. 


To obtain the first term of the product, 
multiply the first terms: 
Key: First 


. To obtain the middle term of the product, 


add the product of the outer terms to the 
product of the inner terms: 
Key: Outer + Inner 


. To obtain the last term of the product, 


multiply the last terms: 
Key: Last 


. Combine the results to obtain answer: 


Multiply 
Solution 
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: (3%4+5)(2x4+4) 


1. Multiply first terms: 
(3x)(2x) = 6x? 


2. Add outer and inner products: 


12x 


(3x%+5) (2%44) 


10x 


12x + 10x = 22x 


3. Multiply last terms: 
(+5) (+4) = +20 


4. Combine: 6x? + 22x +20 Ans. 


Since a mixed number is the sum of an integer and a fraction, it may be expressed as a 
binomial. Thus, 34 and 44 are mixed numbers. 


Two mixed numbers may be multiplied in the same way as two binomials. Thus, 


=] 
3h x4t = (3+4) (444) = 1243+ 2 = 15L Ans. 
Lot 
7.1. Products of Binomials by Steps 
Multiply, showing each separate product: 
Binomial x Binomial (First) (Outer + Inner) (Last) 


1.2. 


7.3. 


a) (x+7) (x+3) x? (43x) + (+7x) 
b) (x—7) (%—3) x 3x) + C7x) 
c) (x+7) (x—-3) x? (-3x) + (+7x) 
d) (3w—5) (4w+7) 12w? (+21w) + (—20w) 
e) (a+3b) (a—8b) a’ (—8ab) + (+3ab) 
Products of Two Binomials Mentally 

Multiply mentally: 
a) (x+7)(%+7) Ans. x? +14x 449 g) (ab+4) (ab—3) 
b) (x—3)(x—-3) Ans. x?—6x+9 h) (p—qr)(p—3qr) 


c) (By+1)(2y+1) Ans. 6y? + 5y +1 

d) (2c—b)(5c—b) — Ans. 10¢e?— The + 
e) (3—7d)(1—d) Ans. 3—10d + 1d* 
f) (27r+3s)(8r+2s) Ans. 6r? +13rs + 6s” 


Representing Areas of Rectangles: 4A = LW 


a) 
b) 
c) 
d) 
e) 


i) (pqr—T) (pqr—10) 
7) (0745) (0749) 

k) (10~v?) (6—v”) 
l) (c?d—5g) (c7d+3g) 


Represent the area of a rectangle whose dimensions are: 


1+8 and 1—2 Ans. A = (1+8)(1—2) = 17+ 61-16 
21-1 and 1+5 Ans. A = (21-1) (1+5) = 217+ 91-5 
w+3 and w+7 Ans. A = (w+3)(w+T7) = w* +10w+ 21 


2Qw~1 and 3w+1 Ans. A = (2w—1)(3w+41) = 6w?-—w—-1 
3s —5 and s+8 Ans. A = (3s—5)(s+8) = 3s* +19s — 40 


+21 
+21 
—21 
—35 
—24b 


Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


Product (Ans.) 
x? +10x + 21 


x”? —10x + 21 
x + 4x — 21 
12w? + w — 35 


a’ — 5ab — 2467 


ab? +ab—12 

p?— 4pqr + 3q*r? 

p q°r —1Ipgr+70 
7414274 45 
60—16v7+v* 

e*d? — 2c*dg —15g” 
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8. FACTORING TRINOMIALS IN FORM OF x? + bx + c 


SPECIAL PRODUCTS AND FACTORING 


A trinomial in the form of x?+bx+c may or may not be factorable into binomial factors. 


If factoring is possible, use the following procedure. 


To Factor a Trinomial in Form of x* + bx +c 


Factor: a) x7+ 6x45 


Procedure: Solutions: 


1. Obtain the factors x and x of x2. Use each 


a) 1. Factor x?: 


b) x*~6x7 +8 


b) 1. Factor x*: 


as the first term of each binomial: (%, x) (x?, x?) 

2. Select from the factors of the last term, c, 2. Factor +5: 2. Factor +8: 
those factors whose sum = 8}, the coefficient Select (+5,+41) Select (-4, -2) 
of x. Use each as the second term of each since sum = +6 since sum = -6 
binomial: Discard (-5,-1) Discard (+4,+2), 


3. Form binomial factors from factors obtained 
in steps 1 and 2: 


8.1. Factoring Trinomials in Form of x? + bx +c 
Factor each trinomial: 


Trinomial Form: 
x24 bx +e 


2. Factors of c 
whose sum = 


1. Factors of x7, 


each = \/x2 


a) x7 + 4x43 


b) x2 - 4x 4+ 3 
c) y?+ 4y - 12 
d) w2? -w — 12 


e) r?+ 6rs + 5s? 
f) a2b? - 12ab + 20 
g)x*- 5x? - 14 


9. FACTORING A TRINOMIAL IN FORM OF ax? + bx +c 


3. (x45) (x41) Ans. 


(-8,-1) and (+8,41) 
3. (x?-4)(x?-2) Ans. 


3. Binomial Factors (Ans,) 
(Combine 1 and 2) 


(%4+3)(x+1) 
(x-3)(x-1) 
(¥+6) (y-2) 
(w—4)(w43) 
(r+58)(r+s) 
(ab-10) (ab-2) 
(x? — 7) (%?4+2) 


A trinomial in the form of ax*+bx+c may.or may not be factorable into binomial factors. 


If this is possible, use the following procedure. 


To Factor a Trinomial in Form of ax?+ bx +c 


Factor: a) 2x2~11x%+5 


Procedure: Solutions: 
1. *Factor ax? , the first term. Use a) 1. Factor 2x?: 
each as the first term of each (2x, %) 


binomial factor. 


2. Select from the factors of c, the 
last term, those factors to be 
used as the second term of each 
binomial such that the middle 
term, bx, results. 


2. Factor +5: 
Select -1,-5) to obtain 
middle term, —11x. 
Discard (+1, +5). 


— % 
3. Form binomial] factors from fac- 3. (2x%-1) (x- 5) 
tors obtained in steps 1 and 2 ~10x 


d test for middle term, bx. F 
and test for mi HM Middle term, -11x, results. 


Ans. (2x-1)(x-5) 
* When the first term ax? is positive, use positive factors. 


b) 3a74+10ab+ 7b? 


b)1. Factor 3a2: 
(3a, a) 


2. Factor + 7b? : 
Select (+7b,+) to obtain 
middle term, 10ab. 
Discard (—7b, —b). 


praby 
3. (3a+ 7b) (a+b) 
3ab 


Middle term, 10ab, results. 
Ans, (3a+7b)(a+b) 


Thus, in 2x2-11x+5, do not use —2x and -x as factors of 2x”. 
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9.1. Factoring Trinomials in Form of ax? + bx + c. 
Factor each trinomial: 


Trinomia! Form: 
ax? + bx te 


Factors 
> of ax? 


Factors of c to Obtain 
Middle Term, bx 


a) 5x? + 11x + 2 


b) 4w? + Tw + 3 4w, w 


Discard (2w, 2w) 


c) 4y?— Bw + 3 


ay, ay 
Discard (4y, y) 


d) 4w? +13wx + 3x? 4w, w 


Discard (2w, 2w) 


e)8 + 15h — 2h? 8, 1 


Discard (4, 2) 


—h, + 2h 


10. SQUARING A BINOMIAL 


(xty)? = x2 + Ixy + y? 


The square of a binomial] is a perfect square trinomial. 


Thus, the square of x+y or (x+y)? is the perfect square trinomial, 


To Square a Binomial 


3. 
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Binomial Factors (Ans.) 
(Test Middle Term) 


x 
(5xt+1) (x+2) 
10x 
ey 
(4wt 3) (wt 1) 
+4w 
—6 
mage 
(2y ~ 3) (2y —1) 
t — — 2 4 
wx 
(4wt x) (wt 3x) 
+ 12x 
4 
(8—h) (1+ 2h) 
+ 16h 


x? + axy + y*. 


Square: 3x + 5 

Procedure: Solution: 
1. Square the first term to obtain the first term 1. Square 3x: (3x)? = 9x? 

of the trinomial: 
2. Double the product of both terms to obtain the 2. Double (3x)(+5): 

middle term of the trinomial: 2(3x)(+5) = 30x 
3. Square the last term to obtain the last term of 3. Square +5: 5° = 25 

the trinomial: 
4. Combine results into answer: 4. Combine: 9x? + 30x + 25 Ans. 


Sguaring Numbers Expressed as a Binomial 


Numbers may be squared by expressing them first as a binomial. 


Thus to square 35, express 35 as (30+5). 
35° = (30+5)? = 307+ 2(5)(30) + 5? 
900 + 300 + 25 = 


iH 


1225 
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10.1. Squaring a Binomial 
Find each square: 


Combi 
és: ombine Into (Ans,) 
Square 


Square Double Square 
* First Term * Product " Last Term 


(Binomial)* 


a) (b-6Y  -12b + 36 
b) (b+6/ b? + 12b + 36 
c) (1~3b/9 1~6b + 9b? 


c* + 6c?d + 9d” 
25x? + T0xy + 49y7 


d) (c?+3dy" 
e) (5x+ Ty¥ 


f) (ab-11¥ a*b? — 22ab +121 
g) (x9 + ¥°)? xe + 2x58 + ye 

h) (t+3Y Pettey 

i) (t®-1.3 it - 2.60 +1.69 


10.2. Squaring a Number 
Find each square by expressing each number as a binomial: 


2 AS Square Double Square Combine Into 

(Mumbery 1; (Binomial)? 2. Pirst Term °° Product * Last Term > Square (Ans.) 
a) 25° (20+5)* + + 
b) (22) (242) ao. a 2 + i : 6y 
c) (124) (12+47 144. + 6 + + = 150+ 
d) 10.4? (10 +.4)* 100 + 8 + 16 7 108.16 
e) 9.57 (10-.5/ 100 = 10 + 25 = 90.25 
f) (294° (30-4) 900 = 20 + ms = 8804 

10.3. Representing the Area of a Square: A = s? 
Represent the area of a square whose side is 

a) (1+10) in. b) (w- 8) ft. c) (2s+5) yd. d) 9-5s 
Solutions: 
a) A = (1+10/ b) A = (w- 8 c) A = (2s+5/ d) A =(9-5s¥ 

A = + 201+100 A= w°-16w+64 — A = 4s°+20s+25 A = 81-90s5+255? 


Ans. (17+201+100)sq.in.| Ans. (w*-16w+64) sq. ft.| Ans. (45°+20s+25)sq. yd.|Ans. 81-90s+258" 


11. FACTORING A PERFECT SQUARE TRINOMIAL 
x? 4 Qey ty? = (xty)(xty) = (x+y)? 
x Oxy ty = (x-y)(a-y) = (x-y¥F 
The factors of a perfect square trinomial are two equal binomials. 
Thus, the factors of the perfect square trinomial x7+2xy+y* are (x+y) and (x+y). 


I 


A perfect square trinomia] has 
(1) two terms which are positive perfect squares, 
(2) a remaining term which is double the product of the square roots of the other two 
terms, This term may be positive or negative. 
Thus, x*+14%+49 and x°-14x+49 are perfect square trinomials. 
The last term of each binomial factor has the same sign as the middle term of the perfect 
square trinomial. 
Thus, x7-14%4+49 = (x-7)° and 2°414x+49 = (x+7). 
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To Factor a Perfect Square Trinomial 
Factor: 4x? —- 20x + 25 


Procedure: Solution: 
1. Find the principal square root of the first term. 1. Find V4x?: 
This becomes the first term of each binomial: V4x* = 2x 
2. Find the principal square root of the last term 2. Find V25: 
and prefix the sign of the middle term. This V¥25 =5. Prefix - before 5 since 
becomes the last term of each binomial: middle term is negative. 
3. Form binomial from results in steps 1 and 2. 3. Form 2x-5. 
The answer is the binomial squared: Ans. 4x? - 20x + 25 = (2x -5Y. 


11.1. Factoring a Perfect Square Trinomial 


Factor each perfect square trinomial: 


ee 1. VFirst Term 2. aaaie ae 3. VLast Term (Binomialy Ans. 
a) 25y?-10y +1 (Sy -1Y 
b) 25y? + 10v +1 (by +1P 
c) 9a7+42a+49 (3a+7F 
d) 9a7-42a+49 (sa27) 
e) 49+14ab + ah? (7+ aby 
f) 16x®- 24x%°+9 (4x°-3F 
g) 1622+ 40+ ¢ (4t+z) 
hy ath? — 2a7b4c% + c*° (2b*- 

11.2. Representing the Side of a Square: s = VA 
Represent the side of a square whose area is 
a) (1?-14w+ 49) sq. in. b) (w* + 20w +100) sa. ft. c) 487+ 4s 41 d) 9s*-30s+25 

Ans. a) (1-7) in. b) (w+10) ft. c) 2s41 d) 3s —-5 


12. COMPLETELY FACTORING POLYNOMIALS . 

To factor an expression completely, continue factoring until the polynomial factors can- 
not be factored further. Thus, to factor 5x*-5 completely, first factor it into 5(«?-1). Then 
factor further into 5(*%-1)(x+1). 

If an expression has a common monomial] factor: 

1. Remove its highest common factor (H.C.F). 
2. Continue factoring its polynomial factors until no further factors remain. 


Procedure to Completely Factor Expressions Having Common Monomial Factor 


Factor completely: a) 847-50 b) 39° — 60y? + 300 c) 10y? — 15 xy? + 5x7 y? 
Procedure: Solutions: 
1. Remove highest common 1. H.C.F. = 2 1. H.C.F. = 3y 1. H.C.F. = 5y? 
factor (H.C.F): 2 (4a* - 25) 3y (7 - 207 +100) 5y°(2-3x+x°) 
2. Continue factoring 2. Factor 407-25: | 2. Factor y?~20y+100: | 2. Factor 2-3x+x7; 
polynomial factors: 2 (2a+5) (2a—5) 3y(v¥-10)(y-10) 5y*(2-x)(1—*x) 
Ans. 2(2a+5)(2a—5)| Ans. 3y(y —10)? Ans, 5y%(2-%)(1-%) 


178 SPECIAL PRODUCTS AND FACTORING 


Procedure to Completely Factor Expressions Having No Common Monomial Factor 


Factor completely: a) x*-1 b) 16a*- 81 
Procedure: Solutions: 
1. Factor into polynomials: 1. (x7 +1) (x?-1) 1. (4a7+9)(4a*-9) 
2. Continue factoring: 2. (x? 41) (x41) (x —-1) Ams.| 2. (407+ 9)(2a+3)(2a-3) Ans. 


12.1. Factoring Completely Expressions Having Common Monomial Factor 


Factor completely: 


Polynomial 1. Remove H.C.F. 2. Continue Factoring 
a) 3b? — 27 3 (5° 9) 3(b+3)(b-3) Ans. 
by a® - 16a® a°(a?-16) a"(a+4)(a—-4) Ans. 
c) a°— 16a a(a*—16) a(a?+4)(a?-4) a (a?+4)(a+2)(a—2) Ans. 
d) 5x?+10x%+ 5 5 (x74 2x41) 5(x+1)? Ans. 
e) x? = xty + Qx8y? x3 (x? —6xy + 9y”) x3(x=—3y)? Ans. 
f) y?- 4y% + By y(y*~4y?+ 3) y (y?-3)(y?~1) = y(y?-3)(y41)(y-1) Ans. 


12.2. Factoring Completely Expressions Having No Common Monomial Factor 


Factor completely: 


Polynomial 1. Factor Into Polynomials 2 2. Continue Factoring 


a) 1~ at (1 +a7)(1 -a’) (l+@)(1+a)(1-a) Ans. 
b) x*~ 16y* (x24 4y%) (x?-4y?) (x?+ 4y)(x+2y)(x-2y) Ans. 
c) p®-q*? (p*+ 9°) (p*-9°) (p*+ q°)(p?+ q°)(p? = q°) Ans. 
SUPPLEMENTARY PROBLEMS 
1. Find each product: (1.1) 
a) 3°x°4°% c) (-2) 5 xy2x4 e) (—5ab2)(2a2b) g) “3-3 
by (envaxyy d) (~3x)(-T2)y f) (3a%)(10ac*) h) 5+ 45+ dere 
Ans. a) 12x? c) -10x5y3 e) —10a%b% g) - an 
b) -12xy? d) 21x8y f) 30a°be4 h) Sie 
2. Find each product: (1.2) 
a) 3(x-3) d) a(b+c) g) x°(x-3) J) a(b-c+d) 
b) -5(at+4) e) -3c(d-g) ky ~3x (x? 5x) hk) -8x(x?—2x45) 
ce) -8(r-7) f) 2gh(8k-5) id 7a°(5a?—-8a) 1) 2b%¢(b -3c¢ -10c”) 
Ans. a) 3x-9 d) abtac g) x°-3x? j) ab-act+ad 
b) -5a-20 e) -3cd+3cg hy -3x°415x° ky) ~3x5+4 6x" -15x 


c) ~8r+56 f) 6ghk -10gh i) 35a°-56a* L) 2b%c -6b?c? -20b7¢8 


3. Find each product: 
a) 4(8—2) 
b) 20(5-.7) 
ce) 36(14 +4) 
32—2 = 30 


b) 100-14 = 86 
c) 45+8 = 53 


2x 3x 
d) 50( — 4) 

x x x 
e) ag ga 
f) 70(2—¥4) 


d) 20x—15x = 5x 
e) 3x + 4x—6x = x 


~~ 


4. Factor, removing highest common factor: 


a) 3a—21b 

b) —5e —15d 

c) xy + 2xz 

d) 5RS -10RT 
. a) 3(a—Tb) 

b) —5(c+3d) 

c) x(yt2z) 

d) 5R(S—2T) 


5. Evaluate each, using factoring: 


a) 6(11)+4(11) 
b) 8(113) +12(112) 
ce) 21(24 — 12(24) 
Ans. 


6. Find each square: 
a) 6? 


b) (—6)? 
ce) (.6)° 
. a) 36 
b) 36 
c) .36 


7. Find each square: 
a) (b*)? 
b) (w®)? 
©) Gay 
Ans. a) b* 
b) wo 
1 


©) pa 


a) 11(6+4) = 11(10) = 110 d) 
b) 114(8+12) = 115(20) = 230. e) 
c) 24(21—12) = 24(9) =.21 


d) 2.7(.3)—.7(.3) 
e) 18(77) + 2(77) 
f) 2(11)— 303) 


8. Find the area of a square whose side is 


a) 5 yd. 
ai 
b) 3 rd. 


Ans. a) 25 sq. yd. 


b) a sq.rd. 


f) 140—25r 

e) pt+prt i) Trh + Tr? 
f) Tthm—h j) TR?+ Tr? 
g) 6V?+3V k) zbh+ 3b'h 
h) y® + y* lL) dmnr—qmn 
e) p(1+rt) i) Tr(htr) 

f) Th(m—1) 7) TR? + 1?) 
g) 3V(2V+1) ky) sh(btb’) 
h) y*(y+1) lL) ymn(r—1) 


f) #1-3) = §(8) = 6 
d) 600? g) (- 3) 
e) (b) h) (- 2? 
f) i) (14)? 
d) 360,000 a) 
e) hy # 
pF i) £orl 
d) (5a°? 
e) (—10b%)? 
f) ay 
d) 25a1° 
e) 1006 
.09 
fae 
ec) 2.5 mi. 
d) = in. 
c) 6.25 sq. mi. 


2 
x * 
~~ sq. in. 

a) a5 q.in 


SPECIAL PRODUCTS AND FACTORING 


.3(2.7-.7) = .3(2) = .6 
7°(18+ 2) = 77(20) = 980 


wlN 
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(1.3) 
gz) .06(2000+500 +25) 

h) .03('7000 —x) 

i) .052(3000+ 2x) 

g) 120+30+1.50 = 151.50 


h) 210—.03x 
i) 165+.11x 


(2.1) 
m) 8x*—16x + 32 
n) 10x°+ 20x?—~55x 
0) abe + ab?c ~— abc? 
p) x2yS—x2y24 x2 
m) 8(x? —2x + 4) 
n) 5x (2x2+4x~-11) 
0) abc(atb—c) 
p) xy (y?—y +1) 


(2.2) 
g) 10(8%)—7(87) 

h) 3(13) (6) + 2(7)(6) 

i) 5°(28)—5°(25) 

g) 8%10—7) = 87(3) = 192 

h) 2(6)(13+7) = 3(6)(20) = 60 
i) 59(28— 25) = 5°3) = 375 


3.1 
j) 35? oe 


k) 3.57 
L) (—.35) 
j) 1225 
k) 12.25 
1) .1225 


(3.2) 
g) (rs*t*)? 
h) (—. 1r's®)? 
i) (~ 85)? 
g) r?ste® 
h) .01r°s®” 


~, 25r 
i) 29r 
) 928 


(3.3) 
e) Ty? 
5m2 
f) 3p° 
e) .49y* 
25m* 
fy 2m 


180 


SPECIAL PRODUCTS AND FACTORING 


9. Find each principal square root: (4.1) 
a) V144 d) Vc8 g) V36x22 j) V.0001A5° 
b) V1.44 e) Vp*q'° h) V16a*b*® k) V.0144m'* 
900 , [pt rote ae 2510 
OV “49 AY) 5% *)\/ G00 ) Vea 
Ans. a) 12 d) ¢ g) 6x8 J) .01A?° 
b) 1.2 e) p*¢ h) 40708 k) 12m? 
30 if | 5A° 
oa f) =i0 L) 80 ) 3 
10. Find the side of a square whose area is (4.2) 
a) 100 sq.ft. Ans. 10 ft. d) 9x? sq. in. Ans. 3x in. g) 100x?° Ans. 10x%° 
b) .25 sq.mi. Ans. .5 mi. e) 2.256% sq. yd. Ans. 1.5b* yd. h) 169(a+b)? Ans. 13(a+b) 
c) 18 sq.rd. Ans. 4 rd. f) 2500c*° sq.cm. Ans. 50c® cm, i) ivy’ Ans ay 
11. Find each product: (5.1) 
a) (s+4)(s—-4) Ans. s? — 16 g) (a+ b?)(a* -b7) Ans. a*-b* 
b) (10 -£)(10+4t) Ans. 100 -¢? h) (ab+c?)(ab -c?) Ans. a°b? ~c* 
ec) (2x+1)(2x-1) Ans. 4x2—1 i) (v+H(v-H Ans. v?- 4 
d) (By —7z)(3y+7z) Ans. 9y?~492? j) (d-1.2)(d4+1.2) Ans. d?~1.44 
e) (rs +1)(rs -1) Ans. r?s5?-1 k) (3x? J) (32745) Ans. 9x*~ + 
f) (1-8x*)(1+8x*) Ans. 1-64x* 1) (3¢%+.1)(3c7-.1) Ans. 9c®-.01 
12. Multiply, using the sum and difference of two numbers: (5.2) 
a) 21x19 ce) 104 x94 e) 89x 91 g) 32x23 
b) 3.42.6 d) 17x 23 f) 10.3x 9.7 A) 7.5% 8.5 
Ans. a) 207-1 = 399 ce) 10?-(4)?= 998 —_e) 907-1? = 8099 g) 3°— (2) = 8% = 8.75 
b) 3°~.4? = 8.84 — d) 207-3? = 391 f) 10?-.3? = 99.91 hh) 8°- (3° = 633 = 63.75 
13. Find each product: (5.3) 


14. 


a) 3(x%+2)(x—-2) 
b) a%(b+c)(b—-c) 


Ans. a) 3x°-12 


b) a®b? - ac? 
Factor: 

a) r?- 25 

b) 64 - u? 

c) 81 - e?d? 

d) 9x? — 1600 
Ans. a) (r+5)(r-5) 


b) (8+u)(8—-u) 
c) (9+ced)(9~cd) 


c) 5(1-d)(14 d) 
d) x(x —3)(x+3) 
c)5-5d? 
d) x°-9x 


e) t? ~ 3 

f) 100¢? - 225s? 

g) x*-9 

h) 25 - 16y* 

e) (t+2)(t-3) 

f) (10t+15s)(10t-15s) 


g) (Xx +3)(x? ~3) 


d) (3%+40)(3x-40) h)(5-4y°)(5 447%) 


e) ¢(10 - 9) (10+ q) 


f) 160(1- 4)(10+ 2) 


e) 1009? -9* 


f) 160-109? 


i) d? ~ Ole? 

j) .09A? ~ 49 

k) B? — .0001 

1) R2S2 ~ 1.21 

i) (d+.1e)(d-.1e) 
J) (844 7)(.34 =7) 
k) (B +.01)(B ~.01) 
Ly (RS+1.1)(RS-1.1) 


g) 36(w*~ 4)(w?+4) 
h) ab(c3+1)(c?-1) 


g) 36u*-4 
h) abc®-ab 
(6.1) 
m) 2 — .25 
v2 i 
)  _ 25 
") SI ~ 49 
2 72 
0) = - T6 
p) 48 - 25m10 


m) (2 +.5)(2 ~.5) 
2 2 

n) (%-+3)(5 -3) 

ob+pe-p 

p) (8+ 5m®) (k8—5m®) 


15. 


16. 


17. 


Factor completely: 

a) 3x7-3 

b) 5x? - 45x 

c) 175 — Ty? 
3(x+1)(x%-1) 
b) 5x (%+3)(x~—3) 


c) T(5+y¥)(5-y¥) 


SPECIAL PRODUCTS AND FACTORING 


d) 
e) 
f) 
d) 
e) 


f) 


ye-¥? 

TR® — 257R 

+ 7R?h ~ 47h 
yy¥ +1) (y -1) 
7R(R+5)(R -5) 
Th R4r)(R=r) 


Multiply, showing each separate product: 


a) (x+5)(%+1) 

b) (%+8)(x—-2) 

c) (x—7)(x-6) 

d) (x-~10)(x+9) 

e) (3a—-1)(4a+1) 
f) (5b+2)(5b ~2) 
g) (¢€-3)(2c+8) 

h) (r-4s)(r-118) 
tL) (3s+2t)(3s —2t) 
J) (27+5)(x7+ 8) 
k) (3w?+ 2x) (w? -x) 
1) (2w®-3)(60*+9) 


Multiply mentally: 
a) (3¢41)(4c+5) 
b) (2+7Te)(1-c) 
c) (c+3d)(c+12d) 
12c? +19¢4+5 
b) 24+ 5¢ - 7c? 


c) ¢c7+15¢d + 36d? 


+ 
(x) + (5x) 
(~2x) + (+8) 
(-6x) + (—7x) 
(+9x) + (—10x) 
(+3a) + (-4a) 
(-10b) + (4100) 
(+8c) + (-6c) 
(-llrs) + (-4rs) 
(~6st) + (+6st) 
(+8%% + (+5x7) 
(-3u*x) + (+ 2w?x) 
(+18w*) + (-18w*) 


d) (pq~8)(pq+11) 


) (2AB+7)(2AB-7) 
) (8% -2y) (4x -9y) 


d) p*q?+ 3pq ~ 88 


) 4A?B? - 49 
) 12%? - 35xy +18y? 


18. Represent the area of a rectangle whose dimensions are | 


19. 


a) 1-3 and 1-8 


b) 21+5 and 3/-1 


Ans. a) 1? ~111 + 24 
b) 6174131 -5 


Factor each trinomial: 
a) a? + 7a +10 
b) b? 4+ 8b +15 
ec) r?-12r+27 
d) s* -14s + 33 
e) A? - 27h + 50 
f) m?+19m + 48 


Ans. a) (a+5)(a+2) 
by) (64+5)(b+3) 
c) (r-9)(r-3) 
d) (s-11)(s -3) 
e) (h-25)(A-2) 
f) (m+16)(m+3) 


wt+10 and w-12 
6-w and 8-w 
w* — 2w — 120 
48 - 14w + w? 


u’+ Tw-18 

x? 4 14xy + 24y? 
c? ~ 17ed + 30d” 
(%-2)(x+1) 

(y¥ -4) (¥+1) 
(w+4)(w—-2) 
(w+9)(w — 2) 


‘(x%+12y) (x4 2y) 


(c -15d)(c ~2d) 


181 


(6.2) 
g) 12x*-12 

h) 15x*- 240 

i) x’ - 81x° 

g) 12(x?+1)(x+1)(x-1) 
hy 15 (%?4+4)(x+2)(%—-2) 


i) x°(x?+ 9) (%43)(x-3) 
(7.1) 


Combine (Ans, 


x7 46x45 

x? +6x-16 

x? -13x+42 
x*—-x%-90 
12a7-a-1 
25b? ~4 

2c74+ 2c-24 
r?-15rs+ 44s? 
9s? - 40? 
x*41327+ 40 
3u* —w?x — 2x? 
12w°-27 


(7.2) 
g) (d?+6)(d74+1) 
h) (8-g*)(3- 2g”) 
i) (4c%+1)(c3~2) 
g) d*+ 1d7+6 
h) 24 - 1927 + 22° 
i) 4c°- 7c? ~ 2 


(7.3) 
e) 13~2s and 2-s 
f) Ts+1 and 9s+2 


e) 26-17s + 2s? 
f) 63s? + 23s +2 


(8.1) 
m) ab? + 8ab +15 
n) d%e? - 15def + 36f? 
o) x*4 5x7 44 
p) y*-6y? -7 
q) x*+ 8x°y? + 16y* 
Tr) x4y4 — 10x79? + 25 
m) (ab+5)(ab+3) 
n) (de~12f)(de-3f) 
0) (x°+4)(x7 +1) 
p) (y?=7)(y? +1) 
q) (x? + 4y*) (x74 49°) 
r) (x®y?—5)(x?y? —5) 
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20. 


21. 


22. 


23. 


24. 


Factor each trinomial: 


a) 5x? + 6x41 Ans. 
b) 5x? ~ 6x41 Ans. 
c) 5x24 4x%-1 Ans. 
d) 5x*-4x-1 Ans, 
e) 5+ 8x + 3x? Ans. 
f) 5+14x-3x? Ans. 


Factor each trinomial: 
4a°+5a+1 
Qa° + 3a41 
3a°+ 4a+1 
5 + 7b + 2b? 
44166 +1567 


(4a4+1)(a4+1) 
(2a4+1)(a@4+1) 
(3a4+1)(a4+1) 
(5 4+2b)(1+5) 
(2+3b)(2+5b) 


Ans. 


Find each square: 
(b+4)° 
(b-4) 
(5-cy 
(5-2cy* 
(3d4+2 

b? + 8b +16 
b? —~ 8b +16 
25 — 10c + c? 
25 - 20c + 4c? 
9d? 412d 4 4 


Ans. 


SPECIAL PRODUCTS AND FACTORING 


(5%+1)(*% +1) 
(5x~1)(x-1) 
(5x -1)(%4+1) 
(5x4+1)(%-1) 
(54+3x)(1+%) 
(5 — x) (1+ 3x) 


Th? +10h + 3 
Th? -10h + 3 
Th? ~ 20h - 3 
Th? - 22h +3 
Th* — 15h? + 2 
Ll) 34 4h? - Th* 


7x? -15% +2 
1x7 413% - 2 

3 - 10y + Ty? 
3+ 4y ~ Ty? 
3x? +10xy + Ty? 
(1x -1)(*%-2) 
(7x -1)(%+2) 
(3-Ty)(1~y) 
(3+7y)(1-¥) 
(3x%4+Ty) (x+y) 


(2d~3/ 

(x-4y)" 

(Bx+4yy 

(Ixy +2 

(2xy - TF 

4d? - 12d +9 

x? — Buy + 16y° 
25x° + 40xy + 16y” 
49x7y? + 28xy + 4 
4x*y? — 28xy + 49 


Find each square by expressing each number as a binomial: 


a) 312 Ans. (3041)? = 961 
b) 42? Ans. (40+2)° = 1764 
c) 297 Ans. (30-1) = 841 


d) 55° 
e) 5.57 


Ans. (50+5)* = 3025 
Ans. (5+.5)* = 30.25 
f)(6.5» Ans. (6+.5) = 42.25 


g) (84) 


i) 9.87 


Represent the area of a square whose side is 


a) (1+7) ft. d) (2w-3) cm. 
by (J-2) in. e) (10-w) mi. 
c) (21+9) rd. f) T-5w 

Ans. a) (1?+141+49) sq. ft. d) (4w?-12w+9) sq.cm. 
b) (17-4144) sq. in. e) (100-20w+ w?) sq. mi. 
c) (417+ 361+ 81) sq.rd. f) 49 ~ TOw + 25w? 

25. Factor: (In (g) to (1), rearrange before factoring.) 

a) d?+10d + 25 d) a*b? — 40ab + 400 g) 
b) 9 —-6h+ hh? e) 25x? - 30x +9 h) 
c) 144 - 24r +r? f) 49x? + 28xy + 4y? i) 

Ans. a) (d+5)* d) (ab —20)? g) 
by (3-hY e) (5x-3)° h) 
c) (12-ry f) (Tx+2y/? i) 


h) (19%)? 


Ans. 
Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


k) 
l) 
m) 


n) 


(9.1) 
(7h+3)(h41) 
(Th-3)(h-1) 
(The 1)(h-3) 
(Th-1)(h-3) 
(Th? —1)(h? ~ 2) 
(3+ 7h7)(1 - 4?) 


(9.1) 
5 +11¢ed + 2d? 
5c°d*+ Ted + 2 
Qx* - 9x? +7 

35 - 19r2 4+ 2r+ 
328+ gr2-3 
(5c+d)(c+2d) 
(5ced+2)(cd+1) 
(27-7) (x?~1) 
(5 -r°) (7 -2r?) 
(t24+3) (308-1) 


(10.1) 
(6ab —c) 
(8~3abcy 
(x24 2 
(x°-8) 
(1-5x°)? 
36a°b? ~ 12abc + c? 
64 - 48abe + 9a7b?c? 
x* + 4x%y? + ay 
x° — 16x" + 64 
1 - 10x54 25x 


(10.2) 


Ans. (8+4F = 68% 
Ans. (20-4) = 390% 
Ans. (10~.2¥ = 96.04 


(10.3) 
a+b 
c - 2d 
15 - S? 
a’ + 2ab + b? 
c?-4cd+ 4d" 
225 - 3057+ S* 


(11.1) 


x? + 100y?7 + 20x 

16ab + a7b? + 64 

x + 4y* — 4x?y? 

x? + 20xy +1007? = (x+10y)? 
a’b? +16ab + 64 = (ab+8y 
x* — Ax?y? + dy* = (x? ~ 2y?)? 


SPECIAL PRODUCTS AND FACTORING 


26. Represent the side of a square whose area is 


Ans. 


a) (8117 +182 +1) sq. in. 
b) (9—30/ + 25/7) sa. ft. 


a) (91+1) in. 


27. Factor completely: 


b) (3-52) ft. 
a) 5° — 16 
b) 362-75 


ce) 8abc? — 3abd? 


. a) b(b+4)(b—4) 


b) 3(6+5)(b—-5) 
c) 3ab(c+d)(c—d) 


28. Factor completely: 


Ans. 


a) a*— }* 
b) 1—ec? 
a) (a+b?) (at+b)(a—b) 
b) (+e) (146%) (1-8) 


c) (4w? — 36w + 81) sq. mi. 
d) (9+ 42s + 49s”) sq.cm. 
c) (2w-9) mi. 
d) (3+7s) cm. 


d) 2x3 + 8x? + 8x 
e) x*—12x3 + 36x? 
f) 100 — 40x + 4x? 


d) 2x(x +2)? 

e) x(x—-6)? 

f) 4(5—x)? 
c) 81— a+ e) a®—1 
d) 16 — 81b+ f) 1- a’ 


c) (9+a’)(3+a)(3—a) 
d) (4+ 9b?) (2+3b) (2-35) 
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(11.2) 
e) s°—12s + 36 
f) s*— 24s? +144 
e)s-—6 
f) s?-12 

(12.1) 


g) r= 27? ~ 15r 

h) 24 — 2r — 27? 

i) x*y?z —16xyz + 64z 
g) r(r-5)(r+3) 

h) 2{3—r)(4+r) 

i) 2(xy—8)? 


(12.2) 


e) (a*+1)(a?+1)(a +1)(a—1) 
f) (A+a®)(14+a*)(1+a?)(1+a)(1-a) 


Chapter 11 


FRACTIONS 


1. UNDERSTANDING FRACTIONS 


The terms of a fraction are its numerator and its denominator. 


The Meanings of a Fraction 


Meaning 1. A fraction may mean division. 
Thus, = may mean 3 divided by 4 or 3+ 4. 
When a fraction means division, its numerator is the dividend and its denom- 
inator is the divisor. 
Thus, if 3 means 14+5, then 14 is the dividend and 5 is the divisor. 


Meaning 2. A fraction may mean ratio. 
Thus, 2 may mean the ratio of 3to4 or 3:4. 
When a fraction means the ratio of two quantities, the quantities must have a 


common unit. 


Thus, the ratio of 3 days to 2 weeks equals 3:14 or ve This is found by 


changing 2 weeks to 14 days and eliminating the common unit. 


Meaning 3. A fraction may mean a part of a whole thing or a part of a group of things. 
Thus, # may mean three-fourths of a dollar, or 3 out of 4 dollars. 


Zero Numerators or Zero Denominators 
(1) When the numerator of a fraction is zero, the value of the fraction is zero provided the 
denominator is not zero also. 
Thus, ¢ =0. Also, a =0 if x=0. 


x—5 0 


In 7° if x=5, then the fraction equals zero. However, 0 is meaningless. 
(2) Since division by zero is impossible, a fraction with a zero denominator has no mean- 
ing. 
Thus, 3+0 is impossible. Hence, 3 is meaningless. 
Also, if x=0, 5+.x is impossible and 2 is meaningless. 
1.1. Meaning 1: Fractions Meaning Division 
Express each in fractional form: 
a) 10 divided by 17 Ans. $9 c) (x45) + 3 Ans, *4® 
b) 5 divided bya Ans. 2 d) the quotient of x and (x-2). Ans. -*, 
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1.2. Meaning 2: Fractions Meaning Ratio 
Express each in fractional form: 
[In (d) to (f), @ common unit must be used.] 


a) the ratio of 5to8 - Ans. & d) the ratio of aft.to 5yd. Ans. += 
b) the ratio of 15toz Ans. 13 e) the ratio of 7min.to 1 hr. Ans. a 
c) the ratio of aft.to bft. Ans. ; . f) the ratio of 3¢ to onequarter. Ans. * 


1.3. Meaning 3: Fractions Meaning Parts of a Whole or of a Group 
Express each in fractional form: 


a) 3 of 32 equal parts of aninch Ans. re d) 5 members out of a team of 21. Ans. x 
5) 3 of n equal parts of acircle Ans. 2 e) n students out of a group of 30 Ans. a0 
c) a out of b dollars Ans. rs f) s squads out of ¢ squads. Ans. = 
1.4. Fractions Having Zero Numerators 
State the value of 
a) iG , Ans. 0 d) x when = 0 Ans. 0 
b) a when x=0 Ans. 0 e) x when are =0 Ans. 7 
c) a4 when x=2 Ans. 0 f) x when aas8 =0. Ans. -2 
1.5. Fractions Having Zero Denominators 
For what value of x is the fraction meaningless? 
a) 3 Ans. when x~=0 d) eest Ans. when 4%-16=0 or x=4 
b) 40 Ans. when 3x=0 or x=0 e) area Ans. when 5x+5=0 or x=~-1 
c) 7 Ans. when x-3=0 or x=3 f) ESE Ans. when 2x%+12=0 or x=~-6 


2. CHANGING FRACTIONS TO EQUIVALENT FRACTIONS 


Equivalent fractions are fractions having the same value although they have different 
numerators and denominators. 


2 20 20x i ; i 2 _ 20 _ 20% 
Thus, 3° 30 and 30x ore equivalent fractions since = 7 


To obtain equivalent fractions, use one of the following fraction rules: 


Rule 1. The value of a fraction is not changed if its numerator and denominator are multiplied 
by the same number except zero. 


Thus, 3 = 3 . Here, both 3 and 4 are multiplied by 10. 
Also, 2 = Se . Here, both 5 and 7 are multiplied by x. 


Rule 2. The value of a fraction is not changed if its numerator and denominator are divided 
by the same number except zero. 


Thus, 400 = 4 . Here, both 40 and 50 are divided by 100. 
2 
Also, oe = z . Here, both 7a2 and 9a? are divided by a2. 
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2.1. 


2.2. 


2.3. 


FRACTIONS 


Using Multiplication to Obtain Equivalent Fractions 


Change each to equivalent fractions by multiplying its numerator and denominator (terms) by 


2,5, %, 4x, x~-3, x? and ~24+%-3: 


Multiply Both Numerator and Denominator by 


x2 x2 4+%-3 


2 2 4 © = 2x? +2x%—6 
“5 dns 3 6 15 3x 12x = gx2 ~ 322 43x—9 
b) a Ans a 2a 5a ax 4ax ax —3a 7 ax? = ax* +ax—3a 

7 “4 14 35 71% 28x 7x —21 7x7 7x°4+7x—21 

3 3 6 15 Bx 12% 3x2 Bx? + 3x9 
c) rm Ans. = : = = “rage ee 


Using Division to Obtain Equivalent Fractions 


Change each to equivalent fractions by dividing its numerator and denominator (terms) by 


2,5, x, 4x, x?,and 20x?. 


20x2 20x? 
a) ane Ans. nox? 
40x" 40x° 
b) OR? Ans. nae 


Obtaining Missing Terms 
Show how to obtain each missing term: 


a) ES = oy a) To get 30, multiply 3 by 10. 
; Hence, multiply 7 by 10 to get 70. 
b) a = a b) To get 9, divide 27 by 3. 
ea Hence, divide 33 by 3 to get 11. 
c) 32 = raat c) To get 3ab, multiply 3a by b. 
; Hence, multiply 5 by b to get b?. 
d) Sue 2 d) To get c, divide 3c2 by 3c. 
3c c fuer 
Hence, divide Gac by 3c to get 2a. 
e) oe = a e) To get 25, multiply 5 by 5. 


3. RECIPROCALS AND THEIR USES 


Reciprocal of a Number 


Hence, multiply x-5 by 5 to get 5x-25. 


d) 


e) 


The reciprocal of a number is 1 divided by the number. 


and the reciprocal of a is 1 F 


Also, the reciprocal of 2 is 3 since 3 = [+ 


wl 


2 = 770) Ans. 70 

at ayy Ans 

oa = Es Ans. b? 

2 = ian Ans. 2a 
5 25 


Thus, the reciprocal of 5 is 


1 


5 


3.1. 


3.2. 


3.3. 


3.4. 


FRACTIONS 


Rules of Reciprocals 
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Rule 1. The fractions ; and 8 are reciprocals of each other; that is, the reciprocal of a frac- 


tion is the fraction inverted. 


Rule 2. The product of two reciprocals is 1. 


Rule 3. To divide by a number or a fraction, multiply by its reciprocal. 


3 


3 


Thus, g+2 = g-2 or 12, 


2 


_ ab 
2 =1, : 


“2 b 


~ ail 7 
ee 5 


Or 7. 


Rule 4. To solve an equation for an unknown having a fractional coefficient, multiply both 


members by the reciprocal fraction. 
Thus, if 2% =10, multiply both sides by 3. Then 


a 


Rule 1: b 


and 


q are Reciprocals of Each Other 


State the reciprocal of each: 


a) iz Ans. 
b) i Ans. ~ 
c) 20 Ans. 


d) y_ Ans. 


Rule 2: The Product of Two Reciprocals is 1 


Supply the missing entry: 


a) (2)(4) = (2) 
b) 32) =| 


c) 10()(2) = ? 


1 
8 


"3 
. 10 


=] 


~~ 


d) (Fa) 


e) +? = 5 


wo 
— 
° 
3 
_ 
wp 


Sw 
1 

a 

OQ 


R 
+ 
w 


17, ,2 


x 


f) 3) + GE) = 4 


Rule3: Using Reciprocals to Change Division to Multiplication 


2 = 


x = 3-10 and x=15. 


Ans. 8 or 2 


J) .04 Ans. 19° of 25 


“4_ 
2 3 
k) 45 Ans. re 
Ll) .001x Ans. 1000 
Ans. 2 
Ans. 4 
Ans. 8 


Show how to change each division to multiplication by using the reciprocal of a number: 


a) g:2 


Ans. a) 8-3 = 10 


Rule 4: Using Reciprocals to Solve Equations 


Solve: 
a) 3» = 21 
Solutions: 


b) Bey 


by 2.2- 2 


1. 
yo xy 


b) 25y = 70 


ph 

aos 

2 
Xe 

I 


| 
. 


c) 
c) 


be es 


c) 30% of P = 


30% of P 


3 0 
Ans. P 


Mio 10,3 p 
3 


Il 


3.7 
NTT 
d) 3.1. 21 
x yo” xy 
d) = = 5a 
ax 
3 = a8 
: 3,ax _ 3, 
24 ‘i a 3 = gq 04 
Ans. x =15 
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4. REDUCING FRACTIONS TO LOWEST TERMS 


A fraction is reduced to lowest terms when its numerator and denominator have no com- 
mon factor except 1. 


Thus, 3% is not in lowest terms because x is a common factor of the numerator and de- 


nominator. After x has been eliminated by division, the resulting fraction, 3, will be in low- 
est terms. 


To reduce a fraction to lowest terms, use the following rule: 


The value of a fraction is not changed if its numerator and denominator are divided 
by the same number except Zero. 


To Reduce a Fraction to Lowest Terms 


é gab?e 8a+8b 2a? — 2b? 
ReQuee: -@) aaa |) Gage? 1°") | ea ees 
Procedure: Solutions: 
1. Factor its terms: gab°c 8(a + b) 2(a+ bya— b) 
(Numerator and Denominator) 3abd 12(a + b) 5(a +b) 
2. Divide both terms by every com- 1 2 (1) 4 
mon factor: (This is commonly get 7c Bla+try 2ha+ty(a — b) 
called ''cancelling".) 3ab°d V2(a-+6y 5(a+by 
4 8 (1) 4 
Ans. © Ans. 2 Ans.* 244-5) 
d 3 5 


*Note. In answers, algebraic factors which remain need not be multiplied out. 


Rule 1. If two expressions are exactly alike or have the same value, their quotient is 1. 
4 (1) 
2 
Thus, Babe _ 1 a+b 4 BOl+e=5) _ 


, : 4. 
5abe b+a 2x2 4+4=5jy 


Binomials Which are Negatives of Each Other. 
Binomials such as x-y and y-x are negatives of each other if x and y have 
different values. 
Thus, if ~=5 and y=2, x-y=+3 and y-x=-3. 
Hence, either (x-y) = -(y-x) or (y-x)=-(x-y). 
Rule 2. If two binomials are negatives of each other, their quotient is ~-1. 
1 (1) (4) ¢4) 
mle eae ae dy, EO «= Cg ARIE. 
"ye * (BS)  b=1ylie—F} 


1. 


Warning! How NOT to Reduce a Fraction to Lowest Terms: 


1. Do NOT Subtract the same number from the numerator and denominator. 


5 5-4 21 n+1 At+1 1 
Thus, 5 does NOT equal a or 3° Also, ED does NOT equal ag or 2° 
2. Do NOT Add the same number to both numerator and denominator. 
Thus, i does NOT equal i*3 or e. Also, cde does NOT equal dees or. 
2 2+3 5 y-3 y ¥ 
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4.1. Reducing Fractions Whose Terms Have Common Monomial Factors 
Reduce to lowest terms: 


39rs 320°)? 5x —35 21a" 
®) Sars b) G4ab ©) 5x @) 140?—Tab 
Solutions: 
3 (1) 1 ab 1 3a 
39.28 32056" 3 (x—7) 24u* 
52 re 6424 15x 4a(2a~—b), 
4 (1) 2 (1) 3 1 
Angee Ans ab Ang == A Be 
. 4 ‘2 9 . 23x ns. 2a—b 
4.2. Rule 1. Reducing Fractions Whose Terms Have a Common Binomial Factor 
Reduce to lowest terms: 
2x+6 b) 4x ¢) 3x + By d) (b+cy 
3ax+9a 2+ 2x By? — 3x? ~acx—abx 
Solutions: 
2(x +3) x(x+1) 3(x+y) (b+e)(b+e) 
3a(x + 3) 2(1+x) 3(y+x)(y—-x) —ax(c +b) 
1 1 1 (1) 1 
2 (x+3) x(K4-LY B(x4+-7) (b+c)(brey 
3a(x4+3) 2(L+xJ Bye) (y ~x) —ax(c4+by 
Ans. -2- Ans. ~ Ans. Ans. — b+e 
3a 2 y~-%x ax 


4.3. Rule 2. Reducing Fractions Having Binomial Factors Which Are Negatives of Each Other 
Reduce to lowest terms: 


4~-y d*® — 49 5 ~ 57 (w — xy 
®) 3y—12 5) Ta=2d ©) tore—101 d) aut 
Solutions: , 
“1 (1) 1 (-1) -1 
(4—7) (d—-T) (d+ 7) a(1—15 (Wx) (w — x) 
3 (yt) 2(7 45 Ot (r~t) (x0) (x+W) 
2 
1 d+7 1 _ Wk x w 
Ans. - m7 Ans. - aa Ans. —- oF Ans. ee a 


— fon 


4.4. Fractions Having at Least One Trinomial Term 


Reduce to lowest terms: 


b?4.3b b) x — 9x +20 s y? + Qy -15 
®) 324106421 4x — x2 2y2 ~12y +18 
Solutions: 

1 el 1 
b (b+3) (x — 5) (x%—4) (y +5) (y¥— 3) 
(b+3)3(b +7) x(4—") 2(y — 3) 3) 
Ans. b Ans. oe gs eae Aig; IO 


b+7 x x " 2(¥-3) 
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5. MULTIPLYING FRACTIONS 


FRACTIONS 


To Multiply Fractions Having No Cancellable Common Factor 


ee 307 x5 a,9.¢, 7 
Multiply: @) 2-75 b) See ae oe ear 

Procedure: Solutions: 

1. Multiply numerators 
to obtain numerator of answer: 1. 3(7) 1. x(5) 1. a(9)(c)(7) 

2. Multiply denominators 2. 5(11) 2. 3(r) 2. 4(2)(d)(a+c) 
to obtain denominator of answer: 

24 5x _63ac_ 
Ans. 55 Ans. ae Ans. Gd (at 6) 
To Multiply Fractions Having a Cancellable Common Factor 
iply: a) 3.210.277 | 4) 7*,_2¢ _5x_3a+ 3b 
Multiply: a) 57 G b) ae \2_R : 
Procedure: Solutions: 
1. Factor those numerators aah ay 4 ; ‘ ete 
° ‘- x a x at 

and denominators which are 5° 6 a 7(1+x) (at+b)(a—b) x 

polynomials: 

2. Divide out factors common 4 f: ae ie By ay 5 4 
to any numerator and any —— . ¢ y 
denominator: ae ae ae Hae?) # 

: (1) (1) & (1) (4) (1) (1) 

3. Multiply remaining factors: Ans. 11 Ans, -2%- Ans, 1°. 

1+x a—b 
5.1. Multiplying Fractions Having No Cancellable Common Factor 

Multiply: 

12.4 Beso ym Be a3 r+ 
55 7 by T'S y ee a rere sr 
Solutions: 

1(2) (4) 2(¢) (x) oxy + 3¢ a(3)(r+5) 

5(5) (7) d(5)(y) ab 4(r) (a~2) 

8 2cx loexy 3a(r+5) 

Ans. cr Ans 5dy Ans ab Ans. gS) 
5.2. Multiplying Fractions Having a Cancellable Common Factor 

Multiply: 

9,715 120 hd? c_ |, 5a+5b gx (x~5)° 
*) 5 °3"14 b) d "3 °h ) SF Et oe ae d) 3x -15° 2(5—x) 
Solutions: 

3 (1) 3 4 (1) d (1) 1 3 (1) (-1) 

Oe kee Kd ¢  5(a+by $x (eB (ey 

BZ 14 d 3B (aiby IA¢(c+1) Bix-—S} 2 (5—xy 

(1) (1) (2) (1) (1) A 
9 4ca 5 3x 

Ans. i Ans a ns. Keri) Ans. - = 
5.3. More Difficult Multiplication of Fractions 
Multiply: 
- y?+6y+5 Ty+2l hy 2¢4 20-8, @~4 _ 40? 

Ty? -63 (Sty 4a 4+a 24-12a 4-a 
Solutions: 

(1) (1) (1) (1) (1) ¢1) (1) a 

A+ Shy +1) | 1437 att Ua-4} (a+2)(o-By  4e* 

Ay—-3)(yr3y (Bary(5+y) Ae = (4+ea7 ee) Aer 
ae VHT So ee AS a(a +2) 

Ans syi5ay) | Ga=3yG aS) cea 
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6. DIVIDING FRACTIONS 


Rule. To divide by a fraction, invert the fraction and multiply. 


To Divide Fractions 


Sagas oh O 9.4 14. 91 a ia 
Divide: a) +5 bats Cy eee d) 3 +4 
Procedure: Solutions: 
1. Invert fraction which is divisor: Invert & Invert 3 ae = Invert z Invert : 
2 a 1 
: : Qos 1 9 3 14 3 a $ 
‘ Itiply resulting f ons: tee eoeg are =. > 
2. Multiply resulting fractions ra oa a Fd 
1 b 1 
on 27 6 a 
Ans. is Ans. aa: Ans. a Ans. P 


6.1. Dividing Fractions Having Monomial Terms 


Divide: 
2 5 
a) 203 22 b) 2 8 be ar a - 
Solutions: 
1 2 (1) as ties 1 (1) 6 
a) HLL oe ae a eyes Le d) Sx, 2% | 42 
4 22 xe 42 1° 7 qf 
2 x 3 1 1 x4 
5 
Ans. - Ans. S Ans. * Ans. 8 
6.2. Dividing Fractions Having Polynomial Terms 
Divide: 
e a? —100 . 2a+20 b) 5a? = 25ab— 25a e) (Ax?-1 | 2x? 7x4 
8 20 b? ~ 36 b°- 7b4+6 9x —3x2 x? 7x 412 
Solutions: 
a) a?-100 20 b) ee ee a5 4x2—-1 9 x?- Tx+12 
8 2a+ 20 P-36 25ab—25a 9x — 3x2 Qx®-— Tx -—4 
1 5 (1)a nu 1 al (-1) 1 
(@4+t0)(a-10) 26 Ba> _ (b=-6) b=T) (2%+T) (2x-1) | (4~3) (4-4) 
he 2(a440) (+6) (b—6) 25¢(b—1) 3x(3-—-x) (2x41) (x47 
2 5 (1) 
5(a— a x ~2%x 
Ans. 26-10) Ans. 5(b+6) Ans. - 25 = 1 or i 


7. ADDING OR SUBTRACTING FRACTIONS HAVING THE SAME DENOMINATOR 


To Combine (Add or Subtract) Fractions Having the Same Denominator 


Apeeen 2a Ta _ 4a 5a 2a-9 7 — o+% 
Combine: a) 5 + Te is b) = —— os enor Za 
Procedure: Solutions: 
1. * Keep denominator and 2a + Ta — 4a 5a — (2Qa—9) 7 — (5+x) 
combine numerators: 15 3 x—-2 
ey oi “1 
. Reduce resulting fraction: oa 3a+9 _ B(a+3) oak 
A . pas 6B 3 3 ad 
8 (1) 
Ans. a Ans. a+3 Ans. -1 


* Note. In combining numerators, enclose each polynomial numerator in parentheses preceded 
by the sign of its fraction. 


192 


FRACTIONS 


7.1. Combining Fractions Having Same Monomial Denominator 


Combine: 
4,4 _ 43 8 1,11 5x x-4 x+5 1-x% x+4 
a 2te-15 8) semgetae 6°) Be a ag as 3x 
Solutions: 
14+4-8 8-1+11 5x — (x— 4) (x+5)—(1—-x) — (Tx +4) 
a) i b) Re c) 8 d) 3x 
2 6 1 (1) 
410 18 4x+4 — d(x+1) x+5-l+x—1x—-4 ~54 
3 Bc 8 $ 3x ~ 32% 
1 (1) 2 (1) 
6 x +1 _ 5 
Ans. 2 Ans - Ans. on Ans 5 
7.2. Combining Fractions Having Same Polynomial Denominator 
Combine: 
10x 9x +3 2b 2a 5 1x —8 3x +1 
e 2x—-6 2x-6 b) a—-b  a—b #) x2+3x—4 x243x—-4  x243x—-4 
Solutions: 
10x - (9x +3) 2b — Qa 5 + (7x — 8) — (3x +1) 
ee eae by ee ¢) x? + 3x — 4 
1 (-1) 1 
ne SF 2(b—1) 4x — 4 ar 4 (x=TY 
2(x—B5 a=t x24 3x - 4 (x—TYy (x + 4) 
Ans. $ Ans. -2 Ans. ay 


8. ADDING OR SUBTRACTING FRACTIONS HAVING DIFFERENT DENOMINATORS 


The Lowest Common Denominator (L.C.D.) 


The lowest common denominator of two or more fractions is the smallest number divisible 
without remainder by their denominators. 


Thus, 12 is the L.C.D. of and}. 


Of the common denominators, 12, 24,36, etc., the 


lowest or smallest is 12. 


Rule 1. 


Rule 2. 


Rule 3. 


To Find the L.C.D. 


If no two denominators have a common factor, find the L..C.D. by multiplying all 
the denominators. 
1 


, a 


Thus, 3ax is the L.C.D. of 5, ¢ and 2. 
If two of the denominators have a common factor, find the L.C.D. by multiplying 
the common factor by the remaining factors. 


Thus, for xy and oe , the L.C.D., 15xy, is obtained by multiplying the 


common factor, xy, by the remaining factors 3 and 5. 


If there is a common literal factor with more than one exponent, use its highest 
exponent in the L.C.D. 


, 1 1 1 
Thus, 3y°is the L.C.D. of — , = and =. 
x By’ ¥2 y° 


FRACTIONS 
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To Combine (Add or Subtract) Fractions Having Different Denominators 


Procedure: 


Procedure: 


Procedure: 


“ee 1 3 1 5 3 
Combine: a) 3 + 4 12 By 
Solutions: 
1. Find the L.C.D.: 1. L.C.D. = 12 1. L.C.D.= xy 
2. Change each fraction to an equivalent 2. 4-4 + 3.3 = + 2. = + oy 
fraction whose denominator is L.C.D.: 4 9 1 5 
. . . . —- + — —_ —— oy + 3x 
(Note how each fraction is multiplied by 1.) 127 12° 12 xy” xy 
12 
1 
: . : 5y + 3x 
3. Combine fractions having the same de- 3.1 Ans 3: a Ans 
nominator and reduce, if necessary: 
8.1. Rule 1. Combining Fractions whose Denominators Have No Common Factor 
: 4r— 
Combine: a)2 + 3 b)3 - yo c)r+2—- — 
Solutions: 
1. Find L.C.D. (Rule 1): L.C.D. = (5)(4) = 20 L.C.D.= x(x+1) L.C.D.= 2r 
: ._ 24 35 3 (x+1) _ 3 x | (rt+2) 2r | 4r~—1 
2. Change ep equivalent frac ea tas EL Gas mers on 
tions having same L.C.D.: 2 
8b 3x+3 = 3x ar“+4r — 4r—1 
20 2 x(x +1) x(x +1) ar ar 
2 
3. Combine fractions: 23 ori Ans. rer Ans. art} Ans. 
8.2. Rule 2. Combining Fractions whose Denominators Have a Common Factor 
a a eee re S 2 7 a+4 2-44 
Combine: a) 6-~ tito b) ba * 5a45 C) a 6a 
Solutions: 
1. Find L.C.D. (Rule 2): L.C.D.=12 L.C.D. = 5a(a+1) L.C.D.= 6a 
: 5,2 1 , 3/6 2 ,(a+1) 7 a (a+4) 2 | 2-4a 
2. Change to equivalent 65 49a 2's Ba (ae 1) + 5(a@+)'a aa 3 6a 
fractions having same ‘ at ‘ oe 5 
A 10 1 18 a+ a a+ ~—4a 
L.C.D.: 12 12 + 12 5a(a+1) i 5a(a+) 6a 6a 
, came oT. 6 ga+2 6a+6_ a+] 
3. Combine fractions: a eee Ans. 3a(at i) Ans. 6a - Ans 


8.3. Rule 3. Combining Fractions whose L.C.D. Includes Base with Highest Exponent 


Combine: 
5 7 
a a 


Solutions; 
L.C.D. = x2 


x 
Lara 
x Xx x 


Sey 7 
x? x? 


L. 


C. 
x 


D.= x 
4 
xt 


3x4 


+ 
| R 
MIEN 


x 


4 2 
3x" + x7 - 2 Ans. 


gt 


w | ow 


d) 


2 3 
a2b * ab? 
L.C.D. = a2b? 

2 5b 3 a 
a*bh b ab? a 
2b 3a 
a?b? ab? 

26+ 3a 
sa «CAns 
a~b 
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8.4. Combining Fractions Having Binomial Denominators 


Combine: 
a) 3x 5x 
x—2 x+2 


Solutions: (Factor denominators first) 


@) 
L.C.D. = (x-2)(x+2) 


3x (x +2) 5x (x—2) 


(x— 2) (x42) («+2)° (2) 


3x? + 6x 
(x-2)(x+2) 


5x? —10x 
(%+2)(x—2) 


8x? ~ 4x 


Ans. (x—2) (x +2) 


3. 5 923 2 "T 
b) Qy+4  3yt6 Pes bal= 25 
3 5 2a—3 7 
b) 2(y+2)  3(y+2) a) (a+5)(a—5)  5(a—5) 
L.C.D. = 6(y+2) L.C.D. = 5(a+5)(a—5) 
a ae es” (2a~3) 5 _ = 7 _— (@+5) 
B(y+2) 3. 3y+2) 2 (a+5)(@—5) 5  5(a—5)° (a45) 
9  _ 10 100-15 (7a +35) 
6(y +2) 6(y +2) 5(@+5)(a—5) 5(a@+5)(a—5) 
Ans. — 1 Ans 3a — 50 


6(y +2) 


9. SIMPLIFYING COMPLEX FRACTIONS 


A complex fraction is a fraction containing at least one other fraction within it. 


Thus, 4, 
2 2 


' 
5 and *+ 2 are complex fractions. 


5 *~ 7 


" 5(a+5)(a—5) 


To Simplify a Complex Fraction: L.C.D.—Multiplication Method 


2 abe ol goal 
Simplify: a) 3 by 2 5 3 ) ieee? 
v 3 *+i0 
Procedure: Solutions: 
1. Find L.C.D. of fractions in L.C.D.=12 L.C.D.=6 L.C.D.=30 
complex fraction: 
2. Multiply both numerator and > 14 | 
: = 13 Cums (x--=) 30 
denominator by L.C.D. and 2 P (RES IPE 5 3 papules 
reduce, if necessary: y (12 5 6 ($+ 49) 30 
8 3-2 = 1 30x -10 30x ~—10 
g Ans “30 ~ 30 4"8-| “teya1 => 39 (ARS. 
To Simplify a Complex Fraction: Combining— Division Method 
t | 4 x. x 2 
wees 273 Bes: +5 l+y 
Simplify: a) 7—— b) ; c) xe d) 5 
7ty xt 7 2x — To 1- y2 
Procedure: Solutions: 
1. Combine terms of de aids 1 a ds SET x x _ 1% 142-72 
numerator: 2 3 6 3 3 2 5 10 y y 
2. Combine terms of pre ee Gee Stel ox — 3% _ 17% | ae Se 
denominator: 2 3 6 3 10 10 y2 2 
3. Divide new numer- 1,5 3x-1 , 3x+1 AS: Nas ro, yee 
ator by new denom- 6° 6 3 3 10 10 y ° ¥? 
inator: 1.6 3x -1 3 x 10 y+2 y? 
65 3 3x41 10° 17x y 'y2—-4 
1 Ans. Bel Ans — Ans. YY Ans 
5 3x41 1 ¥y-2 
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9.1. Simplifying Numerical Complex Fractions 


Simplify: \ ' 1.2 
I 2 
4-5 5+ 7-4 l1-¢t+3Z 
a) 2 b) = c) ; d) 3 . ; 
1-9 Tt aaa) 
L.C.D.= Division Method L.C.D.=16 L.C.D.=18 
1 I 1,2 
i 27. 69 (Sa) 16 tS) 18 
5 3 5 10 (2+ 4) 16 (d+3-4+ 18 
9 (2) 
12-1 at it 8 — 4 18 —- 3+12 
15 B 65 6+1 4+54-—9 
(1) 28 
11 18 4 27 
iF Ans aa Ans a Ans 75 Ans 
9.2. Simplifying Complex Fractions 
Simplify: ! \ 
ek x x —4+-—5 oe 
a) 2 b) 3 5 c) x x d) 2x y 
4 1 4 1,2 
2 x3 xo Wy 
L.C.D.= Division Method L.C.D.= x? L.C.D. = 6xy 
1 bp Le | 4 
Gr ax 1 ee? 2 Ge 77) | 6xy 
4 2 1 2 (4) x3 (t + 2) 6xy 
2x -1 ax 2 _ 4x x2 + % By - 24% 4 
a Ans. oa ae Ans. rn Ans. eee ns. 
SUPPLEMENTARY PROBLEMS 
1. Express each in fractional form: (1.1 to 1.3) 
a) 10+19 d) the ratio of 25 to 11 g) 3 of 8 equal portions of a pie 
b) n + (p+3) e) the ratio of 7¢ to a dime h) 3 out of 8 equal pies 
c) 34 divided by x f) the quotient of (r~7) and 30 t) the ratio of 1 sec.to 1 hr. 
Ans. a) 12, by)", cy 34, gy 23 ak ro7 3 Sf py. 
M8) Tat Obes ON GY Dap eg 1) op ge Mae aen0 
2. State the value of x when (1.4, 1.5) 
cae Bx-12 _ 5 : 
a).45 = 0 Ans. 0 d) axis Ans. 4 8) z-19 38 meaningless Ans. 10 
x-3 _ 3x+12 _ _ x : ; 
b) ae 0 Ans. 3 e) ae ies 0 Ans. -4 h) S56 is meaningless Ans. -4 
c) or +8 = 0 Ans. -23 f) + is meaningless Ans. 0 i) tt is meaningless Ans. $ 
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3. Change each to equivalent fractions by performing the operations indicated on its numerator and 


denominator (terms): (2.1, 2.2) 
a) Multiply terms of 5 by 5. d) Divide terms of # by 5. 
b) Multiply terms of 2 by 5x. e) Divide terms of ae by 3x. 
2. 
c) Multiply terms of 7 by (a+2). f) Divide terms of Oe by (a-2). 


Ans. a) & , 6) 10% | ey 2(a42) _ 74+ 2a gy z ey) 1, fy 5(a=2) 


10 15x T(a+2) Ja+14’ 2x’ 7 
4. Change $ to equivalent fractions by multiplying its terms by (2.1) 
a) 6, b) y, c) x®, d) 3x-2, e) atb. 
6x xy x8 3x? — 2x ax+ bx 
Anse) aa Ph ge 6) Gye) 4) Tee ig? ©) gaa 5b 
2 
5. Change aaa to equivalent fractions by dividing its terms by (2.2) 
a) 2, 6) 12, c) 4a, d) a?, e) 12a? 
6a a? 3a 12 1 
Ans. a) 18a3 ; b) 35 ; c) 9a ‘ d) 36a ‘ e) 3a 
6. Obtain each missing term: (2.3) 
3_@) 10 _ 10a Jac _ a 
a) ee Ans. 12 d) e Fhe Ans. abx 6)qaed = 9) Ans. 2d 
5 _ 20 2a _ (2) a? —b? _ (2) ee 
b) ig Ans. 36 e) a aoké Ans. 20abc h) ree a Ans. a 
Ta _ (2) 2 x+2_ _ (2) ws -, 24(a@4+2) _ (2) 
c) a= ha Ans. Ta f) 3 Be) Ans. %°-4 i) 36(at2% ~ 3(atD) Ans. 2 
7. State the reciprocal of each: (3.1) 
a) is Ans. 100 d) 3 Ans. 3 g) oe Ans. * j) 10%x Ans. uo 
b) 100 Ans. an e) 2 Ans. 4 or 33 h) 3% Ans. = k) 25% Ans. 4 or 400% 
1 1 3 . 10 
c) 35 Ans. 3x f) 15 Ans. = i) .3 Ans. = 1) 100% Ans. 10r100% 
8. Supply the missing entry: (3.2) 
3) 4) _ 3) 7 2y 1) (4ay — 
a) (4)@) = (?) c) (a) (3) (2) &) =1 e) Qay = (?) 
b) (202) al d) (2)(9) =1 f) (2) (Ex) = % 
5 5 % 5 
Ans. a) 1 b) =e c) se d) 5 e)y ise 
9. Show how to change each division to multiplication by using the reciprocal of a number: (3.3) 
a) 12+$ c) 20y+ % e) (3a~6b) + 3 
b) 8 +12 d) 3x22 f) (x94 8x2- 14x) + 7 
Ans.a) 12-4=14, 6) 8.424. ©) 20y(=) = 20x, d) 3x2() = Say, 


e) 2(3a-6b) = 20-46, ff) 12 (x94 8x14) = 10x + 80x - 140 


10. 


11. 


12. 


13. 


14. 


15. 


FRACTIONS 


Solve for x, indicating each multiplier of both sides: 


a) 
b) 
Ans. a) 


b) 


Reduce to lowest terms: 


a) 


Ans. a) 


Reduce to lowest terms: 


a) 


b) 


Sy a 

9% = 35 
88 

ax = 20 
Mg, *=63 
5 

Mg, *=72 


8 


al 
35 ?) 


3 
3 
5 b) 


_5(x +5) 
1i(x+5) 
8ab(2c—3) 
4ac(2c—3) 


Ans. a) 2, b) 22 | 


Reduce to lowest terms: 


a) 
b) 
Ans. a) 


b) 


Reduce to lowest terms: 


a) 
b) 
Ans. a) 


b) 


6—%x 
5x — 30 
x? — 3x 
21— 7% 


/ 2% 


7 


ce? +5¢ 
c24+12¢ +35 
b?+6b—7 
b?- 49 


Multiply: 


is} 
~ 


loa 
~ 


Ans. a) 


Fe ole Blo 
a 
x 
sje 
x 


hy - 


c) bx = 20 e) Ee 
a) ae = 5 pes 
c) Mg, x=15 e) Mog, 
4 b 
d) Mig , *=6 f) Mc, 
3 3 
c) 32% d) isd aera 
°F ) 4 sage 
Saas © a0 
a) ae p a 
ene) oa ye, nas 
c) eat €) ape 8) 
ee 
ce) + y+2 e) - - g) 
d) -55 N -aey 
@) oat ; be? 2) Hy 8) 
ee ee 
a sath e) =D g) 
d - 35 po h) 
c) 3 x 28 e) 3 
ee r 
a Dee Ole Dae 


10rs 


f) 
f) 


Qr 
s+4 


cs 

3 [a 
Pa 
| 


ac? ~ad? 
d?—cd 


(r—s)? 
“s2 —r2 


a(c+d) 


Qw? —14w +24 

12w* — 32w ~12 

Qa? ~ 9a — 5 

60° + Ta +2 
w—4 

2(3w +1) 

a-5 

sat2 
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(3.4) 


(4.1) 


5s? + 20s 


(4.4) 


(5.1, 5.2) 


mio cola 
cojeo eafoo 
x 
Ale 
=alas 
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16. Multiply: 


FRACTIONS 


(5.1, 5.2) 
15b+15¢ 8x+6 


2 
a) Se . i) > 
c 5 7 2 16x*~—9 5b+5c¢ 
2 2. 
b 2,3 a+b 15 .. (vtwy 
) Tab 2 ¢ f) 5 lla +116 }) bu+bw 3+ 3w 
Bie Py? riot 25 
2) y y¥? x 8) y 3 x8 k) 5r+5s 2r?+ 2s? 
d) mtn m+n hy Srt+las | 7s —14 1) 5ax+10@ | 200 ~ 2a? 
3 mn Qrs—-4r 3r+6s ab-—106 ax+2a 
368 3x° a? — 6? YY -) 6 5(r—s) 
Ans. a) ee c) - e) a g) a5 i) ee k) 5 
21a7b dy (m+n? 3 7 - b _ 10(10 +2) 
b) 2c ) 3mn f) 11 h) r }) 3 ty b 
17. Multiply: (5.3) 
i a®?-4 | a?—9a+14 a 2c+b , 3b7~3be, 5be ~10c? 
(a — 2)? a? + 2a? b2 be+2c2 b? ~ 3bc + 2c? 
b) (x+3)? —, "Tx? ~ 700 d) r2_ 8s? r24+3rs | ors — 38 
x2? 1x—-30 x3 + 3x? 3-91 4s —4r r24+ 4rs +35? 
a-7 T(x +10) 15 rs 
Ans. a) “2 b) 2 c) = d) ri 
18. Divide: (6.1) 
22 12x ab , B rs . rs? 
ee 2 aaa ar ae 8) 16: * 3 
b) 34 dy 247 x, ax 2x, 10¥ 
4 36 Me y f) >) 6 h) y ° 3x 
; 1 IT qs 3a 3 rt 3x? 
Ans. a)15 6) ee OS evap f= 8) 55 *) 52 
19. Divide: (6.2) 
a) 3%. . 5% bs d?-1 , d*h-h £ aS 64a , a?-~9a+8 
x+2 ° x+2 3d+9 ° dh+3h 2a*+16a © a*+4a—5 
b) 2(y+3) , 8(y+3) f) e?-cd | Ic~T1d ) a®—ab? | a?— 4ab + 3b? 
7 “63 3c74+3cd © c?—d? ] 6a+6b © 12a—365 
2@—-10 , a-5 Qn? 4+ 2y? | x? + y? 3p +p? 9p —p? 
¢) —— + gs > S++ ky 2P4P , _8P7P 
3b-21 ° 46-28 x2? 4y?2 " x + 2y 12+3p © 12—p-—p? 
d) 3(a?+5) , 18(a7 +5) py ts ee 1) c?+16¢+64 , 3c7+30c+48 
b(a?—3) © T(a?—3) rs—st | r2—¢2 Q2c2-128 ° c2—6c—16 
3 8 i 2 5) @t5 pe 
Ans. a) ; c) 3 e) 7 g) ae i) 7 k) 7 
9 7 c-—d r+t é 1 
4 4) & A ar DO ieey j) 2a Ns 
20. Combine: (7.1) 
4,2 3,4 21 5. 3 
yg tg 5S my 8) 3f5 + 279 
10 7 6 pny to we 2 ol 
6) 13 - 73 ©) 75 ~ 15 ~ 15 hy 107 - 8% 
3 _ & 3 1,7 fy 15 _ 7 3 
a aes or Ne-etes ‘) a6 t 16 ~ a6 * i6 


1 6 
Ans. a) §=2 by. ey d) & 2 fy? g) 52 hy 2h i) 


21. Combine: 
x 5x x2 
a) 3 + 3 c) & 
by 22 . 3 dy 10 
5 5 r 
2 
Ans. a) &* = 2% by 4 c) o 
3 5 3 
22. Combine: 
a+2 Ta —2 
ar ea 
b) Dx -_ 5x — 35 
7 7 
Ba _ 35 3 
Ans. a) [=a b) = 5 c) = 
23. Combine: 
a) 5 x-2 
x+3 x+3 
b) 2x 2y 
x+y x+y 
c) SP 54 
P-q P-@q 
x+3_ 5p — 5g 
Ans. a) 3 =1 c) aa 
by BE gy. gets 
x+y c+3 
24. Combine: 
2 1 3 1 
N34 er ae 
Ans. a) z b) o 
25. Combine: 
4 2 
a) 5 i x+3 
3 2 
b) ee + a 
Ans. a) 4x +22 b) 15-24 
5(x+3) a(5—a) 
26. Combine: 
1 3 1 11 
a) 7 + mn + 7 c) Io 
7 1 1 a 
a) 8° 2 4 q) 3 
5 i & 
Ans. a) 4 b) 7 c) 5 


FRACTIONS 


x? 17 «14 5x x 3 
6 *) a5 ~ 3s BP yty7y 
3 5a 3a 4 p 8 
Beige 2 es Ay 2 -L + = 
: eo R ) 3q 39° 3q 
d) 13 ey i f) ce g) 6x—-—3 h) pt+2 
y 
2y-T _ 2y-10 b+8 4b+7 
a eee 5 sa + ga 
8 . 2  3x+10 x+3 , 3x-3 
d) eo x f) axe + 9x? 
we 5b+15 _ b+3 4x 2 
d) - x 3 e) 5a a f) Qx2 x 
2 c+5 3a a+46 
eg eas 8) d0a+6) + d(a+b) 
7 d? py 1a-2 a—2 
) d?+7 d?+7 ) a(bt+c) a(b+c) 
6 4x . 3x x+4 
f) 2x — 3 2x—3 fo x2@—4 x2— 4 
4a+4b 
5 e)l > 
) 8) 3(a4b) ax—4 
6— 4% 6a _ 6 x?_4 
: f) ae a h) a(b+c) b+e 
a b 4 5 a 6 
c) 7p d) at By e) ae 
2a-— 7b" By + 15x a? + b? 
°) 14 q) 6xy es ab 
8c 1 x x 
2 vars a gece. = pER 
2 3 4 2 
) y+1 + y-1 p a+5 at+l1 
13c- 1 by +1 2x? 6a+14 
2(3¢+1) ) y?-1 @) 4~—x? f) (a+5)(a+1) 
2 1 5x x Pp q r 
—_—- = + nace it ee —_ Stings E om ose _ — 
5 2 i 8 12 8) 8 % 3 6 
a £4 2 hy & 3B 0, 21 
12 Nets iy oe. Ge 
d 2 13% Te 3p + 8q — 47 3 
Vinge | Ne fy yg 8) 24 A) 


(7.1) 


(7.2) 


(8.1) 


(8.2) 


200 FRACTIONS 
27. Combine: (8.3) 
ap 3+ 4 de+2es a a + 4, 
oe 02-44 n dh - dre 3 
Ans: a) a b) 5 2b 2) ees vt bets ey ast = Bets f) 54300 ae 
a SAS my Mateess iy eae 
28. Combine: (8.4) 
2) q ~ ro d) a Ze a 8) aaa ~ exe 
b) ab 23 cs ez e) a * a ») i= 7 EEE 
° ae a 3x f) ae ~ eee H) ae a ~ aa 
ANB) i DY arg: Cres pee D ae p) ees 
8) EET i) eo? H) aed 
eco Sbnp ty: 2 14 3 2 ip tye SOY 
Woes c) 373 Py eel aca Pe peel 
2 2 5 10 
y its 4 fy Ete i) B78 
os Boe 2 x a2 
Ans.a) 42 by 18 cy Fd 20  e)- ONd OS DHE 
30. Simplify: (9.2) 
os i _ a ot 
r 3 sy 2 ; 5 % pews 
2 r) 2 x” @ 
Ans. a) ot b) 4a-2 c) seers d) rar e) oa f) a 8) 4 h) te 


Chapter 12 


ROOTS 
and RADICALS 


1. UNDERSTANDING ROOTS AND RADICALS 


The square root of a number is one of its two equal factors. 
Thus, +5 is a square root of 25 since (+5)(+5) = 25. 
Also, -5 is another square root of 25 since (-5)(-5) = 25. 


Rule. A positive number has two square roots which are opposites of each other (same 
absolute value but unlike signs). 


Thus, +10 and ~10 are the two square roots of 100. 


To indicate both square roots, the symbol +, which combines + and -, may be used. 
Thus, the square roots of 49, +7 and ~7, may be written together as +7. 
Read "+7" as "plus or minus 7". 


The principal square root of a number is its positive square root. 
Thus, the principal square root of 36 is +6. 


The symbol, va , indicates the principal square root of a number. This symbol is a mod- 
ified form of the letter, r, the initial of the Latin word radix, meaning root. 
Thus, /9 = principal square root of 9 = +3. 


To indicate the negative square root of a number, place the negative sign before Vv .- 


Thus, -V/16 = —4. 


Note. Unless otherwise stated, whenever a square root of a number is to be found it is to 
be understood that the principal or positive square root is required. 


Radical, Radical Sign, Radicand, Index 


(1) A radical is an indicated root of a number or expression. 
Thus, V5, Vv 8x and V 1x8 are radicals. 


(2) The symbols // , a and a ate radical signs. 


(3) The radicand is the number or expression under the radical sign. 
3 4 
Thus, 80 is the radicand of V 80 or V80. 
(4) The index of a root is the small number written above and to the left of the radical 


sign,  . The index indicates which root is to be taken. In square roots, the index, 
2, is not indicated but understood. 


Thus, v8 indicates the 3rd root or cube root of 8. 


The cube root of a number is one of its three equal factors. 
Thus, 3 is a cube root of 27 since (3)(3)(3) = 27. 


This is written, 3 = y 27 and read, '3 is a cube root of 27". 
Also, -3 is a cube root of -27 since (~3)(-3)(-3) = —27. 
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Square and Cube Roots of Negative Numbers: Imaginary Numbers 


The cube root of a negative number is a negative number. For example, v-8 =~-2. How- 
ever, the square root of a negative number is not a negative number. For example, the square 
root of -16 is not -4. Numbers such as V-16 or \/~100 are called imaginary numbers. This 
name was given to them before it was realized their great importance in science, engineering 
and higher mathematics. 


In general, the nth root of a number is one of its n equal factors. 
Thus, 2 is the fifth root of 32 since it is one of the five equal factors of 32. 


1.1. Opposite Square Roots of a Positive Number 
State the square roots of 


2 
25 b) 25x2 A d) 81a2b? es za 
a) ) 25% c) x ) la e) 64 f) 16 b2 
Ans. a) +5 b) +5x c) tx? d) +9ab e) +t f) +e 
1.2. Principal Square Root of a Number 
Find each principal (positive) square root: 
a. 2 is] 
a) V36 by v.09 c) V1.44x2—d) 2 e) ¥a5 f) a 
Ans. a) 6 by .3 c) 1.2% d) > ay f) Be 
’ . : 2 20 c4 
1.3. Negative Square Root of a Number 
Find each negative square root: 
a) ~V100 6b) ~V16 c) ~V400e2 dy - : ep - V8 fy - ee 
Ei e 3 _3 _9 me i 
Ans. a) -10 b) ~.4 c) -20c d) ; e) : f) ? 


1.4. Evaluating Numerical Square Root Expressions 


Find the value of 


a) 3V4 + V25 ~ 2v9 by fe + 4 8 ch 4 Vf d) 5 V36 + 2V100 


4 
Solutions: 
a) 3(2) + 5 — 2(3) b 248 c) 4(3) d) $(6) + 2(10) 
Ans. 5 Ans. B Ans. 18 Ans. 6 


2. UNDERSTANDING RATIONAL AND IRRATIONAL NUMBERS 


Rational Numbers 


A rational number is one that can be expressed as the quotient or ratio of two integers. 
(Note the word ratio in rational.) 


Thus, 3 and -2 are rational numbers. 
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Kinds of Rational Numbers 


1. All integers, that is, all positive and negative whole numbers and zero. 


Thus, 5 is rational since 5 can be expressed as 3 : 


2. Fractions whose numerator and denominator are integers, after simplification. 


Thus. 2 is rational because it equals 3 when simplified. However, V2 is notrational. 


3. Decimals which have a limited number of decimal places. 


Thus, 3.14 is rational since it can be expressed as 314 


100 ° 
4. Decimals which have an unlimited number of decimal places and the digits continue to re- 
peat themselves. Thus, .6666... is rational since it can be expressed as 2 


a 
Note. ... is a symbol meaning 'continued without end". 


5. Square root expressions whose radicand is a perfect square, such as 725; cube root ex- 
‘ ; : 3 
pressions whose radicand is a perfect cube, such as V 27; etc. 


Irrational Numbers 
An irrational number is one that cannot be expressed as the ratio of two integers. Thus, 


(1) V2 is an irrational number since it cannot equal a fraction whose terms are in- 
tegers. However, we can approximate V2 to any number of decimal places. For 
example, V2 =1.4142 to the nearest ten-thousandth. Such approximations are 
rational numbers. 


(2) 7 is also irrational. An approximation of 77 has been carried out to over 10,000 


places. 
(3) Other examples of irrationals are vs : a and 2+ V7. 
Surds 
A surd is either an indicated root of a number which can only be approximated, or it is a 
polynomial involving one or more such roots. A surd is irrational but not imaginary. 
Thus, V5 , 2+V5 and 10+V/7 -2¥V3 are surds. 


However, V-4 is not a surd since it is imaginary. 


2.1. Classifying Rational and Irrational Numbers 


Classify each number in the table. If rational, express it as the ratio of two integers: 


Positive 
Integer 


Negative 


Integer 


Rational 
Number 


Expressed as 
Ratio of Two 
Integers 


Irrational 
Number 
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2.2. Expressing Rational Numbers as the Ratio of Two Integers 


Express each of the following rational numbers as the ratio of two integers: 


a) 10 Ans. e e) aa Ans 

b) -7 Ans, =! je Ans. 
1 f V49 

c) 6.3 Ans. $3 g) 3V25 Ans. 

d) -53 Ans. =3+ hy 4V.81 Ans. 


V 100 


mee i) Vi6 Ans. + 
7 V121 11 
Q 7) a Ans. 3 
* k) V6qE Ans. > 
3 al 


1) ¥.0001 Ans. 


a 
oO 
oa 
i=) 
i=) 


3. FINDING THE SQUARE ROOT OF A NUMBER BY USING A GRAPH 


Approximate square roots of numbers can be obtained by using a graph of x= vy. 


Table of values used to graph x= Vy from x=0 tox=8: 


In the table, each x-value is the principal square root of the corresponding y-value; that 
is, x= vy. On the graph, the x-value of each point is the principal square root of its y-value. 


To Find the Square Root of a Number Graphically 


Procedure: 

1, Find the number on the y-axis: 

2. From the number proceed hori- 
zontally to the curve: 

3. From the curve proceed verti- 
cally to the x-axis: 

4. Read the approximate square 


dir 


root value on the x-axis: 


To find the square of a number 
graphically, proceed in the reverse 
ection; from the x-axis to the 
curve, then to the y-axis. 


Thus, to square 7.2, follow this 
path: x= 7.2 to curve, then to y=52. 


Ans. 7.2 = 52, approximately. 


v 


Find ¥ 27, graphically. 
Solution: 
1. Find 27 on the y-axis. 


2. From 27 follow the horizontal line to point 
A on the curve. 


3. From A follow the vertical line to the x- 
axis. 


4. Read 5.2 on the x-axis. 


Ans. V27 = 5.2, approximately. 


GRAPH of x= Vy 
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3.1. Finding Square Roots Graphically 


From the graph of x= Vy, find the square root of each number to the nearest tenth, indicating 
the path followed: 


Number Sq. Rt. Path 
a) 13 3.6 ( y=13 to B to x=3.6 
b) 21 4.6 ( y=21_ to C to x=4, 
c) 35 5.9 (y=35 to D to x=5.9 ) 


4, FINDING THE SQUARE ROOT OF A NUMBER BY USING A TABLE 


Approximate square roots of numbers can be obtained using the table on page 290. The 
square root values obtained from such a table are more precise than those from the graph of 
x= Vy. The table saves time for the scientist, engineer, machinist or mathematician. 


To find the principal square root of a number, look for the number under N. Read the 
square root of the number under VN, immediately to the right of the number. 
Thus, V5 = 2.236, V87 = 9.327, 7200 = 14.14. 


Multiplying or Dividing the Radicand in a Square Root by 100 


Rule 1. If the radicand of a square root is multiplied by 100, the square root is multiplied by 10. 
Rule 2. If the radicand of a square root is divided by 100, the square root is divided by 10. 


Thus, applying Rule1i: Thus, applying Rule2: 
V9 = 3 V9 = 3 
900 = 30 V.09 = .3 
V9 00 00 = 300 V.00 09 = .03 
V9 00 00 00 = 3000 V.00 00 09 = .003 


Note. Each underlining above indicates a multiplication or division of the radicand by 100. 
This process of underlining pairs of digits is used later in the process of computing 
square roots. 


4.1. Finding Square Roots, Using a Table 
Find the approximate value of each square root, using the table of square roots: 


a) V5 Ans. 2.236 c) ¥500 Ans. 22.36 e) ¥562 Ans. 23.71 
b) V50 Ans. 7.071 d) 262 Ans. 16.19 f) V862 Ans. 29.36 


4.2. Evaluating, Using a Square Root Table 
Find the value of each to the nearest hundredth, using the table of square roots: 


a) 3V2 b) 2V300 - 25 oy MARS ge te 
; 3 v2 
Solutions: 
Since V2 =1.414, Since ¥300 =17.32, Since V45 = 6.708 and /2 = 1.414, 
3V2 = 3(1.414) 2300 - 25 = 2(17.32) - 25 V5 1 e0R ys 1 
= 4,242 = 9.64 3 V2 ici 
= 2.236 + .707 
Ans. 4.24 Ans. 9.64 = 2.943 Ans. 2.94 
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4.3. Rulei. Multiplying the Radicand of a Square Root by a Multiple of 100 


Using the table of square roots and applying Rule, find the approximate value of each 
square root: 


a) ¥50000 and 5000000 b) V4000 and 400000 c) V53400 and V5340000 
Solutions: 
Since V5 = 2.236, Since 40 = 6.325, Since V534 = 23.11, 
V5 00 00 = 223.6 Ans. V40 00 = 63.25 Ans. V534 00 = 231.1 Ans. 
V5 00 00 00 = 2236. Ans. V40 00 00 = 632.5 Ans. V¥534 0000 = 2311. Ans. 


4.4. Rule 2. Dividing the Radicand of a Square Root by a Multiple of 100 


Using the table of square roots and applying Rule 2, find the approximate value of each 
square root: 


a) V¥2.55 and y.0255 b) ¥.37 and y.0037 c) ¥.05 and V.0005 
Solutions: 
Since 255 = 15.97, Since 737 = 6.083, Since V5 = 2.236, 
V2 .55 = 1.597 Ans. v.37 = .6083 Ans. v.05 = .2236 Ans. 
v¥.0255 = .1597 Ans. V¥.00 37 = .06083 Ans. v.00 05 = .02236 Ans. 
5. COMPUTING THE SQUARE ROOT OF A NUMBER 
Step 1 Step 2 Step 3 
Square and Square Root Doubling and Dividing Duplicating and Multiplying 
[Bawwre] 2 8 Ee 
16 16 7 
6 8 6 > 87 | 6 09 
Divide 60 by 8 Multiply 87 by 7 H-78 99 


To Compute the Square Root of a Number 


To compute the square root of a number, such as Vy 2209, the following major steps and 
their substeps are needed. 


Step 1 (Square and Square Root Step) 
(1) Pair the digits of the radicand 2209, counting from the decimal point. 
(2) Under the first pair 22, place 16 which is the largest perfect square less than 22. 
(3) On top, place 4, the square root of 16. 
(4) Subtract to obtain the remainder 6. 
Step 2 (Doubling and Dividing Step) 
(1) Bring down 09, the next pair of digits. 
(2) Double 4, the number on top, and place its double, 8, on the outside as shown. 
(3) Cover up 9, the last digit of 609. 
(4) Divide 8 into 60 to obtain 7. Disregard the remainder. 
(5) Make 7 the next digit on top. 
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Step 3 (Duplicating and Multiplying Step) 
(1) Duplicate the next digit 7 and place it after 8 as shown. 

(2) Multiply 87 by 7 (as in long division) to obtain 609. 
(3) Subtract to obtain a remainder of zero, showing that 47 is an exact square root. 
2209 = 47 Ans. 


Step 4 (Repeating Operation Step) 
If there is a remainder, repeat Steps 2 and 3 until the desired number of decimal places 


are found. 
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Note. Decimal point of answer should be written directly above decimal point of radicand. 


5.1. Computing Exact Square Roots Showing Separate Steps 


Find ¥3806.89. 
Step 1 
Square and Square Root 
6 
V38 06. 89 
36 
3 


Step 2 
Double and Divide 
6 1. 


V38 06. 89 
36 


12 206 


(12 into 20 yields 1) 


Step 3 
Duplicate and Multiply 


6 1. 
V38 06. 89 
36 
2 06 
1 21+(121x1) 


85 


121 


5.2. Approximating Square Roots, Showing Separate Steps 
Find V12.1, to nearest tenth. 


Step 1 
Square and Square Root 


Note. Extra zeros are 
needed to obtain near- 
est tenth. 


5.3. 


Find each square root: 


a) V961 


Solutions: 
3.441 


Step 2 
Double and Divide 
3. 4 
V12. 19 00 
9 
6 |31 6 
Note. 6 into 31 


yields 5 but this 
is too large. 


Step 3 
Duplicate and Multiply 


64 


2 56+(64x4) 
54 


Computing Exact Square Roots, Showing Entire Process 


Step 4 
Repeat Steps 2 and 3 


Step 4 


Repeat Steps 2 and 3 


687 


Ans. 3.5 
(to nearest tenth) 


b) V.4225 c) V219.04 
.6 5 1 4. 8 
V .42 25 V2 19. 04 
36 1 
125 | 625 24 |} 119 
6 25 96 
288 | 23 04 
23 04 
Ans. .65 Ans. 14.8 
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5.4. Approximating Square Roots, Showing Entire Process 


a) Find V17, to b) Find V.083, to c) Find V3, to 
nearest tenth. nearest hundredth. nearest hundredth. 
Solutions: 
4.12 .2 8 8 Vi =V5 
VIT. 00 00 v.08 30 00 
1 4 707 
81 | 1 00 48 | 430 v.50 00 00 
81 3 84 49 
822 19 00 568 46 00 
Fae an 1407 | 1 on 2 
2 56 56 151 
Ans. 4.1 Ans. .29 Ans. .71 


6. SIMPLIFYING THE SQUARE ROOT OF A PRODUCT 


Formulas: Vab = VaVb, Vabe = VaVb Ve 


Rule 1. The square root of a product of two or more numbers equals the product of the separate 
square roots of these numbers. 
Thus, ¥3600 = V(36)(100) = V36V100 = 


(6)(10) = 60 


To Simplify the Square Root of a Product 
Simplify V72. 


Procedure: 

1. Factor the radicand, choosing perfect square factors: 
2. Form a separate square root for each factor: 

3. Extract the square roots of each perfect square: 

4. Multiply the factors outside the radical: 


Simplifying Square Roots of Powers 
Thus, Vx® = x° since x9+x9 = x8, 


the exponent. 


Solution: 

1. V(4)(9)(2) 

. V4 v9 V2 

(2) (3) V2 
6V2 


Pw NT 


. To find the square root of a power, keep the base and take one-half of the exponent. 


. To find the square root of the product of powers, keep each base and take one-half of 


Thus, Vx2y* = xy? since Vx2y4 = Vx? Vy* = xy?. 


6.1. Rule1. Finding Exact Square Root Through Simplification 


Find each square root through simplification: 


a) V1600 | 


b) V256 c) V¥225 d) V/324 e) 4V576 
Solutions: 
vV(16) (100) V(4) (64) V(25)(9) V(9)(36) 2 V(4) (144) 
V16 V100 V4 V64 V25 V9 V9 V36 4/4 V144 
(4) (10) (2)(8) (5)(3) (3) (6) 5 (2) (12) 
Ans. 40 Ans. 16 Ans, 15 Ans. 18 Ans. 12 
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6.2. Rule il. Simplifying Square Roots of Numbers 
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Simplify: 
a) V5 b) V90 c) V112 d) 5V288 e) $V 486 f) zV1200 
Solutions: 
V(25)(3) V(9)(10) v(16)(7) 5 V(144)(2) +V(81)(6) 3 V(400)(3) 
V25 V3 v9 V10 vi6 V7 5V144 V2 +V81 v6 3 V400 V3 
Ans. 5V3 Ans. 3V/10 Ans. 4V7 Ans. 60/2 Ans. 3/6 Ans. 10V3 
6.3. Evaluating Simplified Square Roots 
Using V2 =1.414 or V3 =1.732, evaluate to the nearest tenth: 
a) V72 by +243 c) 3450 d) 2/4800 | e) 1.2V¥363 
Solutions: 
V36-2 +V81°3 3V9-25°2 &§V16+100-3 1.2V121-3 
V36 V2 1 Vai v3 39 V25 V3 aviéVi0d V3 | .avidiv3 
6V2 $(9)V3 3(3)(5)V2 # (4)(10)V3 1.2(11)V3 
6 (1.414) 3 (1.732) 45 (1.414) 30 (1.732) (13.2)(1.732) 
Ans. 8.5 Ans. 5.2 Ans. 63.6 Ans. 52.0 Ans. 22.9 
6.4. Rules 2 and 3. Simplifying Square Roots of Powers 
Simplify: 
a) V49b® b) V900c!0d16 c) V98b8 d) 2V 2508 
Solutions: 
V49 VES V¥900 Veto Vdt6 Va9 V2 Vb8 2V25 Vi2 VE 
Ans. Tb* Ans. 30c®d® Ans. Tb°V2 Ans. 10¢Vt 


7. SIMPLIFYING THE SQUARE ROOT OF A FRACTION 


Rule. The square root of a fraction equals the square root of the numerator divided by the 
square root of the denominator. 


Thus Boe a, ere 
’V64G Veg 8 


To simplify the square root of a fraction whose denominator is not a perfect square, 
change the fraction to an equivalent fraction which has a denominator that is the small- 
est perfect square. Thus, 


re Fe. NS V2 ia 
e. Nie age a eS 
7.1. Finding Exact Square Roots Involving Fractions 
Simplify: 
1600 144 8/225 “Gf eae 
a) V2y b) 6 9 c) 5 v 625 qd) 5 256 ©) ¥49 ¥ 400 
Solutions: 
ue 6/1600 5V144 8  V¥225 vo . V49 
4 V9 V625 5 256 V49 400 
v9 6 (40) 5 (12) 8 | (15) 85. 
Va 3 35 5° (16) 7 30 
Ans. $ Ans. 80 Ans. B Ans. 3 Ans 2 
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7.2. Simplifying Square Roots of Fractions Whose Denominators are Perfect Squares 


Simplify: 
7 om are 1 [7 200 (Z 

@) 62 >) 3 ¥ 100 os ¥i6 d) xy%o e) 1055 
Solutions: 

67 avil 25 V3 «V¥i00 V2 Loy 

V9 3V100 5V16 Vx? V25 

6V7 2Vi1 5V3 10x V2 10 Vy 

3 3 (10) 5 (4) x 5 
Ans. 2V7 Ans. Ans. 3 Ans. 10V2 Ans. 2Vy 


7.3. Simplifying Square Roots of Fractions Whose Denominators Are Not Perfect Squares 


Simplify: 
1 3 a x 3 
@) yi b) y3 a y3 d) yor a yy 
Solutions: 
5.5 Br 22. a3 x 3 cad 
5° 5 3° 2 3°3 7° 3 y"y 
5 6 3a 3x? 3y 
25 16 9 81 y 
V5 V6 V3a V3x2 V3y 
25 V16 v9 V81 Vy? 
‘ Pa 
Ans. V5 Ans. ve Ans, ¥ Ans. xV3 Ans. \ 3 
5 4 3 9 y 
7.4. Evaluating Square Roots after Simplification 
Using V3 =1.732 or V5 = 2.236, evaluate each to the nearest hundredth: 
4 
a) ¥3 b) yi c) 30 2 d) 10 yi e) fe 
Solutions: 
V3 oe 30 V20 10 /4-3 49. 5. 
Ary 3° 3 [6 5° 5 20° 5 
‘a V3 10 /5 19 V5 
a8 Vay 3 ioays “ V5 V49 V5 
V9 Vv 100 
172 2(1.732) 20 (2.236) 4 (2.236) 7 (2.236) 
Ans. .87 Ans. 1.15 Ans. 44.7 Ans. 8.94 Ans. 1.6 


8. ADDING AND SUBTRACTING SQUARE ROOTS OF NUMBERS 


Like radicals are radicals having the same index and the same radicand. 


Thus: Like Radicals Unlike Radicals 
5V3 and 23 5V3 and 2V5 
8Vx and -3Vx 8Vx and -3Vy 


1V6 and 3V6 1V6 and 3V6 


ROOTS AND RADICALS 


211 


Rule. To combine (add or subtract) like radicals, keep the common radical and combine their 


coefficients. 
Thus, 5V3 + 2V3 - 4V3 = (5+2-4)V3 = 3V3. 


Note. Combining like radicals involves the same process as that for combining like terms, 
Hence, to combine 5/3 and 2/3, think of combining 5x and 2x when x=\/3. 


Unlike radicals may be combined into one radical if like radicals can be obtained by simpli- 


fying. Thus, V50+ V32 = 5V72+4V2 = 9v2. 


8.1. Combining Like Radicals 
Combine: (Keep radical and combine coefficients.) 


a) 3V2 + 2V2 d) zV5 + IzV5 g) 2xV7 + 3xV7 
b) 5V3 - 10V3 e) 72V10 - 53V10 h) 20Va ~ 13Va 
c) V6 + 9V6 f) V2x + 3V2x i) Savy - 2avy 
Solutions: 


a) (34+2)V¥2 = 5V2~ Ans. d) (z4+1z)V5 = 2V5 ~~ Ans. | g) (2x4+3x)V7 = 5xV7 Ans. 
b) (5-10)V3 = -5V3 Ans. e) (73 -53)V10 = 2V10 Ans. | h) (20-13)Va = 7Va Ans. 
c) (1+9)V6 =10V6 Ans. f) (143)V2x = 4V2x Ans. | i) (5a-2a)Vy = 3aVy Ans. 


8.2. Combining Unlike Numerical Radicals After Simplification 
Combine after simplifying: 


a) V5 + V20 + ¥45 | b) V27 + 3V12 c) V8 - 6VE d) V4a + 25a - /¢ 


Solutions: 
V5 + 2V5 + 3V5 3V3 + 3(2V3) 2v2 - 6(2 V2) 2Va + 5Va+ zVa 
Ans. 6V5 3V3 + 6V3 2V2 - 3V2 Ans. Ts Va 
Ans. 9V3 Ans. -V2 


9. MULTIPLYING SQUARE ROOTS OF NUMBERS 
Formulas: VaVb = Vab, VavVbVe = Vabe 


Rule 1. The product of the square roots of two or more non-negative numbers equals the square 


root of their product. 


Thus, V2 V3 V6 = V36 = 6. However, V-5V-5 = -5. V-5 V—-5 #4 V25 or 5. 


Rule 2. The square of the square root of a number equals the number. 


Thus, (vTy = V7)(V7) = 7. In general, (Vxy a oe 


the square root of a number, merely eliminate the radical sign. 


To Multiply Square Root Monomials 
Multiply: a) 3V2-2V6 


Procedure: Solutions: 

1. Multiply coefficients and radicals separately: 1. 3-2V2 V6 

2. Multiply the resulting products: 2. 6V/12 

3. Simplify, if possible: 3. 6(2V3) 
Ans. 12V3 


Hence, when squaring 


b) 2V2x-6V2y 


1. 2. 6V2x V2y 
2. 4V4xy 
3. 4: 2V xy 
Ans. BV xy 
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9.1. Multiplying Square Root Monomials 


Multiply: 
a) V2V5 V6 v15 b) (2V3)(3V5)(5V10) 
Solutions: 

V2+5°6°15 2:3°5V3-5-10 

900 30V150 = 30(5V6) 
Ans. 30 Ans. 150V6 


9.2. Rule2. Squaring Like Radicals 


Multiply: 
a) (2V17)(3V17) b) (3vz¥ é (Ava 
Solutions: 

2°3(V17) 3 (v2) (SY (vay 

6(17) 9(2) 25 (8) 
Ans. 102 Ans. 6 Ans. 50 


9.3. Multiplying a Monomial by a Polynomial 


Multiply: 
a) V3 (V3 + ¥27) b) 3V2(V¥2 + V5) 
Solutions: 
V3 V3 + V3 V27 | 3V2V2 + 3V2V5 
3 + V81 3(2) + 3V10 
Ans. 12 Ans. 6 + 3V/10 


c) vz Vv 14x 


Ans. xV/2 


d) (4V/m)(2V25m) 
¥ (5) (14x) 4+2V(m)(25m) 
2x? 825m? = 8(5m) 
Ans. 40m 


2 
d) (2aV2ay? e) G¥3) 
(2a) (V2a)" (ZY (VEY 
2 
4a” (2a) = (3) 
Ans. 8a? Ans. = 


c) YBcav3 - 6V30) 


ESTONED - (V3) (6y'a0) 


2V15 - 3V100 
Ans. 2V15 - 30 


9.4. Multiplying Binomials Containing Radicals 


Multiply: 
a) (5+V2)(5-V2) |b) (/10+V3)(V10- V3) 
Procedure: Solutions: 
1. Multiply first terms: 5+5 = 25 V¥10 V10 = 10 
2. Add products of outer 5V¥2-5V2 =0 V30 -V30 = 0 
and inner terms: 
3. Multiply last terms: (V¥2)(-v2) = -2 (V3)(- V3) = ~3 
4. Combine results: Ans. 23 Ans. 7 


10. DIVIDING SQUARE ROOTS OF NUMBERS 


c) (V7+V2)(V7+V2) 


VIVI = 7 
V14+ V14 = 2V14 
V2V2 = 2 

Ans. 9 + 2/14 


Rule. The square root of a number divided by the square root of another number equals the 


square root of their quotient. 


V6 6 
ve 8 - v3. 


Thus, 
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To Divide Square Root Monomials 


Divide: 1aV40 b) 6Vx4 


a) 
av5- 3Vx 
Procedure: Solutions: 
4 
1. Divide coefficients and radicals separately: ale 3 2 1. 3 = 
2. Multiply the resulting quotients: 2. 7V8 2. 2Vx2 
3. Simplify, if possible: 3. 7(2V2) | 3. 2(Vx2 Vx) 


Ans. 14/2 Ans. QaVx 


10.1. Dividing Square Root Monomials 


Divide: 
) sv8 b) 6v2 és 10V56 d) gVx2 2) aV5a 
Yas 12/8 4/7 3x 10aV/10a 
Solutions: _ 
8B 8 & 2 10 (/ 56 9 fx? 5a of 5a 
2 2 12 8 4 7 3 x 10a 10a 
4/4 = 4(2) VE = 3(4) BV8 = 3(2V2) 3 Vx VE = £(EV2) 
Ans. 8 Ans. & Ans. 5V2 Ans. 3x Ans. ¢V2 
10.2. Dividing a Polynomial by a Monomial 
Divide: 
vV50 + V98 2V24 + V96 18V40 —10V80 15Vy® — 6vVy3 
a) Ss 6): C) Ee See dj :oe ee 
v2 V3 2/10 3Vvy 
Solutions: 
v50 , V98 avo4 , V96 1sV40 _ 1080 isvy> _ 6Vvy¥ 
V2 V2 W2OB 2/10 2/10 3\/y 3Vy 
5 3 
V25 + 49 2V8 + V32 9V4 - 5V8 Bye - 2y2 
5 +7 2(2V2) + 4V2 18 - 5(2V2) BVy* - avy? 
Ans. 12 Ans. 8V2 Ans. 18 ~ 1072 Ans. By? - 2y 


11. RATIONALIZING THE DENOMINATOR OF A FRACTION 


To rationalize the denominator of a fraction is to change the denominator from an irra- 
tional number to a rational number. To do this when the denominator is a monomial surd, 
multiply both terms of the fraction by the smallest surd which will make the denominator rational. 


Thus, to rationalize the denominator of ze , Multiply by 2 : 


va 
ANB AND ANG: 


va v2 V16 4 


Rationalizing the denominator simplifies evaluation. 


2 _ . pas 4 ; eae 
Thus, vs = V2 =1.414. Otherwise, ve 2828 ° thus leading to a lengthy division. 
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11.1. Rationalizing the Denominator 
Rationalize each denominator: 


V6 V10 V8 x 
Solutions: 
12 V6 V3 /Vi0 24 V2 3 Vx 
Ve v6 10 Vi0 Ve v2 x Vx 
12V6 | Ans, ¥30 24V2 | ys, 3V2 
6 10 V16 x 
Ans. 2V6 Ans. 6V2 


11.2. Evaluating Fractions With Irrational Denominators 


Evaluate to the nearest tenth, after rationalizing the denominator: 


a) = i c) = Ace 
v1 50 V6 Vi2 
Solutions: 
NT 20 V2 3 V6 1 V3 
Vivi 50 v2 ve v6 12 3 
1Vv7 20v2 3V6 Wa 
7 10 6 36 
v7 2V2 v6 v3 
2 6 
2.646 2(1.414) ace bie? 
Ans. 2.6 Ans. 2.8 Ans. 1.2 Ans. .3 


12. SOLVING RADICAL EQUATIONS 


3+V2 
V2 


V2, 34V3 
V2 V2~ 


V2(3+V2) 
ye 
3V2+2 


2 


f) 


Ans. 


3V5+5 


3 (2.236)+5 
5 


Ans. 2.3 


Radical equations are equations in which the unknown is included in a radicand. 


Thus, aVx +5 
but 2x + V5 


9 is a radical equation. 
9 is not a radical equation, 


To Solve a Radical Equation 


Procedure: 


1. Isolate the term containing the radical: 


2. Square both sides: 
3. Solve for the unknown: 


4. Check the roots obtained in the original equation: 


S 


1. 


nw 


Solve: V2x +5 


olution: 


. By squaring, 


Check for x 
V2x+5 
V16+5 


9 


V2x + 
V2. 


5 
x 


2% 


| ee 


woo © o 


Ans. x = 8 


Note. In the solution of equations, the symbol "Sq" means "square both sides". 
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An extraneous root of an equation is a value of the unknown which Satisfies, not the 
original equation, but a later equation obtained from the original equation. It must be rejected. 


Thus, if V2x = —-4, when both sides are squared, 2x =16 or x = 8. 
However, x = 8 does not satisfy V 2x = ~4, the original equation. 


Hence, 8 is an extraneous root of V2x = —-4 and must be rejected. 


12.1. Solving Simple Radical Equations 
Solve and check: 


a) V5x = 10 b) yz = 2 c) Vix+5 = 3 d) 2Vx-8 = -3 
Solutions: 
By squaring, By squaring, By squaring, By squaring, 
5x = 100 ~= 4 Ix+5 = 9 4(x-8) = 9 
x= 20 y= 7 x= 4 
Check: V5x = 10 Check: yz = 2 Check: V7x+5 = Check: 2Vx-8 = -3 
V100 £10 V4 22 V4ae5 2 222 -s 
10 = 10 22 3 = 3 4-3 
Ans. x = 20 Ans. x =12 Ans. x = ; Reject x = a1 (No root.) 


12.2. Isolating the Radical in Solving Radical Equations 


Solve and check 


a) 3V¥x-6=9 b) 5Vx = Vx-12 c) V8y+4-2=3 
Solutions: (/solate the radical term first.) 
A, 3Vx-6=9 S, 5Vx = Vx-12 A, V3y+4~2 = 3 
Ds 3Vx = 15 D, 4Vx = -12 Sq vV3y+4 = 5 
Sq Vx =5 Sq Vx=-3 By +4 = 25 
x = 25 x= 9 y= 7 
Check: 3Vx~-6 = Check: 5Vx = Vx -12 Check: V3y+4~2 = 3 
3V25 -6 2 5V9 2 ¥9 - 12 v25 -2 23 
9 = 15 4 -9 3=3 
Ans. x =25 Reject x = 9. (No root.) Ans. y=7 


12.3. Transforming Radical Equations 


Solve for the letter indicated: 


a) Solve for x: b) Solve for y: c) Solve for A: d) Solve for x: 

Vi- y Vay~-5 = x re yi Vxt4 = y+2 
Solutions: 
By squaring, By squaring, By squaring, By squaring, 

529 2y -5 = x? r2= A x+4 = y?+ 4y+4 
Ans. x = 2y? Ans. y = x + 5 Ans. A= Tr? Ans. x = y?+ 4y 
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SUPPLEMENTARY PROBLEMS 


1. State the square roots of (1.1) 
2 272 4 25r? x4z18 
a) 100 b) 100y c) 4c?d d) 81 e) 3652 f) ge 
2,8 
Ans. a) +10 b) +10y c) +2cd d) a e) +20 f) 1 
2. Find each principal square root: (1.2) 
2 8 
a) V400 b) v.04 | c) V1600K? | d) yi | e) 55 f a 
5 4 8m* 
Ans. a) 20 by..2 ce) 40h d) + eee f) aT 
3. Find each negative square root: (1.3) 
~ ft ~ Vaebs _ p10, 20 121 _ ./225x76 
® 49 pee | re a 25wt2 rn 
1 11 15x8 
Ans. a) = 7 b) - ab? c) — r5t10 d) - Sue e) - = 
4. Find the value of (1.4) 
a) V81 — V25 Ans. 4 d) 4 + é Ans.1 | g) 4Vx? - xV4 ~~ Ans. 2x 
b) 2V9 + 3V4 Ans. 12 | e) 8 + + 4 = Ans. 5 | hk) Viéx? + 16Vx2 Ans. 20x 
1 1 4 81 3 : 16 16 20 
c) 5 V36 3 V8l Ans. 0 f) (- vi )(- at) Ans. = i) as a Ans. — 
5. Express each of the following rational numbers as the ratio of two integers: (2.2) 
[25 17 16 ~ Vi6 50 
Ws Deis: @ner “wreti2 “ey tee: pyete peeve! ye 
3 3 ma, V25 32 
5 -13 7 —35 b] 17 12 b 
ABS ON BY. MO gn Eg Rg? aga. EI 4 
6. From the graph of x= Vy, find the square root of each number to the nearest tenth: (3.1) 
a) V17 b) 23 c) V37 d) 45 e) V/48 f) V58 g) V6l 
Ans. a) 4.1 b) 4.8 c) 6.1 d) 6.7 e) 6.9 f) 7.6 g) 7.8 
7. Find the approximate value of each square root, using the table of square roots: (4.1) 
a) V7 d) 46 g) V275 7) V528 m) V780 
b) V70 e) V94 h) ¥329 k) V576 n) V892 
c) V¥700 . f) V138 t) V486 Ll) V747 o) V917 
Ans. a) 2.646 d) 6.782 g) 16.58 J) 22.98 m) 27.93 
b) 8.367 e) 9.695 h) 18.14 k) 24.00 n) 29.87 
c) 26.46 f) 11.75 it) 22.05 Ll) 27.33 o) 30.28 
8. Find the value of each to the nearest tenth, using the table of square roots: (4.2) 
a) 2V3 c) $140 e) 100 - 10V83 g) NEESIE} 
b) 10V50 d) 2/280 pj py 10=ve 


Ans. a) 3.5 6) 10.7 c) 5.9 d) 6.7 e) 8.9 f) .9 g) .6 h) 2.9 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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. Find the approximate value of each, using the table and Rule1: (4.3) 
a) ¥3000 c) 419000 e) ¥5000 + V500, to nearest tenth. 
b) ¥30000 d) ¥190000 f) V8300 ~ V830, to nearest tenth. 
Ans. a) 54.77 c) 137.8 e) 70.71 + 22.36 = 93.07 or 93.1 
b) 173.2 d) 435.9 f) 91.10 - 28.81 = 62.29 or 62.3 
Find the approximate value of each, using the table and Rule 2: (4.4) 
a) V¥.03 d) V3.85 g) V55 + V.55, to nearest hundredth. 
b) V.0003 e) V.0385 h) V427 - V4.27, to nearest hundredth. 
c) V.30 f) V3 i) V.02 + V.0002, to nearest hundredth. 


Ans. a) .1732, 6) .01732, c) .5477, d) 1.962, e) .1962, f) .5477 (= v.30), 
g) 8.16, A) 18.59, i) .16 


Find each square root, using the square root process. (5.1 to 5.3) 
a) V2304 d) 29.16 g) V67.24 j) V.012544 
b) 3025 e) V12.96 h) V4.1209 k) V.014641 
c) V7396 f) V466.56 i) V5.0625 1) ¥.050625 


Ans. a) 48, 6) 55, c) 86, d) 5.4, e) 3.6, f) 21.6, g) 8.2, Ah) 2.03, i) 2.25 
j) 112, &) .121, 1) .225 


Find each square root, to the nearest tenth. Use the square root process. (5.4) 
a) V 96.24 Ans. 9.8 c) V463.45 Ans. 21.5 e) ¥.1750 Ans. .4 

b) V¥135.06 Ans. 11.6 d) V¥207.86 Ans. 14.4 fp Vv .4545 Ans. .7 
Verify each value to the nearest hundredth, using the square root process. (5.4) 
a) VB = 2.24 c) V¥28 = 5.29 e) V48 = 6.93 g) V692 = 26.31 

b) V10 = 3.16 d) V34 = 5.83 f) V57 = 7.55 h) V165 = 27.66 
Find each square root, to the nearest tenth. Use the square root process. (5.4) 


a) V7z or V7.5 Ans. 2.7 6) V4q or V4.25 Ans. 2.1 c) V522 or V52.375 Ans. 7.2 


Find each square root through simplification: (6.1) 
a) ¥2500 =Ans. 50 c) V2025 Ans. 45 e) ¥729 Ans. 27 g) V48400 Ans. 220 
b) V¥19600 Ans. 140 d) V441 Ans. 21 f) V784 Ans. 28 h) ¥562500 Ans. 750 


Simplify: (6.2) 
a) V63 d) + V32 g) V17500 j) 3.V392 
b) V96 e) + ¥300 h) v4500 ky 2/250 
c) V448 f) £v320 i) ¥21600 1) 3/999 


Ans. a) 3V7, 6) 4V6, c) 8V7, d) 2V2,  e) 2V3, f) 7V5, g) 50V7, fh) 30V5 
i) 60V6, j) 6V2, &) 2710, 1) 5YV111 


Using V2 =1.414 or 1/5 = 2.236, evaluate to the nearest tenth: (6.3) 
a) Vi8 Ans, 2V2=2.8  c) 10V20 Ans. 20V5= 44.7 e) FV8000 Ans. 10V5 = 22.4 


b)5V45 Ans. V5=2.2 d) 5V9B Ans. 35V2=49.5  f) 4 V16200 Ans. 45V2 = 63.6 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 
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Simplify: (6.4) . 
a) V49m? Ans. Tm e) V7r8s? Ans. rsV7 i) V400a8519 «Ans. 20a4b® 
b) V¥100a7b? Ans. 10ab f) V4s2t% Ans. 2stVu J) V25x8 Ans. 5xVx 
c) V64r%p?q? Ans. 8rpq g) V81x4 Ans. 9x? k) V 9u®wt?2 Ans. 3u2uf Vu 
d) V4p?q Ans 2pVq hy) V¥144y¥8 = Ans. 12y° Ll) V27t8x5 Ans. 3tx2V 3tx 
Simplify: (7.1) 
1 5 2500 50 1 21 4 25 5 
a) ¥ 6; Ans. z ¢) a Ans. 7: ) Vigo Ans. 13 g) vi y23 Ans. 6 
8 bo 3 289 17 [36/1 [25 1 
b) Oo Ans. 3 d) 6400 Ans. B0 fp 10000 Ans. 100 h) 395 yi 16 Ans. 4 
Simplify: (7.2) 
5 V5 8 2 x 1 [9% Vy 
a) Wig Ans. rs ©) Woe Ans. 5V2 e) 10 Wa5 Ans. 2Vx | g) y ¥500 Ans. 30 
b) 9 8 Ans. 3/13 |d) 21 Vis Ans. 122 | f) 150 Ans. 3v6 h) y* e Ans. 3yV5 
Simplify: (7.3) 
a 7 ns. “7 c 18 ns. ~¢ e 5 ns. 5 g 7 ns. av Sg 
3 es 7 V35 1 1 x? x 
b) ii Ans. d) 5 y 20 Ans. a f) = Ans. aaVe h) ¥ 50 Ans. ToV 2% 


Using V2 2=1.414 or V3 3 =1.732, evaluate each to the nearest hundredth: 


(7.4) 


a yt by 3 o Vs devs 2 16% f) 45 ¥ sh 8) y2 3 hy 242 


Ans. a) 5V2=. 71 


b) aV3= 58 
Combine: 

a) 5V3 + V3 

b) TV11 - 10V11 
Ans. a) 6V3 

b) -3V11 
Simplify and combine: 

a) V2 + V32 

by 2V5 + 320 

CM BV 28 a0 3V 1 

d) xV3 + x27 
Ans. a) V2 + 4V2 = 


c) V2 = .42 
d) V3 ¥=1.73 


e) 6V2 = 8.48 
f) 1073 = 17.32 


c) 3V¥2+4V3-2V2~ e) wV15 + Q2eV15 


b) 2V5 + 6V5 = 8V5 


c) 4V7 - 3V7 


d) «V3 + 3xV3 = 


d) 5V5-2V5+V10 f) 11Va+Va-3Va 
c) ¥2+4V3 e) 3xV15 
d) 3V5+V10 f) 9Va 
e) 2V27 ~ 4V12 
f) V700 - 2V63 
g) -3V90 - 5V40 
h) Voy + 2V/25y 
5V2 e) 6V3 - 8V3 = -2V3 
f) 1007 ~ 6V7 = 4V7 
= V7 g) -9V10 ~ 10V10 = -19V10 
4x V3 hy) 3Vy + 10Vy = 13Vy 


g) 2V3=1. 44 


2/2 =1.65 


&) 


h 


~ 


(8.1) 
12Vb ~ 2Va+ 6Vb 
5bVc + 3bVc + cVb 
18Vb -2Va 
BbVce + cVb 


(8.2) 
8v3 - 6vt 

10V18 + 20Vt 
6V= - V60 

8V3 - 2V3 = 6V3 
30V2 +10V2 = 40V2 
V15 -2V15 = -V15 
ZV2 - V2 = Gv2 


i] 


{ 


25. Multiply: 


26. 


27. 


28. 


29. 


30. 


a) 4V¥2-5V3 


b) 71V7 + 10V10 
c) 4V3-3V2°6V5 


Ans. a) 20V6 

b) 70V70 

c) 7230 
Multiply: 

a) 2Va-4Vb 

b) eV5 + dvV7 

c) rVx : sVy 
Ans. a) 8Vab 

b) edV35 

c) rs xy 
Muitiply: 

a) 5V¥10- V/10 

b) ¥12+3V12 


ce) ave + 3Ve 

Ans. a) 5+10=50 
b) 7°12=6 
c) 6 


Multiply: 


a) ¥2(5 + V2) 


b) ¥5(2V5 - 3V20) 


Ans. a) 5V2 + 2 
b) 10 - 30 = 


Multiply: 


a) (6+V3)(6- V3) 
b) (V5 -2) (V5 +2) 
ce) V7+V2)(/7 - V2) 


Ans. a) 36-3 = 33 


b) 5-4 =1 
ce) 7-2 =5 
Divide: 


a) 15 V60 Ans. 3V4=6 


5V15 
24V2 
b) 333 Ans. 8 
6V3 Ans 


©) 327 


f) 3+2V154+5 = 84+2vV15 


V120 V24 _ 
d) “ova Ans 5 = V6 
) 324 Ans. 3V12 = 6V3 


pave Ans. IVa = Ta 
2Va 


i) 
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(9.1) 
d) V2 V3 V12 g) V21 V3 j) 2V3+ 6V18 
e) 3V6-°5V/24 hy ¥10 20 ky 2V7-15V14 
f) 10VL+7V75 i) V8 Vi2 V10 1) EV24-4 V3 
d) 6V2 g) V63 = 3V7 j) 3V54 = 9V6 
e) 15¥144 = 180 h) ¥200 = 1072 k) 10V98 = 70V2 
f) 7025 = 350 i) ¥960 = 8V15 1) 6V72 = 36V2 
(9.1) 
d) Vpq Vp Va 5) fae Waa iy vz yz 
e) V4m V25m hy Vib 406 k) 8xVx + 5xVx 
f) V3n V278 i) V8 2k Ly) y?vVy¥ + yVy? 
d) Vp*q* = pq g) Vl5a@ = aV15 j)1 
e) V¥100m" =10m h) V208? = 2bV5 ky 15x2/x? =15x3 
f) V81n* = 9n? i) Vi6ASh? = 4hkVh lL) y3V¥ = Vy 
(9.2) 
d) (V14) g) Vix + 7x j) 5V2b + 4V2b 
e) (3V6) hy xV5+yV5 hk) (2xV2x)? 
f) (avy i) (1V2ay? lL) (ev3y 
d) 14 g) Ix j) 20(2b) = 40b 
e) 9°6= 54 h) 5xy k) 4x? (2x) = 8x? 
fy 42822 i) 49(2a) = 98a Ly <?(3)=5e 
(9.3) 
ce) 3V3(/27 + 7V3) e) V6(V6x + V24x) 
d) Vx(V16x - V9x) f) V8 (Vax + V18y) 
c) 27 + 63 = 90 e) 6Vx +12Vx = 18Vx 
d) 4x - 3x = x fp 4Vx + 12Vy 
(9.4) 
d) (3+V 29 g) (2- V6)(3 - V6) 
e) (V11-3¥ h) (W74+3)(V742) 
f) (V3+V5) i) (4V2-V5)(3V2+2V5) 
d) 9+6V2+2=11+6V2 g) 6-5V6+6 =12-5V6 
e) 11-6V11+9 = 20-6V11 A) 7+5V74+6 =134+5V7 


24+5V10-10 =14-5Vv10 


(10.1) 
5c V5c 
g&) Ser Ans. 5V5 
3xVx5 Lec 
h) sal Ans. = Vit = ; 
: aVab 1 
1) abyb Ans. 5Va 
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31. Divide: (10.2) 
a) ¥200+V50 ans 404 VI0 = 3vi0 | dy V20+V80 yy, V4, VIB _ og 
V5 2/5 2 2 
b) 9V200 -12V32 4. 3,700 ~4V16 =14 e) Vata -2V3a 4). VOT S23 S73 
3V2 Va 
gV2 —4V8 i 7 = yy5 
o) Ras Ans. 8 ya a =0 ye Ans. Vy* - Vy? = y?2-¥ 
32. Rationalize each denominator: (11.1) 
a) 2 Ans. 2v5 | d) v5 Ans. V3 | g) 4+V2 Ans. 2V2+1 J) 5 Ans. sv¥ 
V5 5 V15 3 V2 Vy y 
b) 22 Ans. 6V2 | e) 22 Ans. 2vV6 | hy V3 =8 Ans. 3-2V3 | & 2% Ans, 2¥10 
V2 V6 V3 V10 5 
10 V2 V6 .. 16~2V2 3x 
c) = Ans. V2 )+e Ans. i) 2T4Ve Ans. 472-1 1) 2% Ans. 3Vx 
ie a 3 is a 
33. Evaluate to the nearest tenth, after rationalizing the denominator: (11.2) 
a) a Ans. V2 =1.4 d) a Ans. 10V2 =14.1 g) ne Ans. 4V3-1 = 5.9 
by 12 Ans. 2V6 = 4.9 e) 22 Ans, 2V5 = 4.5 h) 1+V'5 Ans. Y5+5 21.4 
v6 V45 V5 5 
c) 10V2 Ans. 2Vi0- 6.3 f) 9V5 Ans. 3V3 = 5.2 i) V20+V5 Ans. 3V3= 0.1 
V5 V15 V10 2 
34. Solve: (12.1) 
a) V3x=6 Ans. x =12 e) $Vb=5 Ans. b =100 i) V3h=5 Ans. h = 48 
b) 3Vx=15 Ans. x = 25 f) 2Vc=8 Ans.c=144 j) Vl0-x=2 Ans. x=6 
c) 8=2Vy Ans. y =16 g) Ve+3=4 Ans. c =13 k) V2r-5=3 Ans. r=7 
d) 5Va=2 Ans. a=3 h) Vd-5=3 Ans. d=14 1) V54~3s=6 Ans. s=6 
35. Solve: (12.2) 
a) 2Va-3=7 d) 8Vr-5 = Vr+9 g) V2x-7+8 =11 
b) 8+3Vb = 20 e) 20-3Vt=Vi-4 h) 22 = 17+ V40-3y 
c) T~ V2b = 3 f) 2V5x-3=7 i) 30 ~ ¥20~2y = 26 
Ans. a)a=25, 6)b=16, c)b=8, d)r=4, e)t=36, f)x=5, g)x=8, A)y=5, i) y=2 
36. Solve and show, by checking, that each value for the unknown is extraneous: (12.2) 
a) Va = -2 c) 5+Ve = 4 e) 2¥t+5 = Ve g) Vy+5 = -4 
b) -Vb = 3 d) 6-Vr = 10 f) 10 - V3v = 12 h) 3-V12-x = 8 
37. Solve for the letter indicated: (12.3) 


a) a = ¥26 ford c) g = V3h forh e) mu = 2 for v » R= 4y4 ford 


b) g = 3Vh forh eee for ¢ f) h = V3g~-4 for g hy R= ye for V 
1 


| 


2 
Ans. a) b= a? c) h= “7 e) v= 8u? g) A = 477R? 


cy 
by k= & d) t= 9s? f) g- Es h) V = 2 7R?H 


Chapter 13 


QUADRATIC EQUATIONS 
in ONE UNKNOWN 


1. UNDERSTANDING QUADRATIC EQUATIONS IN ONE UNKNOWN 


1.1. 


1.2. 


A quadratic equation in one unknown is an equation in which the highest power of the 
unknown is the second. 
Thus, 2x°7+3x-5=0 is a quadratic equation in x. 
Standard Quadratic Equation Form: ax? + bx+c = 0 


The standard form of a quadratic equation in one unknown is ax*?+bx+c=0 where a, b 
and c represent known numbers and x represents the unknown number. The number a cannot 
equal 0. Thus, 3x?-5x+6-=0 is in standard form. Here, a=3, 6=-5 and c=6. 


To Transform a Quadratic Equation into Standard Form, ax?+ bx+c = 0 


(1) Remove parentheses: Thus, x(x+1)-5 = 0 becomes x?+x~-5=0. 
(2) Clear of fractions: Thus, x ~4+ 2 = 0 becomes x?-4x%+3 = 0. 
(3) Remove radical signs: Thus, Vx2-3x = 2 becomes x2-3x-4 = 0. 


(4) Collect like terms: Thus, x?+ 7x = 2x +6 becomes x?+ 5x-6 = 0. 


Expressing Quadratic Equations in Standard Form 


Express each quadratic equation in the standard form, ax?+bx+c =0, so that a has a pos- 
itive value: 


a) x(x+1) = 6 by den=4 c) x? = 25-5%-15 | d) 2x = Vx+3 
Solutions: 
Remove ( ): Clear fractions: Collect like terms: Remove radical signs: 
x?+x = 6 3+ x7 = 4x x? = 10 — 5x Squaring: 4x? = x +3 


Ans. «?+"%-6=01 Ans. x?~4x+3 = 01 Ans. x*+5x-10 = 0! Ans. 4x?-x% +3 = 0 


Values of a, b and c in Standard Quadratic Equation Form 


Express each quadratic equation in standard form, so that a has a positive value. Then 
state the values of a, b and c. 


Standard Form a b c 
a) x2- 9x = 10 Ans, x? - 9x ~10 = 0 1 -9 -10 
b) 5x? = 125 Ans. 5x2-125 = 0 5 0 -125 
c) 2x2 = 8x Ans, 2x? + 8x = 0 2 ~8 0 
d) 2x24+9x = 2x -3 Ans. 2x2+ Ix +3 = 0 2 +7 +3 
e) x(x+3) = 10 Ans. «2+ 3x~10 = 0 1 +3 -10 
f) 5 (x2+2) = T(x+3) Ans. 5x2 -7Tx ~11 = 0 5 -7T -1l1 
gox-5=4 Ans. x2 -5x-7 = 0 1 | 25 ~7 
hy) V2x2-1 = «+2 Ans. x? -4x-5 = 0 1 —4 -5 
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2. SOLVING QUADRATIC EQUATIONS BY FACTORING 


Rule 1. Every quadratic equation has two roots. 
Thus, x?=9 has tworoots, 3 and —-3; that is, x= +3. 


Rule 2. If the product of two factors is zero, then one or the other of the factors or both 


of them must equal zero. 
Thus: 


(1) In 5(x-3)=0, the factor x-3 = 0. 


(2) In (x-2)(x-3)=0, either x-2=0 or x-3=0. 
(3) In (x-3)(x%-3)=0, both factors x-3 = 0. 
(4) In (x-3)(y-5)=0, either «~3 = 0, y-5 = 0 or both equal 0. 


To Solve a Quadratic Equation by Factoring 


Procedure: 


1. Express in form ax?+ bx +c = 0: 


. Factor ax?+ bx+c: 


. Let each factor = 0: 


. Solve each resulting equation: 


aa fF WO Ww 


. Check each root in original equation: 


2.1. Solving Quadratic Equations by Factoring 
Solve: 
Procedure: 


1. Express as ax? + bx +c = 0: 


2. Factor ax?+bx+c: 

3. Let each factor = 0: 

4. Solve: 

5. Check (in original equation): 


2.2. Solving Quadratic Equations in Standard Form 


Solve by factoring: 


x? + 9x + 20 = 0 b) a?-49 = 


a) 


Solutions: 
(x+ 4)(%+5) = 0 


x+4=0),%x%+5=0 a+7=0 
x=-4 | x=-5 a=-7 
Ans. x= -4 or -5 Ans. a= -7 or +7 


(a+7)(a-7) = 0 


Solve: x(%-4) = 5 

Solution: 

1. Ss x? -4x% = 5 
u?-4%-5=0 

2. (%-5)(x+1) = 

3. x-5=0 | 

4. x= 5 | 


5. Check in x(x-4)=5: 
? 

If x=5, 5(1)=5 

5=5 


Ans. x=5 or -1 


a) “x?~x=6 
Solutions: 
1. x?-x-6= 0 


- (4-3) (%+2) = 0 
*-3=0| *+2=0 


x= 3 ees 


Ans. x=3 or -2 


0 c) 


a-7=0 
a=+T7 


| If «2-1, 


0 
-1 


DCS) = 5 
5=5 


1. x? +16 = 8x 
x? — 8x +16 = 


2. (x-4)(x-4) = 
3.%-4=0, x-4=0 
4.x%=4 eee 


0 
0 


. (Check to be done by the student.) 


Ans. x=4 (equal roots) 


3r?~ 21r = 0 


3r(r-T) = 0 


38r=O0);r-T7T=0 
r=0 r=+7 


Ans. r=0 or +7 
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2.3. More Difficult Solutions by Factoring 
Solve by factoring: 


a) 243 = 3 b) (y-8)(2y-3) = 34 c) x -6 = Vx 
Solutions: 
Clear of fractions: Remove (_ ): Remove radical sign: 
242+ 5x = 12 2y? - 19y + 24 = 34 Sq x«?-12x +36 = x 
2x? + 5x -12 = 0 2y?- 19y -10 = 0 x? - 13x + 36 = 0 
(2x -3)(x+4) = 0 (2y+1)(y-10) = 0 (x-9)(x-4) = 0 
2x-3 = 0/x+4=0 2y+1=O0};y-10=0 x-9=0|x-4=0 
x=d x= y=-% y =10 x=9 x=4 
Ans. x= 3 or -4 Ans. y=-3 or 10 Ans. x =9 
(Show that 4 is extraneous.) 


2.4. Number Problems Involving Quadratic Equations 
a) Find a number whose square is 2 less b) Find two consecutive integers such that 
than three times the number. the sum of their squares is 25. 
Solutions: 
Let n = the number. Let n and n+l = the consecutive integers. 
n? = 38n-2 n2+(n+1)? = 25 
n2-3n+2=0 n24+4n242n+1 = 25 
(n-2)(n-1) = 0 Qn? + 2n - 24 = 0 
n= 2 or l mt+n—-12=0 
Ans. 2o0r1 (n+4)(n-3) = 0 
n= -4 n= 3 
n+l = -3 n+1= 4 
Ans. Either -4 and ~3 or 3 and 4. 


2.5. Area Problems Involving Quadratic Equations 


The length of a rectangular lot is 3 yd. more than its width. Find its dimensions if the area 


a) equals 40sq. yd. 6b) increases 70sq. yd. when the width is doubled. 
Solutions: 
In (a) and (6), let w = widthin yd. and (w+3)= length in yd. 
Area of lot = 40 sq. yd. New area = old area + 70 sq. yd. 
w(w+3) = 40 2w(wt+3) = w(wt+3)+ 70 
w* + 3w - 40 = 0 Qw? + 6w = w? + 3w + 70 
(w—5)(w+8) = 0 w? + 3w—-70 = 0 
w=5|wz=-8 Reject since width (w—7)(w+10) = 0 
1 = 8] cannot be negative. w=T | w=~-10 Reject. 
Ans. 8yd. and 5 yd. 1=10 Ans. 10 yd. and Tyd. 


3. SOLVING INCOMPLETE QUADRATIC EQUATIONS 


An incomplete quadratic equation in one unknown lacks either 
(1) the term containing the first power of the unknown as x?-4 = 0, or 
(2) the constant term as x*-4x = 0. 


Rule. If an incomplete quadratic equation lacks the constant term, then one of the roots 
is zero. 


Thus, if «?-4x = 0, x=0 or 4. 
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To Solve an Incomplete Quadratic Equation Lacking the First Power of Unknown 


Procedure: 


1. Express in form, ax?=k 
where é is a constant: 


2. Divide both sides by a, obtaining x? = fe : 


a 


3. Take the square root of both sides, 


obtaining x = + yi : 


4. Check each root in the original equation: 


Solve: 2(x?~8) = 11 — x? 

Solution: 

1. Tr 2x?~16 =11 - x? 
3x? = 27 


2. Dividing by 3, 


3. Taking a sq.rt. 


x2 = 9 (See note.) 


of both sides, 


x= +3 


4. (Check is left to the student) 
Note. x?=9 may be solved by factoring, as follows: x2-9=0, (x+3)(x-3)=0, x=+3., 


To Solve an Incomplete Quadratic Equation Lacking Constant Term 


Procedure: 

1. Express in form ax? + bx = 0: 
. Factor ax? + bx: 

. Let each factor = 0: 

. Solve each resulting equation: 


oo Fw Ww 


. Check each root in the original equation: 


3.1. Solving Incomplete Quadratic Equations Lacking First Power of Unknown 


3.2. 


Solve: (Leave irrational answers in radical form.) 


a) 4x ~49 = 0 


b) 2y? = 125 ~ 3y2 


Solutions: 

D, 4x?=49 D; 5y?= 125 
SaRt = % Sq Rt y2= 25 
Ans x= 44 Ans, y=t5d 


Solving Incomplete Quadratic Equations Lacking Constant Term 


Solve: 
a) 3x? = 21x b) 5y (y -6) - By = 2y 
Solutions: 
5y? — 30y - By = 2y 
3x? - 21x = 0 By? - 40y = 0 
3x(x-7) = 0 Sy (y-8) = 0 
3x=0|/ x-7T=0 Sy =0/ y-8=0 
x=0 x=T7 y=0 y=8 
Ans. x= 0 or 7 Ans. y=0 or 8 


Solve: 3x? = 18x 
Solution: 
1. 3x?-18x = 0 
2. 3x(x-6) = 
3. 3x =0|x-6=0 
4, x=0/| x=6 
5. Checkin 3x7 = 18x: 
If x=0, If x = 6, 
2, 2 2, ? 
3(0*) = 18(0) 3 (6°) = 18(6) 
0=0 108 = 108 
c) 9x2-2 = 5 d) = 
Do 9x2=7 Dz 8x2 = 400 
SqRt x2=1 SqaRt x?2=50 
Ans. x=+ va Ans. x=+5V2 
ey & = 75 d) 3(y?+8) = 24 - 15y 
15x? = 5x By? + 24 = 24 - 15y 
15x* - 5x = 3y? + 15y = 0 
5x (3x-1) = 0 3y(v¥+5) = 0 
5x =0/ 3x-1=0 3y =0! y+5=0 
x=0 x=t y=0 y= —-5 
Ans. x= 0 or $ Ans. y=0 or -5 
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3.3. Solving Incomplete Quadratics for an Indicated Letter 


Solve for letter indicated: 


a) Solve for x: b) Solve for y: 
9x? - 64y? = 0 dy? ~ 95x? = 5x? 
Solutions: 
Dy 9x? = 64y? D, 4y? = 100x? 
2 
Sq Rt x? = SO" Sq Rt y?2 = 25x? 
Ans. x= +t 2 Ans. y = +5x 


3.4. Solving Formulas for an Indicated Letter 


a) Solve for r: b) Solve for r: 
mr? = A mreh = V 
Solutions: 
Tr? _ A Treh — V 
Dr, “777 Dah Th = Th 
SqRxt r= 4 SaRt °= 
Ans. r= yi Ans. r= + 


Solve for positive value of letter indicated: 


c) Solve for a: d) Solve for a: 
3a? = b? — a? a(a-4) = b? -4a 
D, 4a? = b? a’ - 4a = b? - 4a 
2 
SaRt a? = 5 Sq Rt a = b2 
Ans a= +8 Ans. a=+b 
c) Solve for a: d) Solve for s: 
2 
a& + b? = ¢? a =A 
52 
$2. a? + b? = c? Mz 4(7) = 4A 
Sq Rt a? = ¢c? ~ b? Sq Rt s? = 44 
Ans. a = Vc2-b? Ans. s = 2VA 


4. SOLVING A QUADRATIC EQUATION BY COMPLETING THE SQUARE 


The square of a binomial is a perfect trinomial square. 
Thus, x* + 6x +9 is the perfect trinomial square of x+3. 


Rule. If x? is the first term of a perfect trinomial square and the term in x is also given, the 
last term may be found by squaring one-half the coefficient of x. 

Thus, if «2+ 6x is given, 9 is needed to complete the perfect trinomial square, 
x?+ 6x +9. This last term, 9, is found by squaring z of 6 or 3. 


To Solve a Quadratic Equation by Completing the Square 


Procedure: 


1. 


Express the equation in the form of 
x? +px = gt 


. Square one-half the coefficient of x 


and add this to both sides: 


. Replace the perfect trinomial square 


by its binomial squared: 


. Take a square root of both sides. Set 


the binomial equal to + the square 
root of the number on the other side: 


. Solve the two resulting equations: 


. Check both roots in the original 


equation: 


Solve x*2+6x-7 = 0 by completing the square. 
Solution: 
1. Change x?+6x-7 = 0 

ee 


x2 + 6x 


2. The square of $(6) = 32=9. Add 9 to get 
x?+ 6x+9=7+9 


3. (x+3)? = 16 

4. SqRt: 
x+3= 244 

5. x+3=4|,x+3 = -4 
x=1 x= —-T7T 


6. (Check is left to the student.) 
Ans. x =1 or ~7 
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4.1. Completing the Perfect Trinomial Square 
Complete each perfect trinomial square and state its binomial squared: 


a) x*+14x +? Ans. a) The square of 3(14) = 72= 49. Add 49 to get 
x? 414x449 = (x+7TF 


b) x2 — 20x + ? Ans. b) The square of 3(-20) = (-10)2=100. Add 100 to get 
x? — 20x +100 = (x-10)? 

c) x2 + 5x4? Ans. c) The square of 2(5)= (2 = ®. Add @ to get 
a2t but B = (x+3/? 

d) y?+4y+? Ans. d) The square of 2(4)=($)?= <. Add to get 


y24 ty 42 = (y¥4+4)2 
yr+ayta = (¥t5) 


4.2. Solving Quadratic Equations by Completing the Square 


Solve by completing the square: a) x?+14x-32 = 0 b) x(x+18) = 19 
Procedure: Solutions: 
1. Express as x?+px = q: 1. x24+14x% -32 = 0 1. x(x+18) = 19 
x24 14% = 32 x? +18x = 19 
2. Add the square of half the co- 2. Square of 3(14) = 77 = 49 | 2. Square of 3(18) = 9? = 81 
efficient of x to both sides: Aag x2 +14x% +49 = 32 +49] Ag, x? +18x + 81 = 19+ 81 
3. Replace the perfect trinomial 3. «?4+14x%+49 = 81 3. «?4+18x + 81 = 100 
square by its binomial squared: (x+7)? = 81 (x+9)? = 100 
4. Take a square root of both sides: 4. Sq Rt x+7= +9 4. Sq Rt x+9= +10 
5. Solve each resulting equation: 5. x4+7=9 |xt+7=-9 5. x+9=10 | x+9=-10 
x= 2 x=-16 x=1 x=-19 
6. Check both roots: 6. (Check is left to the student.) 
Ans. x= 2 or -16 Ans. x=1 or -19 
4.3. Equations Requiring Fractions to Complete the Square 
Solve by completing the square: 
a) x(x-5) = -4 b) 54? ~-~4t = 33 
Solutions: ‘ an 
20 bess 2. 46 _ 33 
x 5x = -4 t 5 5 
| at D\o _ 25 a 7 4 = fies 2.0 _ A 
Square of 2(-5) = ( 2) aur Square of 3( 5) =¢ 5) = 35 
2. 25 _ 25 _ 2_4¢, 4 _ 33, 4 
Ags x Oa a 4 Ag t 3 +95 > 5 + 95 
4 25 
dio _ 9 _ 22 _ 169 
(x-5)? = (Fog) S95 
5.43 ~2_ 413 
Sq Rt a a Sq Rt t B71 
pare ~23__3 paced a 4. Sh de 
Rita Meee elas ae le 5 7 5 5 7 5 
- a 2 pepe 3 
x= 4 x=1 t = 3 is 5 
_ 11 
Ans. x =4 orl Ans. t=3 or - 
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4.4. Solving the Quadratic Equation in Standard Form 
4/ 2 
If ax? + bx+c = 0, then x = ~b + 2 ~4ac Prove this by completing the square. 
Solution: 
ax?+bx+ec=0 —>— 
2 — 
Tr ax? + bx = -c Sq Rt x+ £ = + b Was 
b 
Da x24 Fa 5 Z _ 2b + Vb? —4ac 
2 2a 2a 
Square of s(4) = (2% 7 ree By combining fractions, 
bx b? b? c x = -b tv b* ~4ac Ans 
A p2 xi + @ + 4a2 ~ 4a? a ae mine 
4a? 
b? —4ac 
(x re = 4a2 
5. SOLVING A QUADRATIC EQUATION BY QUADRATIC FORMULA 
J pR2 
Quadratic Formula: If ax2+bx+c = 0, then x = 2 t xe aAGe 
(See proof of this in example 4.4 of the previous unit.) 
To Solve a Quadratic Equation by the Quadratic Formula 
Solve x?— 4x = —3 by quadratic formula. 
Procedure: Solution: 
1. Express in form of ax?+ bx+c = 0: 1. x2? -4x = ~3 
x?~4dx+3 = 0 
2. State the values of a, band c: 2. a=1, b=-4, c=3 
—b + Vp? — 
3. Substitute the values of a, b and ¢ in 3. x we = a6 
the formula: Pa -(-4) + V(-4¥ ~4(1\(3) 
2(1) 
4. Solve for x: e.g est t eal? 
,- tv 
Z 
gas +2 
% 2 
ee ee 
daa x = 1 
5. Check each root in the original equation: 5. (Check left to student.) 


Ans. x=3 orl 


5.1. Finding 5? —4ac in the Quadratic Formula 
For each equation, state the values of a, b and c. Then find the value of 6b? -4ac. 


a) 3x24 4x%-5 = 0 


Solutions: 

a=3 b? ~ 4ac 
b=4 4* ~ 4(3)(-5) 
c=-5 16 + 60 

Ans. 76 


b) «2-2x-10=0 
a=1 b? - 4ac 
b=-2 

c=-10 4+ 40 
Ans. 44 


(-2)? - 4(1)(-10) 


c) 3x?-5x = 10 
Tr 

a=3 b? — 4ac 
b=-5 

c=-10 25 +120 
Ans. 145 


3x? -5x-10 = 0 


(-5)* — 4(3)(-10) 
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5.2. Expressing Roots in Simplified Radical Form 


Express the roots of each equation in simplified radical form, using the value of 5? - 4ac 


obtained in example 5.1: 


a) 3x2+4x%-5 = 0 b) x2-2x -10 = 0 c) 3x2 -5x = 10 
Solutions: 
_ --b + Vb? —4ac _ —b + VR ~4ac _ ~b + Vb? —4ac 
ia a a7 2a ies Ja 
a= a=] a=3 
hag ig cee ENTS h=-g } x = 2tV44 b--5 b x = DEVI4S 
wks ‘ pein 7 eee10 e 


5.3. Evaluating Roots in Radical Form 


Solve for x, to the nearest tenth, using the simplified radical form obtained in example 5.2: 
(Find square root to two decimal places.) 


a) 3x24+ 4x -5 = 0 b) x? -2x-10 = 0 
Solutions: 
_ ~-4+V76 2+VvV44 
= 6 ae 2 
8. 7 1 6. 6 3 
V7. 00 00 Va4. 00 00 
64 6 
167 12 00 126 8 00 
11 69 7 56 
1741 31 00 1323 44 00 
17 41 39 69 
13 59 431 
_ 44+ 8.71 4-38.71 _2+6.63|) 2 ~6.63 
a 6 * 6 por 2D fo = 
_ 4.71 -12.71 _ 8.63 _ —4.63 
x= 6 a 3G ne SD BOE 
Ans. x =.8 or x= —-2.1 Ans. x= 4.3 or x = -2.3 


c) 3x? -5x = 


Ans. x = 2.8 or x = —-1.2 


6. SOLVING QUADRATIC EQUATIONS GRAPHICALLY 


To Solve a Quadratic Equation Graphically 


Procedure: 


1. Express in form of 
ax?+ bxt+e= 0. 
2. Graph the curve, y = 
(Curve is called a parabola.) 
3. Find where y = 0 intersects 
y = ax? + bxt+e. 
The values of x at the points 


of intersection are the roots 
of ax?+ bx+ec= 0. 


(Note. Think of ax?+ bx+c = 0 
as the result of combining 
y = ax? + bx+c with y=0.) 


ax?4+bx+ec. 


Solve graphically, x?-5x+4= 0. 
Solution: 
1. x?-5x+4=0 


GRAPH of 
y = x7-5x+4 
(parabola) 


3. x=1 and x=4 Ans. 
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The following is the graphic solution of a quadratic equation in greater detail. 


To Solve a Quadratic Equation Graphically 


Solve graphically: x? -2x = 3 


Procedure: Solution: 
1. Express in form of ax? + bx +c = 0. 1. Tr x?—-2x-3 = 0 
2. Graph parabola, y = ax’ + bx+c. 2. Graph x?-2x-~3 = y 


a) Obtain a table of values, using x? - We - 3 = 
a Suitable sequence of values 16- 8 - 3 
for x: 9 - 6 - 8 
(This may be done by finding Qo ks AE NG 
, ie Be EE ee 
the value of - 5— and choos- Ee 3; -2- fo ear ae BP, ee 
ing values of x greater or eyo 3 0 #o-3 =. -3 
smaller than —- z -) 1+ 2 - 3 = O 
4+ 4-3 = §5 


b) Join plotted points: 
(Note that x=~ 2 =1 is the 
folding line or axis of sym- 
metry of the parabola.) 


3. Find roots where parabola crosses 3. x=~-1 or 8 Ans. 
x-axis. 


6.1. Obtaining Tables of Values for a Parabola 


Obtain a table of values for each, using the indicated sequence of values for x: 


a) y= x?-4 b) y = x? - 3x c) y = x? -3x"-4 
for x = -3 to +3 for x=~-1 to 4 for x = -1 to 5 
Solutions: 
w?- 4 = y x? -~ 3x ~4= y 
4 y 4 y 
4 5 4 6 
4 0 4 0 
4 4 
—> 4 
4 x=13—> : 
4 0 4 
-3 9 -4= 5 4 
(The arrow in each table indicates x= - 2 , the axis of symmetry of the parabola.) 
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6.2. Graphing Parabolas y = ax? + bx +c 
Graph each, using the table of values obtained in example 6.1: 
a) y = x?-4 b) y = x? -3x c) y = x? -3x-4 


6.3. Finding Roots Graphically 


Find the roots of each, using the parabolas obtained in example 6.2: 
a) 0 = x?-4 b) 0 = x2 ~3x c) 0 = x2-3x-4 


Solutions: 
(In each case, find the values of x at the points where the parabola crosses the x-axis) 


Ans. x=-2 or 2 Ans. x«=0 or 3 Ans. x=-1 or 4 


SUPPLEMENTARY PROBLEMS 


1. Express in standard quadratic equation form, ax?+bx+c = 0, so that a has a positive value: (1.1) 


a) 3(%?-5) = 4x c)i-5 = 2x e) 38x -9 = x? -Tx g) V2x2+3x = x 

b) 2x(x+4) = 42 d)tax=F f) x(Qx—7) = 312-8 | h) x41 = V3x47 
Ans. a) 3x? -4x -15 = 0 | c) 0 = 2x? +5x-7 e) 0 = x? -10x%+9 g) x2 +3x = 0 

b) 2x2 + 8x —-42 = 0 d) 2x2 - 11x 412 = 0 f) 0 = x?+ Tx -8 h) x? -~x-6=0 


2. Express in standard quadratic equation form, so that a has a positive value. Then state the values 


of a, b andc. (1.2) 

Standard Form a b c 

_plandarg form SS 

a) “x? = 5x -4 Ans. a) x?-5x+4= 0 1 -5 +4 
b) 20+ 6x = 2x? Ans. b) 0 = 2x? -6x - 20 2 -6 —20 
c) 3x? = -5x Ans. c) 3x2+ 5x = 0 3 +5 0 
d) 18 = 2x? Ans. d) 0 = 2x? ~ 18 2 0 -18 
e) «(8-2x) = 6 Ans. e) 0 = 2x?-8x+6 2 -8 +6 
f) T(x?-9) = x(x-5) Ans. f) 6x2 + 5x -63 = 0 6 +5 -63 
g) Pt1 = 4x Ans. g) 0 = 4x?-x -10 4 } -1 | -10 
h) Vx?-5x = 3x Ans. h) 0 = 8x? + 5x 8 +5 0 
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3. Solve by factoring: (2.1, 2.2) 
a) x?~5x+6=0 d) 4a? = 28a g) c?+6c = -8 J) 5 = r(2r+3) 
b) y2+y-20=0 e) 4x? =1 h) d2 = 5d+ 24 k) t+8= 2 
c) w?-64 = 0 f) 962 = 3b i) p(3p+20) = 7 l) 3 = 9-2 
Each answer is underlined: 
a) (x-2)(x-3) = 0 d) 4a(a-7) = 0 g) (c+4)(c+2) = 0 J) 0 = (r-1)(2r+5) 
“x=2 or 3 a=0 or 7 c=-4 or -2 r=1 or -% 
b) (y+5)(y-4) = 0 e) (2x+1)(2x-1) = 0 h) (d-8)(d+3) = 0 k) (¢-2)(t+10) = 0 
y=-5 or 4 x=-% or d=8 or -3 t=2 or -10 
c) (w-8)(w+ 8) = 0 f) 36(36-1) = 0 i) (83p-1)(p+7) = 0 Ll) (2x-7)(x-1) = 0 
w=8 or ~-8 b=0 or + p=+ or -7 x= orl 
. Solve by factoring: (2.3) 
is jx =2 _ 8 c) (y-2)(3y-1) = 100 e) xt+1 = V5x4l 
b) 4 = x-7 d) (y+3)(y~3) = 2y-1 fy Vx -2=%-8 
Each answer is underlined: 
a) (x-4)(3x+10) = 0 “e) (y-T)(3y +14) = 0 e) x(x~3) = 0 
x=4 or -® y=Tor ~# *=0 or 3 
b) 0 = x(x-10) d) (y-4)(y+2) = 0 f) 0 = (x-9)(x~-4) 
x=0 or 10 y=4 or ~2 x = 9 (4 is an extraneous root.) 
. Find a number such that (2.4) 


a) its square is 12 more than the number. 

b) its square decreased by three times the number is 18. 

c) the product of the number and 4 less than the number is 32. 

d) the square of one more than the number is 4 more than four times the number. 
Each answer is underlined: 


a) n? = n+12 b) n?-3n = 18 c) n(n—4) = 32 d) (n+1)* = 4n +4 
4 or -3 6 or -3 8 or -4 3 or -1 
. Find two consecutive integers such that (2.4) 


a) the sum of their squares is 13. 

b) their product is 30. 

c) the square of the first added to twice the second is 5. 
d) the product of the first and twice the second is 40. 
Each answer is underlined: 


a) n2+(n+1)* = 13 c) n?4+2(n+1) = 5 
Either 2,3 or -3,-2 Either 1,2 or -3,-2 
b) n(n+1) = 30 d) n(2n+2) = 40 
Either 5,6 or -6,-5 Either 4,5 or -5,-4 


7. The length of a rectangular lot is 2 yd. more than its width. Find the length and the width (2.5) 


a) if the area is 80sq. yd. 

b) if the area is 48sq. yd. when each dimension is made 2 yd. longer. 

c) if the area is 30sq. yd. when the width is doubled. 

d) if the area is increased 70sq. yd. when the width is tripled. 

e) if the area is decreased 7sq.yd.when the length is made 5yd. shorter and the width doubled. 
- Each answer is underlined: (Reject all negative roots.) 


a) w(w+2) = 80 c) 2w(w+2) = 30 e) w(wt2)-7 = 2w(w-3) 
10 yd. and 8 yd. 5 yd. and 3 yd. 9 yd. and Tyd. 
b) (w+2)(w+4) = 48 d) w(wt+2)+ 70 = 3w(wt2) 


6 yd. and 4 yd. Tyd. and 5yd. 
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8. 


10. 


11. 


12. 


13. 


14. 


Solve: (Leave irrational answers in radical form.) (3.1) 
a) 2x? = 8 c) 3a2-4 = 5 e) # = 8 g) p? = 4(p?-10) -8 
b) 4. =100y2 —d)-b(b+.2) = 26 +10 f) #2 - h) r(r-6) = 3(7~2r) 
Ans. a) x= +2 c) a= tV3 e) x= +3 g) p=t4 
b) y= at d) b= +V10 f) x=+47 h) r=+V21 
. Solve: (3.2) 
2 
a) 2x? = 8x c) 3a2-4a = 5a a5. = a g) (r+3)(r=3) = 3(5r-3) 
b) 8x2 = 2x d) 2b7+12b = b? ~~ f) we = 5 h) (s+4)(s+7) = 2(14-3s) 
Ans. a) x=0 or 4 c) a=0 or 3 e) x=0 or 8 g) r=0 or 15 
b) x=O0 org d) b=0 or ~12 f) y=0 or 5 Ah) s =0 or -17 
Solve for the letter indicated: (3.3) 
a) 2x? = 50a? forx c) bey? = 49 fory e) au® = a®w forw 
b) 3x? = 6hx forx d) 4y? = 25c? fory f) 6v? = h? -3v? forv 
Ans. a) x=+5a 6) x=0 or 26 c) y=+} d) y= 48 e) w=O0 ora ff) v=i4 
Solve for the positive value of the letter indicated: (3.4) 
a) S = 16t? for t c) S = 4mr? forr e) a?+ b? = c? for b 
2 
b) K = gmv? forv d) F =" for v f) A = 7(R?-r?) for R 
2 
Ans. ay e= VS, b)v= ze c)r=% 3, d) v= ae e) b= Vc? -a’, fR=y4e= 
Complete each perfect binomial square and state its binomial squared: (4.1) 
a) a?+12a+? c) w2@+ Tx 4+? e) w? + 20w + ? 
b) c?-18¢ +? d) y*-1ly +? f) r?-30r+? 
Ans. a) a? +12a + 36 c) x2+ Ix + 2 e) u2 + 20w +100 
(a+6)° (x+4)? (w +10) 
b) c?-18c¢ + 81 d) y2-lly+ @ f) r2-30r + 225 
(c-9)? (y-¥yP (r-15F 
Solve by completing the square: (Use the answers in 12 above to help you.) (4.2, 4.3) 
a) a?+12a = 45 c) x24 7x = 8 e) w2+ 20w = -19 
b) c2-18c = -65 d) y?-1ly = -28 f) r?-30r = 99 
Each answer is underlined: 
a) a=3 or -15 c) x=1 or -8 e) w=-l1 or -19 
from (a+6)?= 81 from (x+5? = v from (w+10)* = +9 
b) c=5 or 13 d) y=4 or 7 f) r=-3 or 33 
from (c-9) =16 from (y- 4 =3 from (r-15)* = 324 
For each equation, state the values of a, b and c. Then find the value of 6? -4ac. (5.1) 
a) 2x74+5x4+1=0 c) 3x*-2 = 4x e) 5x? =10x-4 g) x° =10-6x 
b) x2+7x = -5 d) 2x2-5x = 4 f) 6x? =10x-3 h) 9x2 = 2-x 
Ans. a) a=2, b=5, c=1 3c) a=3, b=-4, c=-2 e) a=5, b=-10, c=4_— g) a=1, b= 6, c=-10 
b2 - 4ac = 17 b2 -4ac = 40 b2 —~4ac = 20 b2 ~4ac = 76 


b) a=1, b=7, c=5 d) a=2, b=-5, c=-4 f) a=6, b=-10, c=3 fh) a=9, b=1, c=-2 
b? —- 4ac = 29 b? ~4ac = 57 b? —4ac = 28 b? —-4ac = 73 
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15. Express the roots of each equation in simplified radical form, using the value of 6? —4ac found 


in example 14: 


a) 2x?+5x+1=0 


b) x24 Tx = -5 


Ans. a) x = BVI 
ie eee 


16. Solve for x, correct to the nearest tenth, using the simplified radical form found in 


example 15: 


a) 2x2+5x+1 = 0 


b) «24 7x = -5 


Ans. a) «= ~-2.3 or -.2 
b) x=-6.2 or -.8 


c) 3x2 -2 = 4x 
d) 2x2-5x =4 


jac tee 
ee eee 


c) 38x2-2 = 4x 
d) 2x2-5x = 4 


ce) x=1.7 or ~-.4 
d) x=3.1 or -.6 


17. Solve, correct to the nearest tenth: 


a) 2y? = -3y +1 
b) x(x-4) = -2 


Ans. a) y=.3 or -1.8 
b) x= 3.4 or .6 


18. Solve graphically: (See sketches after example 19.) 

y =x?-9 from x=~-4 to x=4 and solve x?~9=0 graphically. 

y = %*4+3x-4 from x=-5 to x=2 and solve x?+3x=4 graphically. 

y = x*-6x4+9 from x=1 to x=5 andsolve x?=6x-9 graphically. 

y =x?+8x+16 from x=-6 tox=-2 and solve x?+8x = -16 graphically. 


a) Graph 
6) Graph 
c) Graph 
d) Graph 


c) 2w? = 38wt+5 
d) 6v?+1 = 5v 
c) w=2.5 or -1 


d) v=.5 or 


(5.2) 
e) 5x? = 10x -4 g) x* = 10 - 6x 
f) 6x2 = 10x -3 h) 9x2 = 2-x 
+ -6iv 
ay v= AOE V0 pias es 76 
_ 10 + ¥28 =1t V3 
Da ag SO 
(5.3) 
e) 5x? = 10x -4 g) x* =10-6x 
f) 6x? = 10x -3 h) 9x2 = 2-% 
e) x«=1.4 or .6 g) x=1.4 or -7.4 
f) *=1.3 or 4 h) x=.4 or —.5 
(5.3) 
e) x+5=2 
f) 24x71 
e) x=.9 or -5.9 
3 f) x= 17.7 or .3 
(6.1 to 6.3) 


e) Graph y =x?-2x%+4 from x=~-1 to x=3 and show that x2-2x%+4=0 has no real roots. 


Ans. a)x=3 or -3 


b)x=-4 orl 


c) x=3 Equal roots since the parabola touches x-axis at one point. 
d) x = -4 Equal roots since the parabola touches x-axis at one point. 
e) Roots are not real (imaginary) since the parabola does not meet x-axis. 


19. Solve graphically: (See sketches following this example.) 
c) x*~4x = 0 

d) 2x?+7x = 0 
c) x=0 or 4 

d) x=0 or ~33 


a) x?-12=0 

b) 4x2?-9 = 0 
Ans. a) x=-1 orl 

b) x=13 or -13 


(6.1 to 6.3) 
e) x*-2x = 8 
f) 4x? =12x~-9 
e) x=4 or -2 
f) x=12,13 


Sketches of graphs needed in examples 18 and 19, showing relationship of parabola and x-axis: 


18a, 185, 19a to 19e 


Two unequal roots. 


(Two real values.) 


18c, 18d, 19f 


Two equal roots. 


(One real value.) 


18e 


Two imaginary roots. 


(No real values.) 


Chapter 14 The VARIABLE: Ny 
DIRECT, INVERSE, JOINT 
and POWER VARIATION 


1. UNDERSTANDING THE VARIABLE 


A variable in algebra is a letter which may represent any number of a set of numbers 
under discussion when the set contains more than one number. 


Thus in y=2x, if x represents 1, then y represents 2; if 


x tepresents 2, then y represents 4; and if x represents 6, then d) (2) (3) 
y represents 12. These three pairs of corresponding values y | 2 4 |} 12 
may be tabulated as shown. The set of numbers being dis- x] Q ) 6 


cussed is the set of all numbers. 


A constant is any letter or number which has a fixed value that does not change under 
discussion. 
Thus, 5 and 77 are constants. 


Throughout this chapter, as is customary in mathematics, the letter & shall be used to 
represent a constant while x, y and z are used to represent variables. 


Measuring the Change in a Variable 


AS a variable x changes in value from one number x, to a second number x,, the change 


may be measured by finding the difference x.~x,, or by finding the ratio Z. A change in 
value may be measured by subtracting or dividing. 


Thus, the change inthe speed of an auto from 20 mph to 60 mph may be expressed as follows: 
(1) the second speed is (60-20) or 40 mph faster than the first speed. 


(2) the second speed is 8 or three times as fast as the first speed. 


Any formula may be considered as a relationship of its variables. Mathematics and science 
abound in formulas which have exactly the same general structure, z=xy. To illustrate, 
study the following: 


Formula Rule 
Il D=RT Distance = Rate x Time 
2. A=LW Area = Length x Width 
3. 1=PR Interest = Price x Rate of Interest 
4. C+#=NP Cost = Number x Price 
5. F=PA Force = Pressure x Area 
6. M=DV Mass = Density x Volume 


Note, in each formula which has the form z=xy, that there are three variables. Further- 
more, one of the variables is the product of the other two. In this chapter, we shall study the 
relation of these formulas to the three basic types of variation. These types of variation are 

1. Direct Variation 
2. Inverse Variation 
3. Joint Variation 


234. 
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1.1. Using Division to Measure the Change in a Variable 


Using division, find the ratio which indicates the change in each variable and express this 
ratio in a sentence. 
a) The price of a suit changes from $40 to $60. 
b) The speed of an auto changes from 10mph to 40 mph. 
c) A salary changes from $30 per week to $40 per week. 
d) Length of a line changes from 12 ft. to 4 ft. 


Solutions: 
a) Ba = a . Hence, second price is three-halves of first price. 
40 mph _ - : 
b) i0mph ~ 4. Hence, second rate is four times (quadruple) first rate. 


$40 per week 4 2 . : 
c) $30 per week ~ 3° Hence, second salary is four-thirds of first salary. 


loft. =3- Hence, second length is one-third of first length. 


1.2. Multiplying or Dividing Variables 
Complete each: 
a) If x is doubled, it will change from 13 to( )orfrom( )to90. 
b) If y is tripled, it will change from 17 to( )orfrom(_ ) to 87, 
ce) If z is halved, it will change from 7 to( )orfrom( )to110. 
d) if s is multiplied by 3, it will change from 16 to( )orfrom( ) to 55. 


Ans. a) 26,45 6)51,29 c)3z, 220 d) 20, 44 


2. UNDERSTANDING DIRECT VARIATION: y= kx or 2=k 


x 


Direct Variation Formula With Constant Ratio / 


y=ckx or 2 =k 


x 


Direct Variation Formula Without Constant 


If x varies from x, to x2 while y varies from y, to yo, then 
x2 Y¥2 


x1. 7 ¥4 
Rule 1. If y=kx or 2 =k, then: 
(1) x and y vary directly as each other; that is, x varies directly as y and y varies 
directly as x. 
(2) x and y are directly proportional to each other; that is, z = as x varies 
from x, to x, and y varies from y, to yo. - 
Thus: 
1. If y=4x, y and x vary directly as each other. 
2. If /=.06P, J and P vary directly as each other. 


3. The perimeter of a square equals four times its side; that is, P=4S. Fora 
square, P and S vary directly as each other. 
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Multiplication and Division in Direct Variation 


Rule 2. If x and y vary directly as each other and a 
value of either x or y is multiplied by a number, y = ox 


then the corresponding value of the other is y is tripled—» y 515/45 1135 
multiplied by the same number. Ate asa ier else 
Thus, if y=5x and x is tripled, then y is ~*~ 18 ‘POG ID ee 


tripled, as shown in the table. 


Rule 3, If x and y vary directly as each other and a 
value of either x or y is divided by a number, y = 10x 
then the corresponding value of the other is 240 | 
divided by the same number. f | 
Thus, if y=10x and x is halved (divided  * 18 halved—> x! 24 [12 16 13 
by 2), then y is halved, as shown in the table. 


y is halved —» y 120 | 60 | 30 


~  ~/~/~ /] 
: 


Direct Variation Applied to a Rectangle 


To understand direct variation more fully, note B 
how it applies to a rectangle: width 

If the length of a rectangle is fixed and the width 
is tripled, then the area is tripled. Asa result, the 
new area ABCD is three times the area of the old 
(shaded) rectangle, as shown in the adjoining figure. 


width 


width 
A 


fixed length 


2.1. Rule 1. Direct Variation in Formulas 


(1) Express each equation in the form y = kx. 
(2) State the variables that vary directly as each other. 


a) 120R=P c) .05 = 4 e) A=7bh when 6 is constant 
b) fe 7 d) f=4 when f= 2 f) V = 7R°H when R=8 
Ans. a) (1) P =120R, (2) P and R d) (1)n=2d, (2)nandd 

b) (1) C=7D, (2) Cand D e) (1) A=kh, (2) A andh 

ce) (I) T= .05P, (2)] and P f) QD) V = 64nH, (2) V and H 


2.2. Rules 2 and 3: Multiplication and Division in Direct Variation 
Complete each: 


a) If y = 8x and ~x is tripled, then( ). Ans. a) y is tripled. 

b) If C=7D and D is quadrupled, then( ). Ans. 6) C is quadrupled. 
c) If C=7D and C is halved, then( ). Ans. c) D is halved. 

d) If D= RT, T=12 and R is divided by 4, then( ). Ans. d) D is divided by 4. 
e) If d= LW, L is constant and W is doubled, then( ). Ans. e) A is doubled. 


2.3. Applying Direct Variation to Statements 


(1) Complete each statement and (2) state the formula to which direct variation applies. 
a) At a uniform speed, doubling time will( ). 
b) If the time of travel is constant, tripling rate will( ). 
c) If a rectangle has a fixed width, to multiply its area by 5( +). 
d) If the value of a fraction is constant and the numerator is halved, (_ ). 
Ans. a) (1) double distance, (2) D=kT since D=RT and R is constant. 

b) (1) triple distance, (2) D=kR since D=RT and T is constant. 

c) (1) multiply its length by 5, (2) A=kL since A=LW and W is constant. 

n 


d) (1) the denominator is halved, (2) n=kd since =] and fis constant. 


2.4. 


2.5. 


2.6. 
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Finding Values for Directly Varying Variables 


a) If y and x vary directly as each other and 
y=36 when x=9, find y when x=27. 


Solution: Proportion Method 
If y and x vary directly, x 
¥2.2 *2 
ne 2nd values 27| y 
y 24 Ist values 9 |36 
360—Ci«9 
_ 27 - 
y= “5 (36) 108 Ans. 108 


Ratio Method 


(Note the equal ratios 
in the table.) 


If 2nd x-value is three times Ist x-value, 
then 2nd y-value is three times Ist y-value. 
Hence, y = 3(36) =108. Ans. 108 


Equation Method 


If y and x vary directly, kx=y. 
Since y= 36 when x=9, 9k=36, k=4. 
Since k=4, y=4x. 


When x= 27, y=4(27)=108. Ans. 108 


Applying Direct Variation to a Motion Problem 


Henry traveled a distance of 124 miles at 40 mph. 


how far would he have traveled at 50 mph? 
Solution: 


937 


b) If y and x vary directly as each other and 
y=25 when x=10, find x when y=5. 


Solution: Proportion Method 
If y and x vary directly, x | 
*2 ¥2 
Re =F; 2nd values x | 5 
ca Ist values 10|25 
10° 25 
x = 2 (10) = 2 Ans. 2 


Ratio Method 


(Note the equalratios . x | ¥ 


i \ 
in the table.) 2nd values x 5 [4 
Ist values 10|[®|25{[5§ 


If 2nd y-value is one-fifth of Ist y-value, 
then 2nd x-value is one-fifth of Ist x-value. 
Hence, x=<(10)=2. Ans. 2 


Equation Method 


If y and x vary directly, kx=y. 
Since y= 25 when x=10, 10h=25, k=23. 
Since k=23, y=23x. 


When y=5, 5=22x, x=2. Ans. 2 


If he had taken the same amount of time, 


Proportion Method 


(mph) (mi.) Since D = RT and the time (T) is constant, then D and R 
Rate | Distance vary directly as each other. 
2nd trip 50f5| D fz Meteo 2 Se Pe ee a =) 
: = 5 D, Ry,’ 124 #440’ 124° 4 
1st trip 40[4| 124|4 5 . 
D = q (124) = 155 Ans. 155 mi. 


Ratio Method (Note use of the equal ratios in the table.) 


If the second rate is five-fourths of the first rate, then the second distance is five-fourths of 


the first distance. Hence, D = 2(124) = 155. 


Applying Direct Variation to an Interest Problem 


Ans. 155 mi. 


In a bank, the annual interest on $4500 is $180. At the same rate, what is the annual inter- 


est on $7500. 


Solution: ($) 


($) Annual 
Principal | Interest 


oe ] le 
45001%_ | 180L° 


2nd principal 
1st principal 


Proportion Method 


Since ]=/R and the rate (R) is constant, then | 
and P vary directly as each other. 


once Baste oe OOD. 
7, P,’ 180 4500’ 180 3 
is 2 (180) = 300 Ans. $300 


Ratio Method (Note use of the equal ratios in the table.) 


If the second principal is five-thirds of the first principal, then the second interest is five- 


thirds of the first interest. Hence, /] = 3(180) = 300. 


Ans. $300 
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3. UNDERSTANDING INVERSE VARIATION: xy = k 


Inverse Variation Formula With Constant Product & 


xy=k 


Inverse Variation Formula Without Constant 


If x varies from x, to % while y varies from yz to yo, then 


x2 _ Ya yelm 


ey Ya OE yy xe 


Rule 1. If xy =k, then: 


(1) x and y vary inversely as each other; that is, x varies inversely as y and y 
varies inversely as x. 


(2) x and y are inversely proportional to each other; that is, *2_¥1 op 2 


. . X41 ¥2 ¥1 no 
as x varies from x to x, and y varies from y, to yo. 


Thus: 
1. If xy=12, y and x vary inversely as each other. 
2. If PR=150, P and R vary inversely as each other. 


3. For a fixed distance of 120 miles to be traveled, the motion formula D = RT 
becomes 120= RT. In sucha case, R and T vary inversely as each other. 


Multiplication and Division in Inverse Variation 


Rule 2. If x and y vary inversely as each other 
and a value of either x or y is multi- 
plied by a number, then the corre- xy = 24 
sponding value of the other is divided 
by the same number. ; : 
Thus, if xy=24 and y is doubled, Ate DEN CA rere a ON le 
then xis halved,as showninthe table. 


A/T 
y is doubled—>y | 2 |4|8]16 


Rule 3. If x and y vary inversely as each other 
and either x or y is divided by a num- 
ber, then the other is multiplied by xy = 250 nares 
ihe See NUDE: y is divided by5 —+y | 250/50/10| 2 
Thus, if xy=250 and y is divided : Ana? ae EEESIte 
by 5, then x is multiplied by 5, as Zs muliiplicd bya ee } ue wee 
shown in the table. 


Inverse Variation Applied to a Rectangle 


To understand inverse variation more fully, note 
how it applies to a rectangle: 

If the length of a rectangle is doubled and the’ width <B 
width is halved, its area remains constant. As a re- 
sult, the new area ABCD equals the old (shaded) area. 4 


length length 
3.1. Inverse Variation in Formulas 
(1) Express each equation in the form, xy =k. 
(2) State the variables that vary inversely as each other. 
a) 5RT = 500 Ans. a) (1) RT =100, (2) Rand T 
b) zPV=7 Ans. b) (1) PV =14, (2) P and V 
c) f= when n=3 Ans. c) (1) fd =3, (2) fandd 


d) A=4bh when A is constant. Ans. ad) (1) bh=k, (2)bandh 
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3.2. Rules 2 and 3: Multiplication and Division in Inverse Variation 


3.3. 


3.4, 


Complete each: 


a) If xy = 25 and x is tripled, then( ). 
b) If 50 = RT and R is divided by 10, then( ). 


c) lf BH =5 and B is multiplied by $, then( ). 
d) If A=LY, A is constant and L is doubled, then( ). 


e) lf PV = & and V is quadrupled, then( ). 


Applying Inverse Variation to Statements 
(1) Complete each statement. 


“Ans. 
Ans. 
Ans. 
Ans. 
Ans. 


a) y is divided by 3. 

b) T is multiplied by 10. 
c) H is divided by 3. 

d) W is halved. 

e) P is divided by 4. 


(2) State the formula to which inverse variation applies. 


a) Over the same distance, doubling the speed ( 


). 


b) For a fixed area, multiplying the length of a rectangle by 5, (_ ). 
c) For an enclosed gas at a constant temperature, dividing the pressure by 7( ). 
d) If the total cost is the same, tripling the price of an article (_ ). 


Ans. a) (1) halves the time 
b) (1) divides the width by 5 
c) (1) multiplies the volume by 7 


(2) RT=k since RT=D and D is constant 
(2) LW=k since LW=A and A is constant 
(2) PV=k (Boyle’s Law) 


d) (1) divides the number of these articles purchased by 3 


(2) NP=k since NP=C and C is constant 


Finding Values for Inversely Varying Variables 


a) If y and x vary inversely as each other and 
y=10 when x=6, find y when x=15. 


Solution: 
Proportion Method 
If y and x vary inversely, x\Y 
yo _ % 2nd values 15] y 
y1 xo 
Ist values 61|10 
We ie 
10 «+15 
y= (10)=4 = Ans. 4 


Ratio Method 


(Note the inverse ratios 
in the table.) 


anne 
fs 2 
6 Ej1oF 
If 2nd x-value is five-halves of Ist x-value, 


then 2nd y-value is two-fifths of st y-value. 
Hence, y=2(10)=4. Ans. 4 


2nd values 


Ist values 


Equation Method 
If x and y vary inversely, k=xy. 
Since y=10 when x=6, k=(6)(10)=60. 
Since £=60, xy=60. 


When x~=15, 15y=60, y=4. Ans. 4 


b) If y and x vary inversely as each other and 
y=12 when x=4, find x when y=8. 
Solution: 
Proportion Method 


If y and x vary inversely, x|y¥ 


Xo _ ¥4 2nd values x| 8 
4 y2 

, 15 Ist values 4|12 
4° 8 

x= (4) = 6 Ans. 6 


Ratio Method 


(Note the inverse ratios x 
in the table.) 


2nd values 


iE 
Ist values 4 


If 2nd y-value is two-thirds of J st y-value, 
then 2nd x-value is three-halves of ]st x-value. 
Hence, x=3(4)=6. Ans. 6 


12 


Equation Method 


If x and y vary inversely, k=xy. 
Since y=12 when x=4, k=(4)(12)=48. 
Since £=48, xy=48. 


When y=8, 8x=48, x=6. Ans. 6 
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3.5. Inverse Variation in a Balanced Lever Problem 


Two weights of 35 lb. and 25 lb. are in balance on a lever bar. If the 35 lb. weight is 20 in. 
from the fulcrum or turning point, how far is the 25 lb. weight from the fulcrum? Consider the 


weight of the bar as negligible. 


Solution: 


(in.) 
(1b.) | Fulcrum- 
Weight | Distance 


2nd weight me D Ez 
lst weight 3512 20 L& 


Proportion Method 


Since weight and fulcrum-distance on a balanced 
lever vary inversely, 
Do _ Wy D 35 


D, ~ Wo’ 20> 25° 
D = $2(20) = 28 Ans. 28in. 


Ratio Method (Note inverse ratios included in table) 


If the second weight is five-sevenths of the first 
weight, then the second distance is seven-fifths of the 
first distance. Hence, D = 12(20)= 28. Ans. 28in. 


3.6. Inverse Variation in a Meshed Gear Problem 


A gear having 36 teeth drives another which has 48 teeth. If the first gear makes 100 rev- 
olutions, how many revolutions does the second gear make? 


Solution: 
No. of No. of 
Teeth (T) | Revolutions (R) 
2nd gear 48[% RT 
lst gear le ele 


100 rev. pee 


36 teeth 


48 teeth 


3.7. Inverse Variation in Connected Pulleys 


Proportion Method 


For meshed gears, the number of teeth and the 
number of revolutions vary inversely. 
Ro Ty R 36 


Bene: ee Ge Ton aa 


R = 28(100) = 75 ~— Ans. 75 rev. 


Ratio Method (Note inverse ratios included in table.) 


If second gear has four-thirds as many teeth as 
first gear, then second gear makes three-fourths as 
many revolutions as first gear. 

Hence, R = #(100)=75. Ans. 75 rev. 


Two pulleys connected by the same belt, have diameters of 10in. and 14in. If the smaller 
pulley turns at 560 rpm (revolutions per minute), what is the turning speed of the larger pulley? 


Solution: 
_ Gin.) | (rpm) 
Diameter (D) | Revolutions (R) 
2nd pulley 14 7 
lst pulley role 
560 rpm em 


Proportion Method 


For pulleys connected by the same belt, diame- 


ters and revolutions vary inversely. 
D 
Hence, ea a, x es 
R, Ds 560 14 


R = $9(560) = 400 Ans. 400rpm 


Ratio Method (Note inverse ratios included in table.) 


If second pulley has seven-fifths the diameter 
of first pulley, then second pulley turns five-sevenths 
as fast as first pulley. 

Hence, R =3(560)= 400. Ans. 400rpm 
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4. UNDERSTANDING JOINT VARIATION: z = kxy 
Joint Variation Formula With Constant i 
z= kxy 
Note. When k=1, we obtain z=xy, the formula structure of D=RT, A=LW, /=PR, etc. 


Joint Variation Formula Without Constant 


Zq _ x*2Ve 
24 %191 


Rule 1. If z = kxy, then z varies jointly as x and y. 


Thus: 
(1) If z=5xy, z varies jointly as x and y. 
(2) If D=RT, D varies jointly as R and T. Hence, in a motion problem, dis- 
tance varies jointly as rate and time. 


Multiplication in Joint Variation 


Rule 2. If z varies jointly as x and y and a value 
of x is multiplied by a while a value’of y z= Ixy 
is multiplied by b, thenthe corresponding ; ~~ Ae 
value of z is+multiplied by their product x is doubled ———+ x 24 
ab, as shown in the table. 

Thus, if z= 2xy and x is doubled 


while y is tripled, then z is multiplied by 
6, as shown in the table. 


y is tripled ——_——_+ y 


z is multiplied by 6 > z | 212,72, 432 


Applying Joint Variation to a Triangle =p 


To understand joint variation more fully, note 
how it applies to a triangle: 


If the base and altitude of a triangle are 
tripled, the area becomes nine times as large. 
AS a result, the new triangle ABC is nine times 
the old (shaded) triangle. 


triple height 


4.1. Rule 1. Joint Variation in Formulas 


(1) Express each equation in the form z = kxy. 
(2) State how the variables vary jointly. 


a) Ve= Bh Ans. (1) V = SBh, (2) V varies jointly as B and h. 
b) PV =5T Ans. (1) T= =PV, (2) T varies jointly as P and V. 
c) V=LWI! when W is constant. Ans. (1)V=kLH, (2) V varies jointly as L and A. 
d) P= FS when t=2. Ans. (1) P =%FS, (2) P varies jointly as F and S. 


4.2. Rule 2. Multiplication in Joint Variation 

Complete each: 

a) If z=5xy and x and y are each doubled, then( ). 

b) if A= 55h and b and f are each halved, then( ). 

c) If D=RT, R is tripled while T is doubled, then( ). 

d) If V= +Bh, B is multiplied by 10 while / is multiplied by t, then( ). 

Ans. a) z is multiplied by 2-2 or 4. c) D is multiplied by 3-2 or 6. 
b) A is multiplied by 27(2) or ¢. d) V is multiplied by 10(2) or 2. 
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4.3. Finding Values for Jointly Varying Variables 


If z varies jointly as x and y, and z=100 when x=4 and y=5, find z when x=12 and y=10. 


Solution: 
Proportion Method 


If z varies jointly as x and y, 


2g _ X2Y¥2 z  — (12)(10) 
24 7 x41 , 100 (4) (5) 


z = 100(6) = 600 Ans. 600 


2nd values 


Ist values 


Ratio Method (Note the ratios included in the table.) 


Ae 
100 4 


If x is tripled and y is doubled, then z is multiplied by 6. 


2nd values Hence, z = 6(100) = 600. Ans. 600 


Ist values 


Equation Method 


If z varies jointly as x and y, kxy =z. 
Since z=100 when x=4 and y=5, (4)(5)k = 100, 20k =100, £=5. 
Since k=5, z= 5xy. 
When x=12 and y =10, z= 5(12)(10) = 600. Ans. 600 


5. UNDERSTANDING POWER VARIATION 


1. Direct Square Variation: y = kx’, 


Rule 1. If y=kx?, then y varies directly as the square of x. Here, if a value of x is multiplied 
by a number, then the corresponding value of y is multiplied by the square of that number. 

Thus: The surface of a cube equals six times the square of its edge; that is, S=6e?. 

For a cube, S varies directly as the square of e. If e is doubled, Sis quadrupled. 


2. Inverse Square Variation: 


Rule2. If y= £. then y varies inversely as the square of x. Here, if a value of xis multiplied 
by a number, then the corresponding value of y is divided by the square of that number. 


Thus: If /= a, I varies inversely as the square of d. If d is tripled, 7 is divided by 9. 


3 
3. Direct Cube Variation: y=kx*, 22 = (2) 


4 


1 


Rule 3. If y=ke , then y varies directly as the cube of x. Here, if a value of x is multiplied 
by a number, then the corresponding value of y is multiplied by the cube of that number. 
Thus: The volume of a sphere equals tn times the cube of its radius; that is, 


Ve= +nR*. For a sphere, the volume varies as the cube of its radius. If R is 
multiplied by 3, V is multiplied by 27. 
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5.1. Multiplication and Division in Power Variation 
Complete each: 
a) If A = 7rR? and R is multiplied by 5, then( ). 
b) If V = +7R® and R is divided by 2, then( ). 


c) If F= & and d is doubled, then(_ ). 


Solutions: 
a) Using Rule 1, A is multiplied by 5° or 25. 
b) Using Rule 3, V is divided by 2° or 8. 
c) Using Rule 2, F is divided by 4 or multiplied by ¢. 


5.2. Direct Square Variation in Problem Solving 


After the brakes have been applied, the distance an automobile goes before stopping varies 
directly as the square of its speed. For an auto going 30mph, the stopping distance is 27 ft. 
What is the stopping distance of an auto going 50 mph? 

Solution: 
(ft.) (mph) Proportion Method 
Stopping 
Distance (D) | Speed (R) 


Since distance varies directly as the square of speed, 


De = (Rey dD = ga = 25 
2nd stop D [2 aE D, ‘Ry,’ ' 27° ‘380% ~— 9 
Ist stop 271° 30L° D = 22 (27) =75 Ans. Sit. 


Ratio Method (Note how the ratios are included in the table.) 


If the second speed is 2 of the first speed, then the second distance is 2 of the first. 


Hence, D= 2(27)=75. Ans. 75 ft. 


5.3. Applying Inverse Square Variation to Illumination 


The intensity of light on a surface varies inversely as 
the square of the distance from a pin-point source. If the 
distance from the source changes from 22 ft. to 7 ft., how 
many times as bright will the intensity become? : 


Solution: 
(ft.) (light units) Since intensity (/) varies inversely as the square of the 
Distance (D) | Intensity (/) distance (D), then if D is multiplied by 3, ] is divided by 9; 
2nd Do= Dit Pate that is, the intensity becomes one-ninth as bright. 
1 ry san. f2 Dive 22 0 1 
i D, = Le I, D Otherwise: ik (D.) = Co) Se ot I, = gh 


Ans. one-ninth 


5.4. Finding Values of Variables in Direct Square Variation 
If y varies directly as the square of x and y=9 when x=5, find y when x=20. 


Solution: 
Proportion Method 


2nd values 20 Since y varies directly as the square of x, 22 = (2 P. 
1 


Ya 
Hence, 2 = ey, 7-16, y=144. Ans. 144 


¥ 
y [as 
gt 


Ratio Method (Note ratios included in the table.) 


Ist values 5 


If x is multiplied by 4, then y is multiplied by 16. 
Hence, y = 16(9) = 144. Ans. 144. 
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5.5. Finding Values of Variable in Inverse Square Variation 
If y varies inversely as the square of x and x=8 when y=48, find y when x=32. 


Solution: 
of ¥ Proportion Method 
2nd values 32 ¥ EB Since y varies inversely as the square of x, = = ye 
Ist values 8 age yx Bo y 1 
Hence, 44= (35) 4g=ig' Y=3- Ans. 3 


Ratio Method (Note ratios included in the table.) 
If x is multiplied by 4, y is divided by 16. Hence, y= “3 = 3% Ans. 3 


SUPPLEMENTARY PROBLEMS 


1. Using division, find the ratio which indicates the change in each variable and express this ratio 
in a sentence. (1.1) 
a) The speed of a plane changes from 200 mph to 100 mph. 

b) A salary changes from $50 per week to $60 per week. 

c) The length of a line changes from 2ft. to 1ft. 6in. 

d) The price of a radio set changes from $100 to $175. 

e) John’s monthly income remains at $275 per month. 

f) The bus fare changes from 25¢ to 40¢. 

Ans. a) x; second speed is one-half of first. d) 4; second price is seven-fourths of first. 
b) $; second salary is six-fifths of first. e) 1; second income is equal to first. 
c) #; second length is three-quarters of first. f) 4; second fare is eight-fifths of first. 

2. Complete each: (1.2) 
a) If x is tripled, it will change from 7to( )orfrom(_ )to 72. Ans. 21, 24 
b) If y is multiplied by 3, it will change from 12 to( )orfrom(_ ) to 48. Ans. 18, 32 
c) If z is divided by 5, it will change from 35 to( )orfrom(  )to 75. Ans. 7, 375 
d) If k which equals 5.7 remains constant, the new value is (_ ). Ans. 5.7 
e) If r is divided by é, it will change from 40 to( )orfrom(  )to 30. Ans. 100, 12 

3. (1) Express each equation in the form, y=hx. (2.1) 
(2) State the variables that vary directly as each other. 

a) & = 2r c) 4-4 e) V= 4Bh when h=60 
b) 8s =p d) f= 1 when d=5 f) l= PRT when R and T are constant 


Ans. a) (1) C=27R, (2) Cand R ce) (1) P=24T, (2)P and T e) (1) V=20B, (2) V and B 
b) (1) p=8s, (2) pand s d) (1) f=$n, (2) fand n f) 2) T=kP, (2)lT and P 


4. Complete each: 
a) If b=5e and cis doubled, then( ). Ans. b is doubled. 
b) If 7 =1.5 and dis halved, then( ). Ans. ¢ is halved. 
ec) If h= tp and p is divided by 5, then( ). Ans. h is divided by 5. 
d) If LW=A, LF is constant and W is multiplied by 7, then( ). Ans. A is multiplied by 7. 
e) If NP=C, P=150 and C is multiplied by 3z, then( ). Ans. N is multiplied by 33. 


(2.2) 


10. 


11. 


12. 
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. (1) Complete each statement. (2) State the formula to which direct variation applies. (2.3) 


a) If the time of travel remains fixed, halving rate will(  ). 

6b) Doubling the length of a rectangle which has a constant width will ( ). 

c) If one-third as many articles are purchased at the same price per article, then the costis( ). 
d) At the same rate of interest, to obtain three times as much annual interest, (_ ). 

e) If the circumference of a circle is quadrupled, then its radius (_ ). 


Ans. a) (1) halve distance. (2) D=kR since D=RT and T is constant. 
b) (1) double area. (2) A=kL since A=LW and W is constant. 
c) (1) one-third as much. (2) C=kN since C=NP and P is constant. 
d) (1) triple principal. (2) /=kP since 1=PR and R is constant. 
e) (1) is quadrupled. (2) C=27R. 


. Find each missing value: (2.4) 
a) If y varies directly as x and y=10 when x=5, find y when x=15. Ans. 30 
b) If r varies directly as s and r=80 when s=8, find r when s=6. Ans. 60 


c) If L varies directly as A and 1 =6 when A=21, find L when A=28. Ans. 8 
d) If D varies directly as T and D=100 when T=2, find T when D=300. Ans. 6 
e) If N varies directly as C and C=25 when N=10, find C when N=16. Ans. 40 


. A pilot flew 800 mi. at 120mph. In the same time (2.5) 


a) how many miles would he have traveled at 150mph? Ans. 1000 mi. 
b) how fast must he go to fly 1200 mi.? Ans. 180 mph 


. A motorist finds in traveling 100 mi., that he is consuming gas at the rate of 15mi.per gal. If he 


uses the same number of gallons, find (2.5) 
a) how far he could travel if gas were consumed at thc rate of 12mi.per gal. Ans. 80mi. 
b) the rate of consumption if he covers 120 mi. Ans. 18 mi. per gal. 


. A salesman earned $25 in commission when he sold $500 worth of tools. If his rate of commission 


remains fixed, (2.6) 
a) how much would his commission be if he sold $700 worth of tools? Ans. $35 
5) how much must he sell to earn $45 in commission? Ans. $900 
The annual dividends on $6000 worth of stock is $360. At the same dividend rate, what is the 
annual dividends on $4500? Ans. $270 (2.6) 
(1) Express each equation in the form, xy=k. (3.1) 
(2) State the variables that vary inversely as each other. 

a) 3LW = 27 d) f= 4 when n=25 

b) < = 17 e) A=3Dd when A is constant 

c) yaH f) A= mab when A=30 
Ans. a) (1) LW=9, (2)L and W d) (1) fd=25, (2) fandd 

b) (1) PV=70, (2) P and V e) (1) Dd=k, (2) Dand d 

c) (1) xy=1, (2) * and y f) (1) ab= 32, (2) aand b 
Complete each: (3.2) 


a) If pv=20 and p is doubled, then( ). Ans. vis halved. 

b) If RT=176 and R is tripled, then( ). Ans. T is divided by 3 or multiplied by +, 

c) If 240=RP and P is multiplied by $, then( ). Ans. R is divided by + or multiplied by 2. 
d) If IR=E, E is constant and / is divided by 15, then( ). Ans. R is multiplied by 15. 
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13. 


(1) Complete each statement. : (3.3) 
(2) State the formula to which inverse variation applies. 


a) For a fixed area, tripling the width of a rectangle (_ ). 

4b) Taking twice as long to cover the same distance requires (_ ). 

c) If the pressure of an enclosed gas at constant temperature is reduced to one-half, then its 
volume (_). 


_ d) Quadrupling the length of a triangle with a fixed area( ). 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


e) If the numerator remains the same, halving the denominator will ( ). 
Ans. a) (1) divides the length by 3. (2) LW=k since A=LW and A is constant. 


b) (1) half the rate. (2) RT=k since D=RT and D is constant. 
c) (1) is doubled. (2) PV=k (Boyle’s Law). 
d) (1) divides the height by 4. (2) bh=& since A=z6hA and A is constant. 
e) (1) double the fraction. (2) fd=k since f=% and n is constant. 
Find each missing value: (3.4) 
a) If y varies inversely as x, and y=15 when x= 2, find y when x=6. Ans. 5 
b) If ¢ varies inversely as r, and t=15 when r=8, find ¢ when r=24. Ans. 5 
c) If 6 varies inversely as h, and b=21 when A=3, find 6 when A=9. Ans. 7 


d) If R varies inversely as 7, and R=36 when T=22, find R when T=2. Ans. 45 
e) If P varies inversely as V, and P=12 when V =40, find V when P=10. Ans. 48 


Two weights of 40lb. and 48lb. are in balance on a lever bar. If the 401b. weight is 15in. from 
the fulcrum, how far is the 48lb. from the fulcrum? Consider the weight of the bar as negligible. 
Ans. 123 in. (3.5) 


On a lever, a weight of 421b. is 20in. from the fulcrum. Consider the weight of the bar as neg- 

ligible. (3.5) 

a) What weight could be balanced three times as far from the fulcrum? Ans. 14]b. 

6) What weight could be balanced 5in. nearer the fulcrum? Ans. 56 lb. 

c) At what distance from the fulcrum should a weight,which is two-thirds as heavy be placed 
for balance? Ans. 30 in. 


A gear having 60 teeth is meshed with one having 48 teeth. (3.6) 
a) When the larger makes 28 revolutions, how many revolutions does the smaller make? Ans. 35 
b) When the smaller makes 40 revolutions, how many revolutions does the larger make? Ans. 32 


Two pulleys are connected by the same belt. One pulley has a diameter of 16in. and a speed of 
450 rpm. (3.7) 
a) If the diameter of the other pulley is 10in., what is its speed? Ans. 720 rpm 

b) If the speed of the other pulley is 360 rpm, what is its diameter? Ans. 20in. 


(1) Express each equation in the form z=kxy. (4.1) 
(2) State how the variables vary jointly. 

a) 3PT =100] Ans. a) (1) l=.03PT, (2) I varies jointly as P and T. 

b) 2A=dD Ans. b) (1) A=3dD, (2) A varies jointly as d and D. 

c) V = LWH and L is constant Ans. c) (1) V=kWH, (2) V varies jointly as W and #. 
Complete each: (4.2) 
a) If A=4%dd' and d and d' are each multiplied by 5, then( ). Ans. Ais multiplied by 25. 
b) If [=.03PR, P is multiplied by 6 and R by 3, then( ). Ans. | is tripled. 

ec) If V=10WH and W and A are each halved, then( ). Ans. V is divided by 4. 


d) If A= 7rab, ais quadrupled and 4 is divided by 4, then Ais( ). Ans. A remains constant. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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Applying the rule, distance equals the product of rate and time, complete each of the following: (4.2) 


a) Take four times as long and double rate, then( ). Ans. distance is eight times as far 
b) Double time and triple rate, then( ). Ans, distance is six times as far . 
c) Halve time and double rate, then( ). Ans. distance remains constant 


d) Double time and (__), then distance remains constant. Ans. halve rate 
e)( ) and quadruple rate, then distance is twice as far. Ans. halve time 


Find each missing value: (4.3) 
a) If z varies jointly as x and y, and z=48 when x=4 and y=3, find y when z=96 and x=2. 

b) If A varies jointly as b and h, and A=24 when 6=4 and A=12, find Ah when A=48 and b=6. 

c) If V varies jointly as B and A, and V=75 when B=25 and A=9, find V when B=15 and A=18. 
Ans. a) 12, 6b) 16, c) 90 


Complete each: (5.1) 
a) If A = 47R* and R is doubled, then( ). Ans. A is quadrupled 

b) If V =107rh? and A is divided by 5, then( ). Ans. V is divided by 25 

c) If S = 4e® and e is quadrupled, then( ). Ans. § is multiplied by 64 

d) If [= ra and d is divided by 10, then( ). Ans. | is multiplied by 100 

After the brakes have been applied, the distance an automobile goes before stopping varies directly 


as the square of the speed of the car. For a car going 20mph, the stopping distance is 15 ft. (5.2) 
a) What is the stopping distance of the same car going 60 mph? Ans. 135 ft. 
b) What is the speed of the car when its stopping distance is 240 ft.? Ans. 80 mph 


The energy of a moving body varies directly as the square of its speed. If a body has an energy 
of 50 units at a speed of 5ft. per sec., (5.2) 
a) What is its energy at a speed of 10ft. per sec.? Ans. 200 units 

b) What is its speed when its energy is 5000 units? Ans. 50ft. per sec. 


The amount of heat received by a body varies inversely as the square of its distance froma (5.3) 
source. How many times as much heat will be received if the body is moved to a point 
a) twice as far, b) one-third as far, c) four-thirds as far ? 


Ans. a) one-fourth as much, 5) nine times as much, c) nine-sixteenths as much. 


If y varies directly as the square of x, and y=9 when x=6, a) find y when x=18, 5) find x when 
y=36. Ans. a) y=81, b) x=12 (5.4) 
If y varies inversely as the square of x, and y=36 when x=15, a) find y when x=30, b) find x 
when y=4. Ans. a) y=9, 56) x =45 (5.5) 
For each of the following, indicate the type of variation that applies: (2.1, 3.1, 4.1) 
a) D=45T Ans. direct e)S=27R1_ Ans. joint iyy=2x Ans. direct 
b)15=RT Ans. inverse fyE=n Ans. direct j)==10 Ans. direct 
c)23R=D_ Ans. direct g)15=27rh Ans. inverse k) va =x Ans. inverse 

d) RD=7 Ans. inverse h) A=4bh Ans. joint 1) PV=kT Ans. joint 

For each of the following, indicate the type of variation that applies: (2.1, 3.1, 4.1) 
a) A=LW Ans. joint e) V=LWH when L is constant Ans. joint 

b) A=LW whenLisconstant Ans. direct f) V=LWH whenL and Wareconstant Ans. direct 
c) A=LW whenWisconstant Ans. direct g) V=LWH whenVandL areconstant Ans. inverse 


d) A=LW whenAisconstant Ans. inverse h) V=LWH whenV andHareconstant Ans. inverse 


Chapter 15 


INDIRECT | 
MEASUREMENT 


1. INDIRECT MEASUREMENT: USING TRIANGLES DRAWN TO SCALE 


By indirect measurement, the measure of a quantity is obtained by measuring another 
quantity instead. 


Thus, the distance between two towns, A and B, is 80 mi. Scale: 20 mi. per unit 


if the line AB which represents this distance on a map is 4 ee 
units long and each unit represents 20 mi. 


(A scale of 20 mi. per unit means that each map unit represents 20 mi.) 


Using a Scale Triangle to Measure Lines and Angles Indirectly 


1. The actual distance, D, represented by a line equals the *s 1 nae 
product of the scale, S, and the number, N, of the units in i wslats 


. AB 

120 mi. per unit: : 

the line: D=SN. ergs / 5 S 
(See section 2 for an extended treatment of D=SN.) a 


Thus, in the scale triangle ABC which has a scale of . La Re war 
120 miles per unit: 


AC = (120)(4) or 480mi., BC =(120)(3) or 360mi., AB = (120)(5) or 600mi. 


(The length of AB can be found by placing the ends of a compass onAandB and then 
laying off this opening along a line of the graph.) 


2. The actual angle represented by an angle equals the number of degrees in the angle. 
Thus, since ZA inthe scale triangle = 37°, the actual ZA =37°. 
(Use a protractor to measure ZA in the scale triangle.) 


1.1. Measuring Indirectly, Using Triangles Drawn to Scale 
An aviator flew 480 miles due east from A to C. Then he flew 
360 miles due north from C to B. To fly straight back to A, 
(1) what distance must be flown and 
(2) what angle of turn must be made, to the nearest degree? 
Solution: 
Construct scale triangle ABC as follows: 
1. Choose a convenient scale, say 60 mi. per unit. CAGE G8 dente og 
2. Lay off 8 units for AC =480mi. Scale: 60 mi. per unit” 
3. Lay off 6 units for BC=360mi. 
4, Draw AB. 
Find distance from A to B: 
By measurement, AB=10 units. bee et 
Since scale = 60 mi. per unit, distance AB = 600 mi. Pi BERS Ve 
Find angle of tum at B: 
Using protractor, angle of turn at B =127°. 


Ans. (1) Distance from A to B = 600 mi. 
(2) Angle of turnat B =127°. 
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2. D = SN: A FORMULA OF INDIRECT MEASUREMENT 
FOR FIGURES DRAWN TO SCALE ON MAPS, GRAPHS, MODELS AND BLUEPRINTS 


Rule. A line on a scaled figure such as a map represents a distance, D, equal to the product 
of the scale, S, and the number of units, N, in the line. 


Formula: D = SN Other forms: N = 2 , S= f 
Note. To use this formula, D=SN, S must be in distance units per map unit or graph unit, such 
as miles per inch, or feet per graph unit. 
Thus, for a distance of 100 miles represented by a 5 inch line, the scale is 20 miles 
per inch. 


2.1. Finding Distance Being Represented: D = SN 


Find the distance, D, represented by a line AB on a map or graph 
ce) if AB =5in. and the scale of the map is 20 mi. per in. 
b) if AB = 8cm. and the scale of the map is 12 mi. per cm. 
c) if AB = 20 units and the scale of the graph is 2% ft. per unit. 
d) if AB = 43 units and the scale of the graph is 6 yd. per unit. 


Solutions: (Using D=SN) 
a) D = (20)(5)=100 Ans. 100mi. c) D= (23 )(20) =50 Ans, 50ft. 
b) D = (12)(8) = 96 Ans. 96 mi. d) D= (6) (45) = 27 Ans. 27yd. 


2.2. Finding Number of Units Needed: N = 2 


On a map or graph, a distance of 60 mi. is to be represented by a line CD. Find the length 
needed for CD, if the scale of the 


a) map is 20 mi. per inch. c) graph is 4 mi. per graph unit. 

b) map is 30mi. per cm. d) graph is 3 mi. per graph unit. 
Solutions: (Using N= 2) 

a) N= 2=3 Ans. 3in. a. N= 2 es Ans. 15 units 

by) N= 8 =2 Ans. 2m. d) N=60+ 3 =120 Ans. 120 units 


2.3. Finding Scale: S = p 
On a map or graph, a diStance of 30 mi. is represented by EF. Find the scale being used if 
EF equals a) 3in., 6) 3yd., c) 8 graph units, d) + graph unit. 
Solutions: (Using s=2) 
a) S=2=10 Ans. 10 mi. per in. e} 
b) S=*2=10 Ans. 10 mi. per yd. d) 


S =32 Ans. 32 mi. per unit 
S=30+4=45 Ans. 45 mi.per unit 


2.4. Finding Distance and Direction 

The scale triangle shown was drawn by a navi- 
gator to find the distance between two cities, A and 
B, and the angle of turn at B. He knew that the actual 
distance from A to C and from C to B was 100mi. and 
that BC was at right angles to AC. What is the dis- 
tance AB and the angle of turn shown at B? 
Solution: 

The scale S =? = _ =10. The scale is 10 
mi. per unit. ; 

By measurement, AB=14 units. Hence the dis- 
tance AB=(14\(10) or 140 mi. Using protractor, angle 
of turn at B=135°. Ans. AB=140mi., angle of turn at B=135°. 
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SUPPLEMENTARY PROBLEMS 


1. Solve the following, using triangles drawn to scales of 15 and 30 mi. per unit: G (1.1) 
An aviator flew 240 mi. due south from G to H. Then he g 240 mi. 
flew 450 mi. due west from H to J. To fly straight back to G, ? 
(1) what distance must be flown and J 450 mi. H 


(2) what angle of turn must be made, to the nearest degree? 


Scale: 15 mi. per unit 


G Scale: 30 mi: per unit : 


16 
th 15 
30 H 
Ans. (1) 510mi. (2) 152° 
2. On a graph, a line 1B is 8 units long. Find the distance AB (2.1) 
represents, using a scale of P 8 units e 
a) 30 mi. per unit, 6) 8rd. per unit, c) 43 ft. per unit, d) 5.1 yd. per unit. 
Ans. a) 240mi. 6) 64rd. c) 36 ft. d) 40.8 yd. vex | 
3. On a map, a distance of 450mi. is to be represented by CD. (2.2) 
Find the length of CD, using a scale of Nz? 
a) 50mi.perin., 6) 150mi.per ft., c)200mi.per ft., d)900mi.per yd. CR————D 
; 0 5 i. 
Ans. a) 432 or gin. 6) $28 or 3ft. c) 488 or 2b ft. d) 27% or ayd. k—450mi—4 
4. In a house plan, find the number of units needed to represent (2,2) 
a) a length of 40ft., using a scale of 5ft. per unit. Ans. 2 = 8 
6) a length of 40ft., using a scale of 6in. per unit. Ans. 40 + 7 = 80 
c)a length of 10ft., using a scale of 4ft. per unit. Ans. 10 + y= 40 
d) a length of 24ft., using a scale of 2ft. per unit. Ans. 24 + 3= 32 


5. On a graph, find the number of units required to represent a distance of 200 mi. if the scale used is 


a) 400 mi. per unit, 56) 150mi.per unit, c) 80mi.per unit, d) 334 mi. per unit. (2.2) 
Ans. a) $ b) 14 c) 23 d)6 
6. Find the scale being used on a graph (2.3) 


a) if a distance of 12 yd. is represented by a line of 8 units. Ans. 2 or lz yd. per unit 
b) if a line of 10 units represents a distance of 75 ft. Ans. a or 7 ft. per unit 
c) if a line of 34 units represents a distance of 39 in. Ans. 39 + B or 12in. per unit 


7. To determine the distance from G to #/, a navigator draws the bs the voces nervy (2.4) 
scale triangle shown and finds G¥ to be 13 units. Find the eS 
distance GM 
a) if the scale used is 32 mi.per unit. dns. 454 mi. 


b) if GK represents 36 mi. Ans. 39 mi. 
c) if MK represents 55 mi.. Ans. 143 mi. 


8. To find the distance from P to S, a navigator used the scale (2.4) 
triangle shown. i Sr aaa le oe 
a) Find the scale used. 
b) Find PS to the nearest number of units. 
c) Using the answer in (5), find the distance PS. 
Ans. a) 3mi. per unit, 6) 19 units, c) 57 mi. 


Chapter 16 LAW of PYTHAGORAS, 


/ 


PROPORTIONS and 
SIMILAR TRIANGLES 


1, LAW OF PYTHAGORAS i 


The square of the hypotenuse: 
In right triangle ABC, if C is a right angle, 
C= a +h? a 
Note. Ina triangle, the small letter for a side should 
agree with the capital letter for the vertex of 
the angle opposite that side. Thus, side a is A 4b C 
opposite angle A, etc. 


Law of Pythagoras: In a right triangle, the square of the hypotenuse equals the sum 
of the squares of the two arms. 


Pythagoras, a famous Greek mathematician and philosopher, lived about 500B.C. 


The square of either arm: 
By transposition, a? = c’~b? and 8? = c’-a@ 


Transformed Law of Pythagoras: In a right triangle, the square of either arm equals 
the difference of the squares of the hypotenuse and the other arm. 


To test for a right triangle, use the following rule: 


Test Rule For a Right Triangle: If c? = a?+6? applies to the three sides of a tri- 


angle, then the triangle is a right triangle; but if c? # a®+b°, then the triangle is 
not a right triangle. 


Distance Between Two Points on a Graph 
If d is the distance between /,(a,,4,) and P(x, yo): y 
d? = (to-my + (yoryY 


Thus, the distance equals 5 from the point (2,5) to 
the point (6,8), as follows: 


=8 
P,| (2,5) — my = 2, yy =5 


we 
es 
fee) 
wv 
ny 
| 
) 
N 


d? = (xg—x) + (Yor) 
d* = (6-29 + (8-5) 
d? = 4° + 3% = 25 

d= 5 


In the following exercises, express each irrational answer in simplest radical form, un- 
less otherwise indicated. 
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C 
1.1. Finding the Hypotenuse of a Right Triangle: c? = a? + b? | 


Find hypotenuse c in the right triangle shown when b 

a) a=12, b=9 b) a=3, b=7 c) a=3, b=6 d) a=3, b=3V3 
Solutions: 

c? = a+b? c? = a +b? c? = a? +b" ce? = a’ +h? 

c* =127+9? 7 = 374+ 7 c? = 37+ 6? ce? = 324 (3V3)? 

c? = 144+81 c? = 94+49 c? = 9436 c? = 9+27 

c* = 225 c? = 58 c? = 45 c? = 36 

c= V¥225 c= V58 Ans. c= ¥45 c= V¥36 

c=15 Ans. c= 375 Ans. c=6 Ans. 


Note. Since the hypotenuse is to be considered as positive only, reject the negative answer ob- 
tainable in each case. Thus, if c* = 225, ¢ may equal 15 or -15. Reject the negative15. 


c 
1.2. Finding an Arm of a Right Triangle: a? = c? - 8? or 8? = c? - a? ee, 


In the right triangle shown, find each missing arm when b 

a) b=5, c=13 b) a=24, c=25 c) b=6, c=8 d) a=4V3, c=8 
Solutions: 

a = c’-b? b? = c?-a? a = c?~-}? b? = ct -ae 

a = 13°~5? b? = 252-24? a2 = 8?- 6? b? = g?- (4V39 

& = 169-25 b? = 625-576 a = 64-36 b? = 64-48 

a = 144 b? = 49 a = 28 b? = 16 

a= 144 b = 49 a= 28 b= Vi6 

a=12 Ans. b=7 Ans a=2yV7 Ans. b=4 Ans. 


1.3. Ratios in a Right Triangle 
In a right triangle whose hypotenuse is 20, the ratio of the two arms is 3:4. Find each arm. 


Solution: 
Let 3x and 4x represent the two arms of the right triangle. 
(3x) + (4x = 20? If x= 4, x 
uv 
9x7 +16x7 = 400 3x = 12 ny 3x 
25x° = 400 4x = 16 
x? = 16 
x= 4 Ans. Arms are 12 and 16. 4x 


1.4. Applying Law of Pythagoras to a Rectangle 
In a rectangle, find a) the diagonal if its sides are 9 and 40, 
b) one side if the diagonal is 30 and the other side is 24. 
Solution: 


The diagonal of the rectangle is the hypotenuse 
of a right triangle. h 
a) d?=97+40?, d?=1681, d=41 Ans. 41 
b) h®? = 307-247, A? =324, h=18 Ans. 18 
B 
1.5. Testing for Right Triangles, Using the Test Rule a la 
Using the three sides given, which triangles are right triangles? | a 
b 


AI: 8,15,17; ATI: 6,9,11; ATI: 12, 2, 22. 
Solutions: Rule. If c? = a +67, AABC is aright triangle; but if c? 4 a*+6?, AABC is not. 


Ale a 15° = 17 Al: 6? +9? 2 1f AIII: (13)? + 2° 2 (28)? 
64 + 225 2 289 : 36+ 81 2 121 ay +4 2 64 
289 = 289 117 # 121 6y = 6y 


Alis art.A All is not a rt.A AIll is art.A 


LAW OF PYTHAGORAS, PROPORTIONS AND SIMILAR TRIANGLES 253 


1.6. Finding Distance Between Two Points on a Graph 


1.7. 


1.8. 


1.9. 


Find the distance between each of the following pairs of points: 


a) from (3,4) to (6,8) b) from (3,4) to (6,10) c) from (-3,2) to (9,-3) 
Solutions: 

(x,y) (x7) 
P| (6,8) % = 6, yo= 8 (6,10) x5 = 6, yo= 10 Yo= -3 
P,| (3,4)—»x, = 3, ¥, =4 (3,4) +x, =3, y.=4 (-3,2) +m =-3, y1 = 2 
qe (%_-%)° + (Yo-y1) d? = (%_—%4)° + (Yo-¥1) d? = (%)~4%4) + (Yo-¥1)° 
d? = (6-3) + (8-4) d? = (6-3)? + (10-4) d? = [9 - (-3)]? + (-3-2) 
d? = 37+4? = 25 d? = 3% +6? = 45 d®? = 127+ (-5y = 169 
d = 5 Ans. d = 3V5 Ans. d = 13 Ans. 


Note. Since the distance is considered to be positive only, the negative answer obtainable in 
each case is to be rejected. 


Using Law of Pythagoras to Derive Formulas 


a) Derive a formula for the b) Derive a formula for the 
diagonal d of a square in altitude A of any equilat- 
Ss 
terms of any side s. eral triangle in terms of 
: any side s. 
Solutions: The altitude A of the equilateral triangle bi- 
sects the base s. 
dese? e-2 WP = 3? - (59 
2 2 
d* = Ys jo 2 a a BY 
d = sV2 Ans. 4 4 
h = 5Vv3 Ans. 


Applying Law of Pythagoras to an Inscribed Square 


The largest possible square is to be cut from a 
circular piece of cardboard having a diameter of 10 inch- 
es. Find the side of the square to the nearest inch. 
Solution: 
The diameter of the circle will be the diagonal of the square. 


Hence, s*+s* = 100, 2s?=100 
s?=50, s=5V2=7.07 Ans. Tin. 


Applying Law of Pythagoras to an Isosceles Triangle 


Find the altitude of the isosceles triangle shown if 
a) a=25 and b=30, b) a=12 and b=8. 


Solution: 
The altitude A of the isosceles triangle bisects the base b. 
Hence, f*? = a - (2y. 
a) h? = 25°-15°, A? =400, A=20 Ans. 20 
b) # = 12-47, fh? = 128, h=8V2 Ans. 8V2 
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2. PROPORTIONS: EQUAL RATIOS 


Understanding Proportions 


A proportion is an equality of two ratios. 
Thus, 2:5 = 4:10 or + is a proportion. 
The fourth term of a proportion is the fourth proportional to the other three taken in order. 
Thus, in 2:3 = 4:x, x is the fourth proportional to 2, 3 and 4. 


The means of a proportion are its middle terms; that is, its second and third terms. 


The extremes of a proportion are its outside terms; that is, its first and fourth terms. 
Thus, in a:b = c:d, the means are } and c, and the extremes are a and d. 


1 
, then Ady) 


1 
ba): Hence ad = be. 


Stating the Proportion Rule in Two Forms 


Fraction Form 


In any proportion, the cross-products are equal. 


Colon Form 


In any proportion, the product of the means 


2.1. 


2.2. 


2.3. 


—" pee = 20 equals the product of the extremes. 
P 2 5x4 = 20 
Thus, ee — 
2x10 = 20 Thus, in 2:5 = 4:10 
2x10 = 20 

Finding Unknowns in Proportions Using Equal Cross-Products 

Solve for x: 

x _3 | 3_2 Wn ae 32 _ x | be 
®) 3975 by 2s Ogg a 5 d) a) 2 area 
Solutions: 

5x = 60 Qx=15 5x = 6x-9 x° = 64 bx = ac 

x =12 Ans. x= Ts Ans 9=x Ans. | x= +8 Ans. n= 36 Ans 
Finding Unknowns in Proportions Using Means and Extremes 

Solve for x: 
Product Product Product of Means 
Proportions of Means of Extremes = Product of Extremes | Answers 

a) x«:4=6:8 4(6) = 24 8x 8x = 24 x= 3 
b) 3:5=%:12 5x 3(12) = 36 5x = 36 x=7t 
c) 3:%=%:27 x = x? 3 (27) = 81 x? = 81 | «= +9 
d) x:5 = 2x:x%4+38 5 (2x) = 10x | x(x4+3) = x24+3x x? + 3x = 10x x=0,7 
e) x-2:4=7:%4+2 | 4(7)= 28 | (w-2)(x+2) = 22-4 0° -4 = 28 «= +4V2 


Solving Fraction Problems Involving Proportions 

The numerator of a fraction is 5 less than the denominator. 
the denominator is increased by 7, the value of the resulting fractionis z. Find the original fraction. 
Solution: 

Let x = denominator of the original fraction and x«—5 = numerator of the original fraction. 

Then 2 — 5) = 2 = 2x+14 6 Ans. 


= Cross multiply: 6x—30 — 
= 44, x=11 


4x 


. Original fraction = 
3 : 11 


If the numerator is doubled and 
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3. SIMILAR TRIANGLES B 


Similar Polygons Have the Same Shape 


Thus, if AI and AI’ are similar, then they have the 
same shape although they need not have the same size. 


Notation: 'AI~Ar'" is to be read as "triangle I is sim- 
ilar to triangle I-prime''. In the diagram, note 
how the sides and angles having the same rel- 
ative position are designated by using the same 
letters and primes. Corresponding sides or an- 
gles are those having the same relative position, 


Two Basic Properties of Similar Triangles 


Rulel: If two triangles are similar 


a) their corresponding angles are equal. 6) the ratios of their corresponding sides are equal. 
Thus, if AI~Ar', B B Thus, if AI~ Ar’, B 
then 2C'= ZC = 90° then c=15 since S=2 4g 
ZA‘= ZA = 40° 7 4! : : A 
t ° = j ah 
ZB' = ZB = 50°. C 4 and b=12 since mot 


Three Basic Methods of Determining Similar Triangles 


Rule 2: Two triangles are similar 


a) if two angles of one equal | 05) if the three ratios of the {c) if two ratios of corresponding sides 
two angles of the other. corresponding sides are are equal and the angles between 
equal. the sides are equal. 


H' 
AV = H 
: Ho 
ae /\ 
10 t 
a 
G 30 K 


B 


4 
C 8 
Thus, AI~ AI’ since Thus, AII~AII’ since Thus, AII~ArI' since 
= J A ' TO a Bi, # 30 _ 18 eo ' 
ZC =ZC' and 44 =ZA 4 5 Tee and /K = ZK 
Rule 3: A triangle is similar to any one of its scale triangles. A 
Thus, if Al and AI‘ are drawn to scale to repre- 100 mi. 


sent AABC, then they are similar to AABC and also’ 
to each other; that is, 


AABC ~ AL~ AI’ 


e 200 mi. 2 


Note. Use Rule 2c to show that the tri- Scale: Scale: 25 mi. per unit 
angles are similar. For example, 50 mi. per unit 
AI~AABC since 
100 _ 200 


2 4 


and the right angles which are 4 
between these sides are equal. we 
For this reason a scale triangle 


may be constructed using only two f 
sides and the included angle. 


Ww 
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3.1. Rulela. Corresponding Angles of Similar Triangles are Equal 


3.2. 


If AI'~AI find ZC’ 


a) if ZA = 60° and ZB = 45°, 
by) if 7A+ZB = 110°, 
Solutions: 

Using Rule 1, if AI'~AI then ZC'= ZC. 


a) Since the sum of the angles of a triangle equals 180°, 


ZC = 180°-60° -45° = 75°. Hence, ZC‘ = 75°. 


ZC = 180°-110° = 70°. 


b) Since the sum of the angles of a triangle equals 180°, 
Hence, 7C’= 70°. 


Rule 15. Ratios of Corresponding Sides of Similar Triangles are Equal 


If All'~ All, find x and y using the data indicated. 


Solutions: 
Since All’ ~All, 
x . 15 
32 20 
x = 52 (32) 
x = 24 


3.3. Rule 2. Determining Similar Triangles 


3.4. 


2 is 
26 20 
y = 32(26) 
y = 193 Ans. 
b) 
13 ef / 
12 
65, 25 


a) 
85° 
jie 
15 27 
Which rule is needed in eac 
Solutions: 


By Rule 2c, Al‘ ~ AI 
since each has an 85° angle 
and there are two equal ra- 
tios for the sides of these 
15 


h case to show that both triangle 


By Rule 2b, Alt’ ~All 


since 


Thus, there are three equal 
ratios of the corresponding 


i 27 
equal angles; i.e., 77 5° 


Finding Heights Using Ground S 


A tree casts a 15 ft. shadow at a time when a nearby 
upright pole of 6ft. casts a shadow of 2ft. Find the height 
h of the tree if both tree and pole make right angles with 


the ground. 
Solution: 


At the same time in localities near each other, the 
rays of the sun strike the ground at equal angles; hence 


ZB=Z/B". Since the tree and po 


the ground, 7C=ZC'. Since there are two pairs of equal 


h 
Hence, 6 


= 15 


angles, AI'~AI. ; 


sides. 


hadows 


le make right angles with 


=~ 15 (6) = 
, A= 3 (8) 45. 


C fou 
Al B' 
B 
C 
Cc! 
32 baie 
x y 
7 x 2 A458 
24,193 


B 
c) 7 


s are Similar? 


A 


By Rule 2a, AII~AABC 
since there are two pairs of 
equal angles. Each triangle 
has ZB and a 70° angle. 
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3.5. Using a Scale Triangle to Find Parts of a Triangle y 
If Al’ is a scale triangle of AI: 
a) Find a and c when 6=45. 6) Show that AABC is a right triangle. c s 
Solution: 
a) Using Rule3, AI~AI'; hence 
z7 2 and = = a b=45 c 
a = 3(8) = 24 e = 3(17) = 51 Ans. 24,51 B 
b) Since 87+157 = 177, Al’ is a right triangle. Ea 
Since AI~ AI’, Al is a right triangle. A’ 7: C' 
3.6. Using a Scale Triangle to Find a Distance B 
An aviator traveled east a distance of 150mi. from A to C. 
He then traveled north for 50mi. to B. Using a scale of 50mi. x 
per unit, find his distance from A, to the nearest mile. r oh 
Solution: 150 mi. 


By Rule 3, a triangle is similar to any one of its scale triangles. 
Let x = length of AB in mi. 


In AI, the scale triangle of AI’, c? = 37+ =10. Hence,c=V10. _ Seale: 50 mi. per unit 
is tA, _ 50 

Since AI'~AI, = cc c a=1 
x = 50c 


x = 50V10 = 50(3.162) = 158.1 Ans. 158 mi. 


3.7. Applying a Scale to a Square 


A baseball diamond is a square 90ft. on each side. Using a 
scale of 90ft. per unit, find the distance from home plate to sec- 
ond base to the nearest foot. 


Solution: Using a scale of 90 ft. per unit, each side of the new square will be 1 unit. 90 ft. Plate 
Let x = distance from home plate to second base in ft. 
In AI, the scale triangle of AY’, c? =12+1 = 2. Hence, c= V2. : i 
Since AI'~ATI, 90 
1 1 1 
= 90c 


90V2 = 90(1.414) = 127.26 Ans. 127ft. r 


RR OlR 


Il 


SUPPLEMENTARY PROBLEMS 


1. In a right triangle whose arms are a and b, find the hypotenuse c when: (1.1) 
a) a=15, b=20 Ans. 25 c) a=5, b=4 Ans. V41 e) a=7, b=7 Ans. 71V2 
b) a=15, 6=36 Ans, 39 d) a=5, b=5V3 Ans. 10 f) a=8, b=4 Ans. 4V5 

2. In the right triangle shown, find each missing arm when (1.2) 
a) a=12, c=20 c) b=15, c=17 e) a=5V2, c=10 : 
b) b=6, c=8 d) a=2, c=4 f) a=V5, c=2V2 a 


Ans. a) b=16, b) a=2V7, c)a=8, d)b=2V3, e) b=5V2, f) b= V3 
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10. 


11. 


12. 


13. 


14. 


15. 


. Find the arms of a right triangle whose hypotenuse is c if these arms have a ratio of (1.3) 


a) 3:4 and c=15, 6) 5:12 and c=26, c) 8:15 and c=170, d) 1:2 and c=10. 
Ans. a) 9,12 6)10,24 c) 80,150 d)2V5, 4V5 


. Ina rectangle, find the diagonal if its sides are (1.4) 


a) 30 and 40, b)9 and 40, c)5and10, d)2and6. Ans. a) 50, 6) 41, c)5V5, d) 2V10 


. Ina rectangle, find one side if the diagonal is 15 and the other side is (1.4) 


a) 9, b)5, c)10, d)12. = Ans. a) 12, b) 10V2, c)5V5, d)9 


. Using the three sides given, which triangles are right triangles? (1.5) 
a) 33,55, 44 c) 4, 72,82 e) 5in., 1ft., 1 ft. lin. g) 11mi., 60mi., 61 mi. 
5b) 120, 130, 50 d) 25,7, 24 f) lyd., lyd.1ft., lyd. 2ft. h) 5rd., 5rd., Trd. 


Ans. Only (h) is not a right triangle since 5°+5? 4 7. In all the other cases, the square of the 
largest side equals the sum of the squares of the other two. 


. Find the distance between each of the following pairs of points: (1.6) 
a) (4,1) and (7,5) c) (1,7) and (10,7) e) (2,3) and (-10,-2) 
b) (3,3) and (3,5) d) (—3,-6) and (3,2) : f) (2,2) and (5,5) 


Ans. a)5, b)2, c)9, d)10, e) 13, f)3V2 


. Find the lengths of the sides of triangle DEF if its vertices are D(2,5), E(6,5) and F(2,8). Show 


that ADEF is a right triangle. (1.5, 1.6) 
Ans. DE=4, DF=3 and EF=5. Since 37+4? = 5°, ADEF is a right triangle. 


. Derive a formula for the side s of a square in terms of its diagonal d. (1.7) 


Ans. s = -4- or s= 473 
V2 2 


Using formula d=svV2, express in radical form the diagonal of a square whose side is (1.7) 
a) 5, 6) 7.2, c) V3, d) 90ft., e) 3.47 yd. 
Ans. a) 5V2, 6) 7.2V2, c) V6, d) 90V2 ft., e) 3.47V2 yd. 


Using formula h = 5 3, express in radical form the altitude of an equilateral triangle whose side 
is a) 6, 6) 20, c) 11, d) 90in., e) 4.6 yd. (1.7) 
Ans. a) 3V3, b) 10V3, c) TV3, d) 45V3 in., e) 2.3V3 yd. 


The largest possible square is to be cut from a circular piece of wood. Find the side of the square, 
to the nearest inch, if the diameter of the circle is a) 30in., 6) 14in., c) 17in. (1.8) 
Ans. a) 21in., 6) 10in., c)12in. 


Find the altitude of an isosceles triangle if one of its two equal sides is 10 and its base is (1.9) 
a) 12, b) 16, c) 18, d) 10. Ans. a) 8, 6) 6, c)V19, d)5V3 


Solve for x: (2.1) 
5 _ 15 3 ue +2 _ 6 2 _ 3 
A) ig Cas 5 eg se 8) 4775 
7 _ 3 x _ 15 x-1_ 5 a_x 
Py re ae age meres ag ea 
Ans. a) 21, 6)44, c) +6, d)+5V3, e)8, f)+4, g)3, h)+Vab 
Solve forx: a) x:6=8:3 d) x:2=10:x g) a:b=ec:x (2.2) 
b) 5:4= 20:x% e) (x+4):3 =3:(%-4) h) x:2y = 18y:x 
C) O:%= 4x24 f) (2x + 8): (%+2) = (2%4+5):(x+1) 


Ans. a) 16, 6)16, c) +6, d)+2V5, e) +5, f)2, g)52, hy +6y 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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a) The denominator of a fraction is 1 more than twice the numerator. If 2 is added to both the nu- 


merator and denominator, the value of the fraction is 2. Find the original fraction. (2.3) 

b) A certain fraction is equivalent to 2. If the numerator of this fraction is decreased by 2 and 
its denominator is increased by 1, the resulting fraction is equivalent to +. Find the original 
fraction. (2.3) 

1 ._ xt+2 ~~ _ 3 14 . 22-2 _ 1 
Ans. a) 3 [ solve: Taree) |. b) 35 [solve: eae z | 
If AI~Ar’, find ZB C (3.1) 
a)if ZA'= 120° and ZC'= 25°, Cc 


by if ZA'+ ZC' = 127°. 
Ans. a) 35°, 6) 53° 


If AI~ AI’, using the data shown ‘ (3.2) 
a) find aif c=24. Ans. 


i 
bo 
> 
& 
I) 
me 
lon) 


b) find 6 if a=20. Ans. 


c) find c if b=63. Ans. , c=126 A 


DIO wie w]e 
wl3 alS o| 


C 6 
Which rule is needed in each case to show both triangles are similar? (3.3) 


a) Show AI~AABC. b) Show All~APOR. c) Show Alll~ AFGH 
C 


P 


A B 


Ans. a) Rule 2a. b) Rule 2c, since 2 = 4 and] c) Rule 2b, since 3 =-3 -4 | 
each triangle has ZR. 


A 7ft. upright pole near a vertical tree casts a 6ft. shadow. At that time, (3.4) 
a) find the height of the tree if its shadow is 36ft. Ans. 42 ft. 
b) find the shadow of the tree if its height is 77ft. Ans. 66ft. 


If Al’ is a scale triangle of AI, (3.5) 
a) find a and 6 when c=125, a 


b) sh Ali ight triangle. B' 
) show that is a right triangle | C 95 


Ans. a) 35, 120 b 1 
b) Al is a right triangle since 77+247 = 25* and AI~AT’. A 4 


io] 


Two planes leave an airport at the same time, one going due east at 250 mph and the other due 
north at 150mph. Using a scale of 200mi. per unit, find the distance between them at the end of 
4hr., to the nearest mile. Ans. 1166 mi. (3.6) 


A square lot, 50ft. on each side, has a diagonal path. Using a square drawn to a scale of 50ft. 
per unit, find the length of the path to the nearest foot. Ans. 71 ft. (3.7) 


Chapter 17 


TRIGONOMETRY 


1. UNDERSTANDING TRIGONOMETRIC RATIOS 


Trigonometry means "measurement of triangles'’. Consider its parts: '"tri'’ means three, 


‘1 1 


gon" means "angle", and "metry! 


measurement of triangles. 


' means 'measure'. Thus, in trigonometry we study the 


B 
In trigonometry the following ratios are used in a right 
triangle to relate the sides and either acute angle: 4 
a 
1. tangent ratio, abbreviated "tan". 
2. sine ratio, abbreviated "sin". 
3. cosine ratio, abbreviated "cos". A > C 
Trigonometry Rules and Formulas 
Rules Formulas 


1. The tangent of an acute angle equals the leg 
opposite the angle divided by the leg adjacent 


to the angle. 


2. The sine of an acute angle equals the leg oppo- 
site the angle divided by the hypotenuse. 


leg opp. 
leg adj. 
pee ORD: D 
leg adj. 


leg opp. 
hyp. 
leg opp. 


3. The cosine of an acute angle equals the leg 
adjacent to the angle divided by the hypotenuse. 


Rules: If A and B are the acute angles of a right triangle: 


sinA = cosB cosA = sinB tanA = ——— 
pa tanB 

sinB = cosA cos B = sinA tanB = —1_ 
tanA 


To Find an Angle to the Nearest Degree 


Procedure: 


1. Find nearest tabular values: 


2. Find differences as shown: 


3. Find angle to the nearest degree: 


Find x, to the nearest degree, if sinx = 6350. 
Solution: 


1. sinx =.6350 is between 
sin 40° = .6428 and sin 39° = .6293 


F o _ Differences 
2. ae 40° = .6428 ——h078 
sin x 


.6350 — 
sin 39° = .6293 — Oa, 
3. Since sinx is nearer to sin39°, x=39° to the 
nearest degree. Ans. 39° 
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1.1. Using Table of Sines, Cosines and Tangents 
The following values are taken from the Table of Sines, Cosines and Tangents (page 292). 

State each indicated value in proper trigonometric form and complete the last line: 
Cosine 


Sine Tangent 


(1) 1° .0175 
(2) 30° 5774 
(3) 60° 1.7321 


(4) (?) (?) 
Solution: 
(1) Since .0175 is aligned with "Sine" and "1°", sin 1° = .0175. 
Similarly, cos 1°= .9998 and tan 1°= .0175. 
(2) From the 30° row, sin 30° = .5000, cos 30° = .8660 and tan 30° = .5774. 
(3) From the 60° row, sin 60° = .8660, cos 60° = .5000 and tan 60° = 1.7321. 
(4) Since .3420 = cos 70°, the angle is 70°. The other values in this row are 
sin 70° = .9397 and tan 70° = 2.7475. 


_1.2. Finding Angles to the Nearest Degree 


Using the table of sines, cosines and tangents, find x to the nearest degree if 


ern 321 - 45 
a) sin x = .9235 b) cos x= 38 c) tanx= iO 
Solutions: 5 & 

Since 5* = 8400, cos x = .8400 | Since 73 = .2236, tanx =.2236 
Usi : Using table: Using table: 
ey. Differences nel . Differences ast ay Differences 
i =. 32°S3 ~ a =, = 
eunas 9272 0037 cos 32 8480 0080 tan 13 2309 0073 
Sin x =.9235 0030 cos x =.8400 4 0013 tanx =.2236—- 0110 
sin 67° = .9205 ; cos 33°= .8387 — ; tan 12°= .2126 z] : 

Since sinx is nearer to Since cosx is nearer to Since tanx is nearer to 
sin67°, x=67° to the nearest | cos 33°, x=33° to the nearest | tan13°, x=13°to the nearest 
degree. Ans. 67° degree. Ans. 33° degree. Ans. 13° 

1.3. Finding Trigonometric Ratios 
In each right triangle, state trigonometric values of each acute angle: 
B || @) B b) B c) 
B 
D a 5 3 Y 6 13 é 
a=5, b=12, c=13 
- a _ 3 _6§_ 3 _ 2 
tan A= Ff tanA=4 tand= 9=4 tan d= 75 
_4 _4 ~8_4 _ 12 
tan B= tan B= 3 tanB=G=3 tanB= = 
: -~ 2 : -3 F _~ &§ _ 3 i - 2» 
sin A= = sin A= = sin A= 75 5 sinA= 75 
; 5 : a4 : 20 Ae ; ~ 12 
sin B = = sin B= = sinB= 975% sinB= 73 
_5 4 ae eee - 12 
cos A = = cos A == cos A= 75=5 cos A= 45 
_ 2 _ 3 - 6.3 - 2 
cos B = =~ cos B = = cos B= 5 = 5 cos B= 75 
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1.4. 


1.5. 


1.6. 


TRIGONOMETRY 


Finding Angles by Trigonometric Ratios 


Find 4, to the nearest degree, in each: 


a) b) 
B 
B 
100 
A Cc A 34 Cc 
Solutions: 
- _ 60 _ _—10 = S_ 
sin A = T00 = -6000 tan A = 54 = Tg = 4167 
Since sin 37°=.6018 Since tan 23°= 4245 
is nearest sine value, is nearest tangent value, 
A=37° Ans. A = 23° Ans. 


Deriving Trigonometric Values for 30° and 60° Ratios 


Show a) tan 30° = 577 d) tan 60° = 1.732 
b) sin 30° = .5 e) sin 60° = .866 
c) cos 30° = .866 f) cos 60° = .5 
Solutions: 

The trigonometric ratios for 30° and 60° may be obtained 
by using an equilateral triangle. Draw the altitude from the 
midpoint of the base to the opposite vertex. Consider each 
side equal to 2 units. 


In right triangle I, c=2 and $=1. 


By Law of Pythagoras, a= 2?-f =3. Hence, a= V3. 
Using AI: a) tan30°= 2 = 4.324 - 577 d) 
30° 
b) sin 30°= $= 5 e) 
2 i ‘ 
<< c) cos 30° = 3 = 3? - 866 f) 


ce) 
B 
1700 
a 1500 Cc 
1500 15 | 
cos A 1700 7 17 8824 


Since cos 28°=.8829 
is nearest cosine value, 


A = 28° 


Ans. 


tan 60° = | = 1.732 
sin 60° = 8 = 866 
cos 60° = se 5 


Finding Acute Angles of a Right Triangle Whose Sides Have a Given Ratio 


To the nearest degree, find each acute angle of any right triangle whose sides are in the 


ratio of 3:4:5. 
Solution: 
Let 3x, 4x and 5x represent the three 
sides of AI as shown in the adjoining figure. 


3% 3 


tan A = 27a 


Now, 


Since tan37°=.7536 is nearest tangent 
value, A=37°. 


B = 90°-37°= 53°. Ans. 37° and 53° 


5x ve 


4x Cc 
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2. SOLVING TRIGONOMETRY PROBLEMS 


To Solve Problems by Using Trigonometry 


Problem: An aviator flew 70 mi. east from A to C. From C, he flew 100 mi. north to B. 
Find the angle of turn, to the nearest degree, that must be made at B to return 
to A. 


Procedure: Solution: xB 
1. Indicate the values given and the 1. Let x = angle of 
unknown on a labeled diagram: turn at B. 
(A diagram should be drawn to scale.) 100 mi. 
70 70 mi. t 
2. Write a trigonometric equation in- 2. tan B= {oo = -7000. 
volving the given values: 


3. Find the unknown: 


3. Since B=35° to nearest degree, 
angle of turn = 180°-35°=145° Ans 


2.1. Obtaining Trigonometric Equations Given an Acute Angle and a Side 


In each triangle, state the trigonometric equation needed to solve for x and y: 


(Avoid division where possible.) 
a) Given acute angle and 


b) Given acute angle and c) Given acute angle and 
adjacent leg opposite leg hypotenuse 
} ™ 150 
y 150 * 
a 
150 1 a 
x y 
Solution: 
(1) To find x: *(1) To find x, use 50° angle: | (1) To find x: 
Since tan 40° = teu , Since tan 50° = 150 , Since sin 40° = ~~. 
x = 150 tan 40° 


150° 
x = 150 sin 40° 


x = 150 tan 50° 


(2) To find y: (2) To find y: 


(2) To find y: 
Since cos 40° = 15° 


‘ ‘ o _ 150 : ee 
ae Since sin 40° = le Since cos 40 150 
y cos 40° =150 y sin 40° = 150 y = 150 cos 40° 
150 150 
** Hence, = ** : gee 
ee eos 40° Hence sin 40° 


*Note1. To find x in (b), if tan40° were used, division would be needed: 


Since tan 40° = aes , «tan 40° = 150, - 150 ae 
tan 40 
**Note 2. To find y in either (a) or (b), division cannot be avoided, using sine or cosine. 
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2.4. 
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Solving Trigonometric Equations Derived in 2.1 


Solve each trigonometric equation. Find unknown to nearest integer: 
(Equations were obtained in 2.1.) 


a) (1) x = 150 tan 40° b) (1) x = 150 tan 50° c) (1) x = 150 sin 40° 
150 150 ° 
2 = — 2 = 2) y = 150 cos 40 
ed cos 40° ry sin 40° ae 
Solutions: 
(1) x = 150 tan 40° (1) x = 150 tan 50° (1) x = 150 sin 40° 
x = 150(.8391) x = 150(1.1918) x = 150(.6428) 
x = 125.87 x = 178.77 x = 96.42 
x =126 Ans. x =179 Ans. x = 96 Ans. 
150 150 ° 
2 = —— 2 = pe = 150 cos 40 
ee cos 40° es sin 40° toned 
150 150 
Y = 7660 Y= Ga28 y = 150(.7660) 
y = 195.8 y = 233.4 y = 114.9 
y = 196 Ans. y = 233 Ans. y = 115 Ans. 


Finding Legs of a Right Triangle 

An aviator takes off at A and ascends at 
a fixed angle of 22° with level or horizontal 
ground. After flying 3000yd., find, to the 


nearest 10 yd., A 


b) the distance from A to C which is on a level 
with A and directly under the plane. 


a) the altitude of the plane. 


Solutions: 


Let x = altitude of plane in yd. 


ae 
3000’ 


x = 3000(.3746) = 1123.8 
Ans. 1120 yd., to nearest 10 yd. 


Since sin 22° = 


Let y = required distance in yd. 
4 


3000 ’ 
y = 3000(.9272) = 2781.6 


Ans. 2780 yd., to nearest 10 yd. 


Since cos 22° = 


Finding an Angle and then the Hypotenuse of a Right Triangle B 
A road is to be constructed so that it will y 105 ft 
tise 105ft. for each 1000ft. of horizontal dis- ; 
1000 ft. c 


tance. Find 


a) its angle of rise, x, to the nearest degree. 


b) the length of road, y, to the nearest ft., for 
each 1000ft. of horizontal distance, using 
the value of x found in (a). 


Solutions: 
Since tan x = ins = .1050, Since cos x = igo , cos 6° = 1900 
x = 6°, to nearest degree. Ans. Hence, y = er. = Be or 1005.5. 


Ans. 1006 ft., to nearest ft. 


TRIGONOMETRY 


3. ANGLES OF ELEVATION AND DEPRESSION 


The line of sight is the line from the eye of 
the observer to the object sighted. 


A horizontal line is a line level with the 
surface of water, or a line at right angles toa 
vertical line. 

Thus, by centering a bubble of air in a water 
chamber, the table of a transit or sextant may be 
horizontally leveled. 


Observer 


An angle of elevation (or depression) is an angle formed by a horizontal line and a line of 
sight above (or below) the horizontal line and in the same vertical plane. 

Thus, in the figure above, the observer is sighting an airplane above the horizontal. The angle 
of elevation is found by elevating or tilting upward the sighting tube of the transit or sextant above 


the horizontal position. 


Also, in the diagram above, the observer is sighting an automobile below the horizontal. The 
angle of depression is found by depressing or tilting downward the sighting tube of the transit or 


sextant below the horizontal position. 


3.1. Using a Transit to Find a Distance 

Sighting the top of a building, Henry found 
the angle of elevation to be 21°. The ground 
is level. The transit is 5ft. above the ground 
and 200ft. from the house. Find the height of 
the building, to the nearest ft. 
Solution: 

Let x = the height, in ft., of the top of the 
building above the transit. 


x 


Then, tan 21° 


200 

x 

38839 = 496 
200(.3839) = x 


x= 77, to nearest ft. 


3.2. Using Angle of Elevation of Sun 


If the angle of elevation of the sun ata 
certain time is 42°, find, to the nearest foot, 
a) the height A of a tree whose shadow s is 

25 ft. long. 
b) the shadow s of a tree along level ground if 
its height A is 35 ft. 


Solutions: 
a) tan 42°= 4 
h = s tan 42° 
h = 25(.9004) 
h = 23, to nearest unit 
Ans. 23 ft. 


of at = 


yne— 
5 so) ag 


_ 200ft 


To find the height / in ft. of the 
building, add 5 to x: 


h=x+5 
h = 17+5 = 82 
Ans. 82ft., to the nearest ft. 


Zas\ 


s 


o_ Ss 
5) tan 48 = "5 


h tan 48° 
35(1.1106) 
39, to nearest unit 


= 
Ss 


Ss = 
Ans. 39 ft. 


266 TRIGONOMETRY 


3.3. Using Both an Angle of Elevation 
and an Angle of Depression 
At the top of a lighthouse 200 ft. 
high, a lighthouse keeper sighted an 
airplane, and a ship directly beneath 
the plane. Sighting the plane, the 
angle of elevation was 25° Sighting 
the ship, the angle of depression was 
32°. Find 
a) the distance d, to the nearest 10 
ft., of the boat from the foot of 
the lighthouse. 
b) the height 4, to the nearest 10ft., 
of the plane above the water. 


Solutions: 
a) tan 58° = 


| 


1.6003 


200 (1.6003) 
320.06 


Ans. 320ft., to nearest 10 ft. 


Te —---—-+ > 


It 


out 
BL Bit 


3.4. Using Two Angles of Depression 


An observer on the top of a hill 
250 ft. above the level ofa lake sighted 
two boats directly in line. Find, to 
the nearest ft., the distance between 
the boats if the angles of depression 
noted by the observer were 11° and 16°. 


Solution: (Separate AI and All as shown.) 


BB' = CB'-CB 
= 250 tan 79° — 250 tan 74° 
= 250(tan 79° - tan 74°) 
= 250(5.1446 -3.4874) 
250 (1.6572) 
= 414.3 


Ans. 414 ft., to nearest ft. 


b) Using d=320: 


P 


CB' = 
cB 


HT 


CB 


CRs 


In Al, tan 25°= 335 | In All, tan32°= Teo 
58k ee ie 
4663 = 359 .6249 = a5 
320 (.4663) = x 320 (.6249) = y 
149.216 =x 199.968 = y 
Since h = x+y 
h = 149 + 200 = 349 
Ans. 350ft., to nearest 10 ft. 
A —_ ——_— 
250 tan 79° 2 T Tre 
250 tan74° 8 
Cc B’ 
A 
° 16° 
250 tan74° =“O " 
C 
A —_ oe 2 
2 if 
250 tan79° =“ 
Cc B' 
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SUPPLEMENTARY PROBLEMS 
1. Using the table of sines, cosines and tangents, find (1.1) 


a) sin 25°, sin 48°, sin 59°, sin 89° 
b) cos 15°, cos 52°, cos 74°, cos 88° Ans. .9659, .6157, .2756, .0349 

c) tan 4° , tan 34°, tan 55°, tan 87° Ans. .0699, .6745, 1.4281, 19.0811 

d) which sets of values increase as the angle increases from 0°to 90°. Ans. sine and tangent 
e) which set of values decreases as the angle increases from0°to 90°. Ans. cosine 

f) which set has values greater than 1. Ans. tangent 


Ans. .4226, .7431, .8572, .9998 


2. Using the table, find the angle in each: (1.1) 
a) sinx =.3420 Ans. x=20° d) cos A =.9336 Ans. A'=21° g) tanW = .3443 Ans. W=19° 
b) sinA = .4848 Ans. A=29°  e) cosy =.7071 Ans. y=45° h) tan B=2.3559 Ans. B'=67° 
c)sinB =.9455 Ans. B=711° =f) cosQ=.3584 Ans. Q=69° i) tanR =28.6363 Ans. R=88° 


3. Using the table, find x, to the nearest degree if (1.2) 
a) sin x = .4400 e) cos x = .7650 i) tan x = 5.5745 m) coSx = = 
b) sin x = .7280 f) cos x = .2675 jsinx= n) cos x = ¥3 
c) sin x = .9365 g) tan x = .1245 kysinx= 72 o)tanx= 2 
d) cos x = .9900 h) tan x =.5200 1) cosx = 8 p) tan x = ¥3 


Ans. a) 26°, b) 47°, c) 69°, d) 8°, e) 40°, f) 74°, g) 7°, h) 27°, i) 80°, 7) 13° since sinx = .2200, 
m) 68° since cos x =.3750, 


k) 45° since sin x =.707, 
1) 59° since cos x = .5200, 


. Find B to the nearest degree, 


n) 30° since cos x = .866 


, 


o) 16° since tanx = .2857, 
p) 10° since tanx =.1732. 


. In each right triangle, find sinA, cos A and tanA: (Leave answer in radical form.) (1.3) 
a) 5 b) C 2) C 
5 a 12 a 3 S 
B 
A C a 
3 A 15 A 4 
Ans. 
a)sinA=2, cos A=, b) sin A= 2, cos A= +, ce) sind= 7, cos A= 3, 
4 =! ee VT 
tand = 3 tanA = 2 tan A = 3 
. Find A, to the nearest degree, in each: (1.4) 
a) b) c) 
B A 
B A 
100 20 
32 25 
A Cc 
89 Cc Tr B v 
Ans. 
a) A=27° since cos A=.8900 b) A=58° since sinA=.8500 | c) A=52° since tanA=1.2800 


B (1.4) 


a) if b=67 and c=100. Ans. B=42° since sinB=.6700 

b) if a=14 and c=50. Ans. B =174° since cos B = .2800 c z 
c) if a=22 and b=55. Ans. B=68° since tanB=2.500 

d)ifa=3 and b=\/3 Ans. B=30° since tanB=.577 
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1 B 
7. Using a square with a side of 1 unit, show that (1.5) 
a) diagonal c=V2, 1 Paes 
b) tan 45°=1, 
c) sin 45°= cos 45°=.707. CO 
Ae 
8. To the nearest degree, find each acute angle of any right triangle whose sides are in the ratio of 
a) 5:12:13 b) 8:15:17 ec) 7:24:25 d) 11:60:61 (1.6) 
Ans. a) 23°, 67° b) 28°, 62° c) 16°, 74° d) 10°, 80° 
9. In each triangle, state the trigonometric equation needed to solve for x and y: (2.1) 
(Avoid division where possible.) 
a) B b) B c) 
4 220 RB 
y 180 . 
x 
y 
0 Oo 
‘ 250 ¢ c-—= A c 
Ans. a) (1) x = 250 tan 37° b) (1) x = 180 tan 44°, using B=44° c) (1) x = 220 sin 34° 
250 180 ° 
Wy = 2) = —— 2) y = 220 cos 34 
‘ y cos 37° o) y sin 46° ‘ y 
10. Solve each equation. Find the unknown, to the nearest integer. (2.2) 
a) (1) x = 250 tan 37° b) (1) x = 180 tan 44° c) (1) x = 220 sin 34° 
(Diyos eee (QV. SO. (2) y = 220 cos 34° 
. cos 37 sin 46 


Ans. a) x =188, v=313 b) x=174, y=250 c) x=123, y=182 


(In examples 11-23, the trigonometric expression used to obtain the answer is shown in parentheses.) 


11. A ladder leans against the side of a building and makes an angle of 70° withthe ground. (2.1a, 2.2a) 
The foot of the ladder is 30 feet from the building. Find, to the nearest foot, 
a) how high up on the building the ladder reaches, 


b) the length of the ladder. 7 ani 
Ans. a) 82ft., (30tan70°) _b) 88ft., (—22—5) a0" 
cos 70 30 
12. To find the distance across a swamp, a surveyor took B (2.1a, 2.2a) 
measurements as shown. AC is at right angles to AC, 
If A=24° and AC=350ft., find the distance BC across 
the swamp. = 
Ans. 156 ft., (350 tan 24°) a 350 C 
13. A plane rises from a take-off and flies at a fixed angle of (2.1b, 2.26) 


9° with the horizontal ground. When it has gained 400ft. 
in altitude, find, to the nearest 10ft., a) the horizontal 
distance flown, b)the distance the plane has actuelly flown. 
Ans. a) 2530ft., (AC =400tan 81°) 


b) 2560ft., (AB - 42%) 
Ss. 9 


in 


14. If the base angle of an isosceles triangle is 28° and each 
leg is 45in., find, to the nearest inch, 
a) the altitude drawn to the base, 45 
b) the base. 
Ans. a) 21in., (45 sin 28°) 2 
b) 79 in., [2(45 cos 28°) = 90 cos 28°] ; 


(2.1c,2.2c) 


— —- 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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A road is inclined uniformly at an angle of 6° with the horizontal. After (2.3) 


driving 10,000 ft. along this road, find, to the nearest 10ft., the 10,000 ft. 
a) increase in the altitude of the driver, ; 2 
b) horizontal distance that has been driven. ? 


Ans. a) 1050ft., (10,000 sin6°) b) 9950ft., (10,000 cos 6°) 


An airplane travels 15,000ft. through the air at a uniform angle of climb, thereby gaining 1900ft., 
in altitude. Find its angle of climb. (2.4) 


Ans. 7 (sinx= Rah where x is the angle of climb) 


The angle of elevation of the top of a building from a point 500 ft. from the oo (3.1) 
top is 21° Disregarding the height of the transit, find to the nearest foot, 5 ? 
a) the height cf the building, | ; is 


b) the distance along level ground from the observer to the foot of the building. 
Ans. a) 179 ft., (500 sin 21°) b) 467ft., (500 cos 21°) 


Sighting the top of a monument, William found the angle of ele- 
vation to be 16°. The ground is level and the transit is 5ft. above 
the ground. If the monument is 86ft. high, find to the nearest 
foot the distance from William to the foot of the monument. 

Ans. 282 ft., (81 tan 74°) 


Find to the nearest degree the angle of elevation of the sun when (3.2) 
a tree 60ft. high casts a shadow of 
a) 10ft., ) 20ft., c) 40ft., d) 60ft. Yy 
Ans. a) 81°, (tanx=6) c) 56°, (tanx=1.5) 

b) 72°, (tanx=3) d) 45°, (tanx=1) on = 

Ss 
At a certain time of day, the angle of elevation of the sun is 34°. (3.2) 
Find to the nearest foot the shadow cast by 
a) a 15ft. vertical pole. Ans. 22ft., (x = 15 tan 56°) h 
b) a building 70 ft. high. Ans. 104 ft., (x = 70 tan 56°) Se \ 
c) a monument 450ft. high. dns. 667ft., (x = 450 tan 56°) ae 
Aaa 
A light at C is projected vertically to a cloud at B. An observer B ~ (3.3) 
at A, 1000ft. from C, notes the angle of elevation of B. Find cod 
the height of the cloud, to the nearest foot, if 
a)A=20°. Ans. 364ft., (1000 tan 20°) . 
b) A=37°. Ans. 154 ft., (1000 tan37°) 
c)A= 49°. Ans. 1150 ft., (1000 tan 49°) A C 
1000 ft. 

A lighthouse built at sea level is 180ft. high. From its top, the —-pz7  «((3.3) 
angle of depression of a buoy is 24°. Find, to the nearest foot 180 | “ 
the distance from the buoy to the foot of the lighthouse. 
Ans. 404 ft., (180 tan 66°) 2 


An observer on the top of a hill 300ft. above the level of a lake, sighted two ships directly in 
line. Find, to the nearest ft., the distance between the boats if the angles of depression noted by 
the observer were (3.4) 
a) 20° and 15°. = Ans. 295 ft., [300 (tan 75° - tan 70°)] 


-b) 35° and 24°. = Ans. 245 ft., [300 (tan 66° - tan 55°)| 


c) 9° and 6°. Ans. 960 ft., [300 (tan 84° - tan 81°)] 


Chapter 18 


1. SOLVING PROBLEMS GRAPHICALLY 


1.1. 


1.2. 


Problems may be solved graphically. For this purpose, obtain a table of values directly 
from the problem relationships rather than from equations. 


Solving a Work Problem Graphically 


Solve Graphically: Abe can dig a certain ditch in 6hr. while Zeke requires 3hr. If both start 
together from opposite ends, how long would they take to complete the digging of the ditch? 


Solution: 
TABLE of VALUES TABLE of VALUES 
for ABE for ZEKE 
Hours Position Hours | Position cope 
Worked | Along Ditch Worked | Along Ditch 1 dhe 
0 0 0 1 ke 
3 2 12 2 Position 2) 
6 1 3 0 Along 


In the table and on the graph, ''O"' represents the 
beginning of the ditch where Abe started digging, while 
Ti" represents the end of the ditch where Zeke began. 

The common solution shows that they required 2 hr. 
At that time Abe had completed + of the job while Zeke 
finished the remaining 2 of the work. Ans. 2 hr. 


Hours Worked 


Solving a Motion Problem Graphically 
Solve Graphically: At 12 noon, Mr. Pabst left New York. After traveling at 30mph for 2hr., 


he rested for 1 hr. and then continued at 35 mph. Mr. Mayer wishes to overtake him. If Mr. Mayer 
starts at 3P.M. from the same place and travels along the same road at 50 mph, when will they meet? 


Solution: 
TABLE of VALUES TABLE of VALUES 
for Mr. Pabst for Mr. Mayer 
Distance (mi.) Distance (mi.) si me 
Time(P.M.)| from N.Y. Time(P.M.)| from N.Y. 2 | | Mr.Pabst’s | 
(start) (start) 5 _|_ SPRY 
12 noon ae iapli <2 P.M. 0 fe aes 
1 PM. 30 4 PM. 50 somph 8 
2 P.M. 60 { 5 P.M. 100 3 
(1 hour of rest.) : te a z 
3 PM. 60 — 
4PM. 95 
5 P.M. 130 35mph ‘ 
6 PM. 165 | o* «Time (PM 
7PM 200 s meen 


The common solution shows that Mr.Mayer will overtake Mr. Pabst at 7PM. when they are 
200 mi. from New York. Ans. 7PM. 


270 


SUPPLEMENTARY TOPICS 271 


2. UNDERSTANDING SLOPE OF A LINE 


THINK! Slope of Line = Yo 7% 
XQ ~ XM 


The following are three slope rules for the slope of a line through two points: 
(1) By Definition: 


If line passes through Pi(m,¥,) and Py(x%,yo): 


Rule 1. Slope of P,P, = Yo %1 


Xo X41 


Note. y2.—y, is the difference of the y values. 
In the diagram, the length of [7,4 equals 
yo-¥1- Similarly, x.-x, is the corre- 
sponding difference of the x values. 
The length of P,A equals xo~ x. 


Delta Form of Slope Definition 


Slope of P,P, = —= Ay means y-y. 
Ax Ax means x9~ x. 


A, the fourth letter of the Greek alphabet, corresponds to d, the fourth letter of the English 
alphabet. Read Ay as "delta y" and Ax as "delta x". If you think of "delta y" as ''y-dif- 


ference", you will see why "Ay" is used to replace "y,-y,". 


(2) Slope of a line = m if its equation is inform y=mxt+b. 


Rule 2. m = Slope of a line whose equation is y = mx+b 


Thus, the slope of y = 3x+2 equals 3. 


(3) Slope of a line = tangent of its inclination. 


The inclination of aline isthe angle it makes J] | 
with the positive direction of the x-axis. 


If i is the inclination of P,P,: 


Rule 3. Slope of P,P, = tani 


Note in the diagram that tani = 


x x 
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- A 
2.1. Applying Rule 1: Slope of line = ag Ae 
XQ - Ky x 
Graph and find the slope of the line through 
a) (0,0) and (2,4), b) (~2,-1) and (4,3). 
Procedure: Solutions: 
1. Plot the points and draw the 
line which passes through 
them. 
P(-2-1) ¥ Ax=6 se ate. Aacdiarabie 
2. Find Ay and Ax, 2. Po(2,4) x= 2, youd | 2.  P4,3)—%—=4, o=3 
the corresponding differences P(0,0)--x,=0, y,=0 F(-2,-1)%,=-2, y,=-1 
of y and x: , Ax=2, Ay=4 Ax=6, Ay=4 
3. Find slope of line = A. : 3. Slope of P,P, 3. Slope of P,P, 
' a ea 2 4 2 
Ax 2 Ax 6 3 
Ans. 2 Ans. = 


2.2. Applying Rule 2: m= slope of line, y= mx+b. 
Find the slope of the line whose equation is 


a) 2y = 6x -8, b) By —4x” =15. 
Procedure: Solutions: 
1. Transform equation into the 1. Do 2y = 6x-8 1. Tr 3y~-4x% =15 
form, y=mx+b: y = 3x-4 D, By = 4x +15 
= Sixt 5 
2. Find slope of line = m, the 2. Slope =3. 2. Slope = +. 
coefficient of x: Ans. 3 Ans. = 


2.3. Applying Rule 3: Slope of line = tangent of its inclination. 
Graph each line and find its inclination, to the nearest 


degree: 
a) y = 2x+3 b) y = gx-1 
Procedure: Solutions: 
1. Graph line: 1. y |-1| 0 
x}|0|2 


2. Find slope of line, 2. Slope = 3 
using m= slope of y=mx+b: 

3. Find inclination i, 3. tani = 2.0000 3. tani = % = .5000 
using tanz = slope of line: To nearest degree, To nearest degree, 


i=63°. Ans. 63° i=27T. Ans. 27° 
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3. UNDERSTANDING DESCRIPTIVE STATISTICS 
Understanding Statistical Terminology 


1. A rank order is an arrangement of items into Frequency Distribution 
ordered sets. Thus, the final marks in the table of Final Mathematics Marks 
have been distributed into separate sets be- Frequency 
ginning with 100’s, then 95’s, etc. 


2. A frequency distribution is a distribution which 
indicates the tally or frequency of each set of 
items. Thus, the frequency or number of 100’s 
is 3, the number of 95’s is 8, etc. 


3. The range of a group of items is the interval between the smallest and largest sets. Thus, 
the range of final marks is from 80 to 100. 


4. The mode is the set of items having the largest frequency. Thus, 90 is the mode since it 
has the largest frequency, 15. 


5. The arithmetic mean is the average mark of the group. Thus, 904 is the average of the 35 
marks. This can be obtained by dividing the sum total of all the marks by 35, as follows: 


Average = 3(100) + 8(95) £50) + 6(85) + 3(80) _ 992 


6. The median is the middle item of an ordered group. Thus, 90 is the median of the 35 marks 
since it is the 18th or middle mark. 


7. The measures of central tendency of a frequency distribution are the mode, median and 
arithmetic mean. 


Frequency Distribution of Grouped Items _ 


The table shown is a fre- Frequency Distribution 
quency distribution of the fol- of Grouped Contest Scores 
lowing 29 contest scores: 96, 87, Group Interval | Group Midpoint | Tally | Frequency 
85, 76, 74, 71, 70, 68, 67, 67, 64, 89.5- 99.5 
64, 63, 60, 59, 57, 57, 57, 54, 53, 79.5- 89.5 ° 
52, 52, 48, 46, 46, 42, 41, 38, 32. 69.5— 79.5 
These were tallied in seven 59.5—- 69.5 
groups as shown. 49.5~59.5 
Thus, 52 was tallied twice 39.5~ 49.5 


in the 49.5 to 59.5 group. 29.5 — 39.5 


Freguency Distribution Graphs: Histogram and Frequency Polygon 


The bar graph shown is the histogram 
of the grouped contest scores above. The 
height of each vertical bar is the frequency 
of the group being represented. The group 
intervals are placed along the horizontal 
axis. “530. 60 70 80 

The broken-line graph of lines con- Group Intervals 
necting the group midpoints is the frequency polygon of the grouped scores. 


For a very large number of groups of scores, frequency: polygons 
| ae tend to be bell-shaped in the form of the normal probability curve, 
as shown in the diagram at the left. 


7 Frequency 
Polygon, 


Frequency 
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3.1. Tallying Items 


Make a frequency distribution of the following 51 readings, representing the maximum daily 
temperatures during a 51-day period. State its range, mode, median and arithmetic mean. 
66, 69, 66, 66, 65, 68, 61, 62, 65, 63, 67, 62, 63, 63, 65, 65, 66 
64, 65, 64, 68, 68, 67, 67, 64, 64, 63, 62, 64, 65, 65, 69, 66, 68 
65, 64, 64, 65, 67, 66, 68, 67, 65, 66, 61, 62, 63, 60, 65, 67, 67 


Solution: 


Maximum 
Temperatures 


Tally 


The range is from 60 to 69. 

The mode (most frequent) = 65. 

The median (middle score is 26th in rank) = 65. 
The average or arithmetic mean 


69(2) + 68(5) + 67(7) + 66(7) + 65(11) + 64(7) + 63(5) + 62(4) + 61(2) + 60(1) 


= 65.04 


51 


3.2. Tallying Groups of Items 
Make a frequency distribution of the 51 temperatures of the previous problem by tallying them 
in the following five groups: 
59.5- 61.5, 61.5- 63.5, 63.5- 65.5, 65.5-67.5, 67.5-~- 69.5 


Solution: Grouped Frequency Distribution 
Grou Grou 
interval Midpoint cies! REG UENEY, 

67.5 - 69.5 68.5 TH JI 7 
65.5—- 67.5 66.5 THE TH! III 14 
63.5 — 65.5 64.5 TH THY TH III 18 
61.5 — 63.5 62.5 TH ITI 

59.5 — 61.5 60.5 III 3 


3.3. Making Histogram and Frequency Polygon 


Make a histogram and frequency polygon of the 5 groups of the previous problem: 
Solution: 


Histogram and Frequency Polygon 


N 
° 


n 


The histogram is the bar graph. 


The frequency polygon is the 
9 broken line graph. 


Frequency 
2 BN 


3 


58 59 60 61 62 63 64 65 66 67 68 69 70 7). 


Group Intervals 
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4. UNDERSTANDING CONGRUENT TRIANGLES 


Congruent triangles have exactly the same 
size and shape. If triangles are congruent, 


(I) their corresponding sides are equal 
and (2) their corresponding angles are equal. 


Thus, in Fig.1, congruent triangles I and I’ 
have equal corresponding sides and angles; that 
is, three pairs of equal sides and three pairs of 
equal angles. 


Read "Ar Ar'" as "triangle I is congruent to triangle I-prime". 


Congruent triangles are exact duplicates of each other and may be made to fit together or co- 
incide with one another. The aim of mass production is to produce exact duplicates or congruent 
objects. 


Thus, if AI’ above is cut out and placed on AI, each side or angle of AI’ may be made to fit 
the corresponding part of ATI. 


The following three tests are used to determine when two triangles are congruent to each other. 


Rulel.: [s.s.s.=s.s.s.] 


Two triangles are congruent if three 
sides of one triangle are equal respec- 


D D' 
tively to three sides of the other. . 
i Mt 
Thus, All Y All’ (Fig. 2) since 4 5 4" 5 
(1) DE = D'E’ (=4") 
E g!! F E' g" F‘ 


(2) DF = D'F’ (=5") 
and (3) EF = E'F' (=6'). Fig. 2 


Rule 2.: [a.s.a.=a.s.a.] 


Two triangles are congruent if two GC 
angles and the included side of one 
triangle are equal respectively to two lr’ 
angles and the included side of the 
other. 


Thus, Arlt ¥ AIII' (Fig. 3) since 
(1) ZH = ZH’ (=85°) 
(2) ZJ =ZIJ' (=25°%) 

and (3) AJ =H'J' (=10') 


Rule 3.: [s.a.s.=s.a.s.] 
Two triangles are congruent if two 
sides and the included angle of one 7 
triangle are equal respectively to two K 
sides and the included angle of the 
other. g'! 
Thus, AIv © AIV' (Fig. 4) since 
(1) KL =K'L' (=9") 
(2) ZL = ZL' (=55°) L 12" M 
and (3) LM = L'M' (=12") Fig. 4 
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Duplicating Lines, Angles and Triangles 


. To duplicate or copy a given line: Given Line 
A line A'B' may be constructed equal to a A B 
given line AB, as follows: Duplicate of AB | 
Using A‘ on a working line as a center, draw A B' 
an arc of a circle whose radius equals AB. Fig. 5 
Thus, in Fig.5, A'B'= AB, by construction. 
. To duplicate or copy a given angle: . Q 
An angle A‘ may be constructed equal to a 
given angle A, as follows: (a) 
(1) Using A as center and with a convenient 
radius, draw arc (a) intersecting AP in B 
F A B P 
and AQ in C. ; 
(2) Using A‘ as center and with same radius, 79 
4h . . i fos i Cc 7 
draw arc (a) intersecting A'P’ in B’. ao 
(3) Using B’ as center and with BC as a ra a fa) 
radius, draw arc (b') intersecting are (a’) of : 
: t ; 
in C’. nT ae 2 
(4) Draw A'C’. Fig. 6 


Thus, in Fig.6, ZA’= ZA, by construction. 
To duplicate an angle of a given number of 
degrees, use your protractor. 


Thus, to duplicate an angle of 30° at A on 
BC, set the protractor, as shown in Fig. 7. 


. To duplicate or copy a given triangle: 


Using each of the three rules for showing that triangles are congruent, a given AABC 
may be duplicated. 


Using Rule 1, AIX AABC, by s.s.s.=s.s.s. 
As shown, construct: TX 
~ 
(1) A’B’ = AB ff \~S 
(2) BIC’ = BC | a ae 
(3) A'C'=AC ——— ' 
A B A ie 


Using Rule2, All® AABC, by a.s.a.=a.s.a. 


Cc As shown, Construct: Cm 
(1) A'B' = AB oe pag 
(2) ZB' = ZB eee ~ 


{ “x4 
(3) ZA' = ZA , a ae t 
A B A’ B 


Using Rule3, AllI® AABC, by s.a.s.=s.a.s. 


‘ As shown, construct: = c/ 
(1) A'B' = AB A. 
(2) ZA’ = ZA Yea ee 
(3) A'C' = AC (a a eae 
(Join B' and C’) py ee | aD 
A A i |B 
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4.1. Constructing Congruent Triangles 
If each of the following triangles are duplicated, why would new triangles be congruent in 


each case? 
a) An equilateral b) A right triangle |e) An isosceles tri- 
triangle which 1" 1" having a leg of 36° angle having two 
has a side of 1z" and a 36° equal sides of 2" 120° 
ql: angle adjacent : and an included NU 
ae to that leg. 13" angle of 120° 
Solutions: 


a) A duplicate equilateral triangle would be congruent to AI by s.s.s.=S.S.S. 
b) A duplicate right triangle would be congruent to AII by a.s.a.=a.s.a. 
c) A duplicate isosceles triangle would be congruent to AIII by s.a.s.=s.a.s. 


4.2. Determining Lengths and Angles Indirectly 
Using the data indicated, find 4D and DB. 


Solution: 

Since AB is a side of both AI and AII, these 
triangles are congruent by a.Ss.a.= a.s.a. Hence, 
since the corresponding parts of congruent tri- 
angles are equal, 

AD=AC=15' and BD=BC=21". Ans. 15" 21" 


5. UNDERSTANDING SYMMETRY 
Point Symmetry: Center of Symmetry 


1) A point is the center of symmetry of two points if 
it is midway between the two. 0 
Thus, on a number scale, the origin is a cen- a 
ter of symmetry with respect to the points repre- : 
senting opposites, such as +1 and ~-1, +2 and -2, 
etc. 
2) A point is the center of symmetry of a figure if A 
any line joining two points of the figure and going 
through the point is bisected by the point. 
Thus, the center of an ellipse is its center C 
of symmetry. O is the center of AC, BD, etc. D 


Line Symmetry: Axis of Symmetry B 


1) A line is the axis of symmetry of two points if it 
is the perpendicular bisector of the line joining A 
the two points. 
Thus, BC is the axis of symmetry of points Cc 
A and 4’. 


2) A line is an axis of symmetry of a figure if any 
line perpendicular to it is bisected by the figure. 
Thus, FE is the axis of symmetry of the curve 
(parabola) shown. FE is perpendicular to and bi- 
sects 4A’, BB’, etc. FE is the "folding line" of 
the parabola. 
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6. USING A SYMBOL TO SIMPLIFY VARIATION 


The following is designed to further an understanding of the principles of Chap.14, The Variable. 
For this purpose a new symbol is introduced. 


A New Ratio Symbol: ¢x) 
If x varies from a value x, to a new value %o, the ratio of the second value to the first may be 
symbolized as ¢x); that is, 
2 ae Read¢x) as 'x-ratio". 


Similarly, the symbol may be used for any variable-ratio. Thus, ty) = yi read ¢y) as ''y-ratio". 
1 


Understanding the New Symbol 


4x)=2 means that x is doubling in value. Compare this with x=2 which means that x has a 
value of 2. Similarly, ¢y) = 3 means that y is tripling in value. In a motion problem, ¢R) = 3 and 
4T)=4 mean that a speed is being tripled and a time of travel quadrupled. Insuchacase, ¢D) =12; 
that is, the distance traveled is 12 times as far. 


The Ratio of Any Two Values of a Constant Equals 1: ¢k) =1 
Since a constant remains fixed in value, the ratio of any two of its values must be 1. 


Comparing the Meanings of ¢x) and Ax: 4x) = = vs. Ax = %9-% 


If x changes in value from 3 to 9, Ax=9-3=6; that is, x becomes 6 more. In this case, 
4x) =4=3; that is, x becomes three times as much. 


Using the Ratio Symbol to Replace Factors 


In an equation or formula containing only factors, 


(1) replace each variable factor by its ratio, and 
(2) replace each constant factor by 1. 


Thus, if z = kxy and & is constant, then ¢z) = ¢x)4y); that is, = 7 ao ‘ 


If V= onR’, then ¢V)= +R). Hence, if the radius of a sphere is made three times as large, 
its volume will be twenty-seven times as great. 


SUMMARY OF THE VARIATION FORMULAS 


Type of Fornula of Formula Using Formula Using 
Variation Variation Ratio Symbol Subscripts 


Direct 


(See note 


Inverse 
on p.279,) 


Joint 


Direct square 


Inverse square 


Direct cube 
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Note: When *2Ye2 _ 1, we can readily obtain a ne or v2. prom this it can be under- 
%1 91 %, Ye yr Xe 


stood that in inverse variation, the ratios are inversely equal. On the other hand,in 
direct variation, the ratios are directly equal. 


6.1. Expressing the Same Formula in Ratio and Subscript Forms 
Express each formula in ratio and subscript forms: 


a) D = RT e) V= 47R°H 
b) D = RT when R is constant f) V = +7R°H when H is constant 
c) D = RT when T is constant g) V = $7R°H when R is constant 
d) D = RT when D is constant h) Ve= tmR?H when V is constant 
Solutions: F 
D Ro T. V. R35 Il 
D) = €R)¢T); 2 = 7? 2) €V) = RY 4H); 2 = 3? 
a) €D) = €R)€T) D, RT, e) €V) = €RY €7) y, Rll, 
D T; V 3 
b) €D) = €T); 2 = 2 V) = «RY; £2 2) The 
)€D) = €T) D, T, f) €V) = €R) V, RK 
D R V, H. 
D) = €R); ial V) = €H); eee sae 
c) €D) = €kR) D, R. g) ¢V) = 4) y, il, 
RoT, R3H 
d) €R)€T) =1; 22 =1 h) RYH) =1; 2-2 =} 
R,T, RtH, 
6.2. Expressing Formulas in Ratio Form. Express each formula in ratio form: 
a) A = 3bh c) V= LWH e) E= zmv? and m is constant 
b) A = 6e? d) V= 4orR® f) F= ang and k, m and m' are constant 
Solutions: 
a) A) = ¢b) ¢h) c)tV)=4L)4W)4H) ec) £E)= tv 
b) +A) = te) d) ¢V)= €Ry f)+F)= 4 


4d)? 


6.3. Using the Ratio Symbol in Problem Solving 
Complete each of the following: 
a) If a man doubles his speed and triples his time, then he will go ( ). 
b) Tripling the radius multiplies the circumference by ( ) and the area by ( ). 
c) Applying Boyle’s Law, PV=k, if the pressure of an enclosed gas becomes four-thirds as large, 


then the volume becomes (_). 


d) Applying Newton’s Law of Gravitation, F= , if the distance between two constant masses 


is doubled, then the force of attraction is ( ). 


e) If the stopping distance of a car varies directly as the square of its speed, then one who goes 
four times as fast will require a stopping distance (__). 

Solutions: 

a) Since D= RT, {D)=4R)€T). Hence, if ¢R)=2 and ¢T)=3, €D) = (2)(3) = 6. 
Ans. Six times as far. 

b) Since C = 27R and A =77R’, then ¢C) = €R) and ¢A)=¢R). Hence, if ¢R)=3, then ¢C)=3 
and ¢A)=37=9. Ans. Multiplies the circumference by 3 and the area by 9. 

c)Since PV=k, ¢P)4V)=1. Hence, if +P)=4, 4V)=2. Ans. Three-fourths as large. 

d) Here, ¢ F) = Ti . Hence, if ¢d)=2, then €F) = 2 =i : Ans. One-fourth as much. 

e) Here, ¢D)=<4R»Y where D represents the stopping distance of the car and R its rate of speed. 
Hence, if ¢R)=4, ¢D)=4 =16. Ans. Sixteen times as long. 
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SUPPLEMENTARY PROBLEMS 


1. Solve Graphically: How long will it take Tom and George to mow a lawn together if Tom takes 12 hr. 


to do the job alone while George requires a) 6hr., b) 4hr., c) 3hr.? (1.1) 
Ans. a) 4hr., 6) 3hr., c) 22 hr. 


. Solve Graphically: A motorist traveling at 60 mph seeks to overtake another who started 3 hr. earlier. 
Both are traveling along the same road. In how many hours will the slower motorist be overtaken if 


he is traveling at a) 40mph, 4) 30mph, c) 20mph? Ans. a) 6hr., 6) 3hr., c) 15 hr. (1.2) 
. Solve Graphically: Towns A and B are 170 miles pene ~ (1.2) 
apart. Mr. Cahill left town A and is traveling to i ; ”Mr.Fanning’s- - 
town B at an average rate of 40mph. Mr. Fanning INO fete ie sani Graph. 
left town B one hour later and is traveling to Distance ,,, ieee ee 
town A along the same road at an average rate From go 2 oe 4 
of 25mph. When and where will they meet? TownA 60> aaa es “| 
Ans. They will meet, as shown graphically, 120 20:- ‘Mr.C hill’ s Graph. J 
miles from A, three hours after Mr.Cahill (Town A)0 or | area vies moved 
started. Time Traveled 
. Find the slope of the line through (2.1) 
a) (0,0) and (6,15) c) (3,~4) and (5,6) e) (8,10) and (0,-2) 
b) (2,3) and (6,15) d) (-2,-3) and (2,1) f) (-1,2) and (5,14) 
15-0 _ 15 5 6—(—4) _ 10 2-10 eat 3 
a) rT ii Ans. ; c) 55 5 Ans. 5 e) j-8 =a Ans. 5 
15-3 _ 12 1-(-3)_4 14-2 _12 
b) a Ans. 3 d) Sion a Ans. 1 f) Sie Ans. 2 
. Find the slope of the line whose equation is (2.2) 
a) y= 3x-4 d) 2y = 6x-10 g) + =4%-3 
b) y = 5x e) 3y = 21-6x h) 2+2x = 8 
ce) y= f) 4y~-3x =16 i) x-4y=12 
a) y= 3x-4 Ans. 3 d) y = 3x-5 Ans. = g) y = 2x-6 Ans. en 
b) y=5x+0 Ans. 5 e) peste Ans. ~ h) po enees Ans. - 
c) y=0x+5 Ans. 0 f) y=dxt+4 Ans. = 1) y=3x-18 Ans. . 
. Find the inclination, to the nearest degree, of each line: (2.3) 
a) y=3x-1 c) y= xt5 e) 5y = 5x -3 
b) y=4x-1 d) y=$x+5 fp y=-3 
a) tani =3 Ans. 72° c) tani=2.5 Ans. 68° e) tani=1 Ans. 45° 
b) tani =.3333 Ans. 18° d) tani=.4 Ans. 22° f) tani=0 Ans. 0° 


. Make a frequency distribution of the following 47 class registers ina School. State its range, mode, 
median and arithmetic mean. (3.1) 
30, 32, 35, 31, 36, 28, 29, 34, 34, 32, 35, 31, 30, 29, 30, 28 
33, 33, 34, 33, 32, 34, 29, 30, 33, 33, 34, 33, 30, 34, 35, 27 
32, 31, 34, 31, 33, 32, 31, 29, 32, 33, 31, 32, 31, 32, 33 
Ans. Frequency Distribution 
Registers | 


Frequency Registers | Frequency 


Range = 27 to 36. Mode = 33. 36 7 
Average or arithmetic mean = 31.87. 35 5 
Median = 32 (24th score in rank). 34 4 
33 2 
32 1 


8. 


10. 


11. 
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Make a frequency distribution of the 47 class registers of the previous problem by tallying them 
in the following five groups: 26.5-28.5, 28.5~30.5, 30.5-32.5, 32.5-34.5, 34.5~36.5. 


Make a histogram and a frequency polygon of the five groups. (3.2, 3.3) 

Ans. 

Grouped Frequency Distribution 

Group Group > 
Intervals | Midpoints | Frequency § 
34.5-36.5 | 35.5 4 & 
32.5-34.5 33.5 16 z 
30.5 -32.5 31.5 15 
28.5 -30.5 29.5 9 25 26 27 28 2930 31 323334353637 3839 
26.5 -28.5 27.5 3 Group Intervals 


. If each of the following triangles are duplicated, why would the new triangles be congruent in 


each case? (4.1) 
a) Aright triangle whose legs are 2" and 12". 
b) An isosceles triangle having a base of 3'' and equal base angles of 35°. 
c) An isosceles triangle having equal sides of 4" and a vertical angle of 50°. 
d) A right triangle having a leg of 32 '' and a 55° angle opposite that leg. 
e) A triangle having its sides in the ratio of 2:3:4 and 1" for its smallest side. 
Ans. a)S.a.8.=S.a.s., b)a.S.a.=4.8.a., ¢)S.a.S.=S.a.5. 
d)a.S.a.=a.8.a., using 35° angle., e)S.S.S.=8.8.S., using sides of 1", 13" 2". 


In each, determine why the triangles are congruent and find the measurements indicated witha 


question mark. (4.2) 
a) B 12 b) 
85 
C 
18 I 
° ? 
i) 
A 18 D 
Ans. 
a) AIY AI’ by s.a.s.=s.a.s. |b) All® All’ by a.s.a.=a.s.a.|c) All YAIII’ by s.s.s.=s.s.s. 
ZD=85°, CD=12 EF=13, EG=20 ZO =62°, ZONP =32° 
State the point and line symmetry of each: (5.) 


a) circle, 6) parallelogram, c) rhombus, d) isosceles triangle. 


Diagram 

; ; d) isosceles 

1 

Figure a) circle b) parallelogram c) rhombus tHanele 
Center of : point of intersection |point of intersection 
Symmetry center of circle of the diagonals of the diagonals NORE 
Axis of any diameter none each diagonal altitude from 
Symmetry vertex . 
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1. REVIEWING WHOLE NUMBERS 


A. Understanding Whole Numbers 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(1) 


Whole numbers are the numbers used in counting. 
Thus 3, 35 and 357 are whole numbers. 


Place-value of each digit of a whole number: 

Depending on its place in the whole number, each digit of the number represents a 
number of units, tens, hundreds, thousands, and so on. 

Thus in 35, 3 represents 3 tens; while in 357, 3 represents 3 hundreds. 


Reading whole numbers using place-value. 
In reading a whole number, give place-value to its digits. 
Thus, read 4444 as "four thousand, four hundred, forty (four tens) and four". 


Rounding off a whole number: approximate value of a number. 

In rounding off a whole number to the nearest ten, replace the number by the multiple 
of 10 to which it is closest. 

Thus, 37 to the nearest ten becomes 40. Here, 37 is between 30 and 40. However, 37 
is closer to 40. Similarly round off a number to the nearest hundred, nearest thousand, etc. 


Note. When a whole number is exactly halfway between two possible answers, round it off 
to the larger. Thus, round off 235 to the nearest ten as 240, not 230. 


An approximate value of a whole number is a value obtained by rounding off the whole num- 
ber. Thus, 40 is an approximate value of 37. 


Estimating answers by using approximate values of whole numbers. 


Estimate: a) 38x72 b) ae c) 7495 — 2043 
Procedure: 
1. Round off each number to a suit- 1. Round off 1. Round off 1. Round off 
able multiple of 10, 100, etc.: 38 to 40, 4485 to 4500, 7495 to 7500, 
72 to 70 503 to 500 2043 to 2000 
2. Perform the indicated operation 2. 40x70= 2800/2. 4909-9  |2. 7500 
on the resulting approximations: - 2000 
5500 
Ans. 2800 Ans. 9 Ans. 5500 


Roman numbers. . 

Roman numbers: M= 1000, D=500, C=100, L=50, X=10, V=5, I=1. In calculating a 
Roman number, add if a smaller digit follows a larger one but subtract if a smaller digit 
precedes a larger. 

Thus, XI=11 but IX=9; MC=1100 but CM=900. 

Hence, MCMLIX = M+CM+L+IX = 1000+ 900+50+9 = 1959. 
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B. Terms Used in the Fundamental Operations 


Addition, subtraction, multiplication and division are the four fundamental operations performed 
on numbers. The names used in each operation must be memorized. Note them in each of the fol- 
lowing. 


(1) Addition: Add 77 and 20. 


Terms Used in Addition Addend 177 
Addends are the numbers that are added. Addend +20 
Sum is the answer obtained in addition. Sum 97 


(2) Subtraction: Subtract 20 from 77. 
Terms Used in Subtraction 


Minuend is the number from which we subtract. Minuend 17 
Subtrahend is the number being subtracted. Subtrahend - 20 
Difference is the answer obtained in subtraction. Difference 57 


(The answer in subtraction may be called remainder.) 


(3) Multiplication: Multiply 77 by 20. 
Terms Used in Multiplication ; 
Multiplicand is the number being multiplied. Multiplicand 77 


Multiplier is the number by which we multiply. Multiplier x 20 
Product is the answer obtained in multiplication. Product 1540 


(Numbers being multiplied are also factors of their product.) 


(4) Division: Divide 77 by 20. 
Terms Used in Division 


Dividend is the number being divided. Dividend 77 

Divisor is the number by which we divide. Divisor 20 

Quotient is the answer obtained in division. Quotient = 3 

(Call the quotient a complete quotient to distinguish it from 3, the partial quotient.) 
F é _ ; : remainder 

Rule: Complete quotient = partial quotient + divisor 


Thus, in 32 above, 3 is the partial quotient and 17 is the remainder. 
Keep in mind, 32 =3+ #2. 


C. Checking the Fundamental Operations 


(1) Add 25, 32 and 81. Check the addition. 25 
Add Check 
Add either down the column or up the down 32 up 
column. To check addition, add the col- 81 
in the reverse direction. 138 
(2) Subtract 32 from 85. Check the subtraction. 
To check subtraction, add the difference 85 Check: 53 
and subtrahend. The answer thus ob- - 32 +32 
tained should be the minuend. 53 85 
(3) Multiply 85 by 32. Check the multiplication. 
To check multiplication, multiply the 85 Check: 32 
numbers after interchanging them. x32 x 85 
170 160 
255 256 


2720 2720 
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(4) Divide 85 by 32. Check the division. Check: 32 

To check division, multiply the divisor _2 (Partial Quotient)—~ x 2 

: : 32 )85 64 

by the partial quotient. To the result 64 +2) 

obtained, add the remainder. The final 1 (Remainder) 85 
answer should be the dividend. A 2I 
ns. 23 


2. REVIEWING FRACTIONS 


A. Understanding Fractions 
Proper and Improper Fractions 


(1) A proper fraction is a fraction whose value is less than 1. In a proper fraction, the numer- 
ator is less than the denominator. 


Thus, 2 and $ are proper fractions. Each has a value less than 1. 


(2) An improper fraction is a fraction whose value is equal to or greater than 1. In an improper 
fraction, the numerator is equal to or greater than the denominator. 
8 1S 


Thus, & and 4 are improper fractions; = is greater than 1, and ~= equals 1. 


(3) The terms of a fraction are its numerator and denominator. 
Thus, the terms of & are 25 and 30. 


(4) Equivalent fractions are fractions having the same value. 


Thus, +, 4, % and 49 are equivalent fractions; that is, = 4 = % = 4% 
B. Changing Forms of Mixed Numbers and Improper Fractions 
(1) A mixed number equals a whole number plus a fraction. Thus, 172 = 17+ z ‘ 
(2) Changing a mixed number to an improper fraction. 
Change to an improper fraction: a) 172 b) 1012 
Procedure: Solutions: 
1. Multiply whole number by denominator: 1.17x5= 85 | 1. 101x9 = 909 
2. Add numerator to product: 2. +2 | 2. +2 
87 * O11 
3. Form fraction by placing result over 3. , 87 3. A 911 
denominator: ae 5 ae oe 


(3) To change an improper fraction to a mixed number, divide the numerator by the denominator. 
Thus, % = 87+5 = 174. 


C. Changing a Fraction to an Equivalent Fraction 


(1) Fundamental Law of Fractions: 
To change a fraction to an equivalent fraction, multiply or divide both the numerator 
and denominator by the same number. 


2 2x10 _ 20 20 20+10 2 


THUS. 5 = §y10° > 50.” WEN So. S010 5. 
A ee 
’ 1 
(2) To raise a fraction to higher terms, mul- (3) To reduce a fraction to lower terms, di- 
tiply its terms by the same whole number. vide its terms by the same whole number. 
Thus, when 2 is changed to 2°, ithas Thus, when 22 is changed to 4, it has 
been changed to higher terms. | been changed to lower terms. 


(4) To reduce a fraction to lowest terms, divide both numerator and denominator by the highest 
common factor. 
io = 


Thus, a can be reduced to 35, 75 or 2; but to reduce it to lowest terms, use 2 


To obtain 2, divide terms by 10, the highest common factor of 20 and 50. 
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(5) To change a fraction to a new specified fraction. 


Change to new fraction: a) 2 = az b) 3 = ‘> 

Procedure: 

Se ; . Solutions: 

1. Divide new denominator by old denominator, 
or divide new numerator by old numerator: 1.45+5=9 ] 1. 45+3=15 

2. Multiply the result by old numerator or old 2. x3 ) 2. x5 
denominator: 27 75 

3. Form fraction needed: 3. Ans. at 3. Ans. 2 

(6) To compare the size of fractions. 
Compare 3 and a 

Procedure: Solution: 

1. Change to eguivalent fractions having the 1. Change: 3 i and " = 
same denominator. Use the lowest common 5 2 7 
denominator (L.C.D.). See page 192. Here, 9= 36 and 75= 

2. Compare new fractions: 2. Since 28 is less than 2 ; 

co ot 
then 9 iS less than ia: 
D. Multiplying and Dividing Mixed Numbers and Fractions 
Multiply and divide as indicated: a) 11+ 12 b) 14x24 8 

Procedure: Solutions: 

1. Change mixed numbers to fractions: 1. Zt + is 1. gx 33 +8 

2. Multiply by each inverted divisor: Bs q x 4 2. & x 3 x2 

3. Divide a numerator and a denominator 3. 2 bs 7 3. 3 m 5 ‘ 9 
by a common factor of both: § "44 Toi’ s 

4. Multiply the remaing factors in the 4. S168: CB ad 4. 5x3 S15 32 
numerator and denominator separately: x 4 4 4 


E. Adding and Subtracting Fractions 


(1) Combining fractions having same denominator. 
Combine: a) cI + i} - 2. | p15 - 342 


2. 12 7 
Procedure: Solutions: 
1. Keep the common denominator and add or ; se 1. Waits 
subtract the numerator as indicated: 
2. Reduce result to the lowest terms: 2. & =3 Ans. 2. a =2 Ans. 


(2) Combining fractions having different denominators. 


wa 63 oT, 28 
Combine: 612136 
Procedure: Solution: 

1. Change the fractions to equivalent fractions having 1. L.C.D. = 36 
; 30 _ 21, 23 
the same denominator, using the L.C.D.: 36.7 36 + 36 
2. Combine the resulting fractions: 2. 30 ht 8 
3. Reduce to lowest terms: 3. 32 =8 Ans. 
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F. Adding and Subtracting Mixed Numbers 
Add or subtract as indicated: a) 152+94 | 6) 152-94 


Procedure: Solutions: 
1. Add the fractions or subtract the fractions 1. 1522 1. 152-2 
as indicated: + gt+2 = 9t—+2 
| wz} | 3 
2. Add the whole numbers or subtract the 2. 15 | 2. 15 | 
whole numbers as indicated: +9 -9 
3. Add both results: 3. 24+14 |3 6+ 2 


Here are the complete 
solutions of (a) and (6) 


above! 


Note: When the fraction of the minuend is smaller than the fraction of the 
fraction of the subtrahend, borrow one unit from the minuend to in- 
crease the smaller fraction. 

Thus, 54-12 = 43-13 = 34, —————__________ 


3. REVIEWING DECIMALS 


A. Understanding Decimals 
(1) A decimal or decimal fraction is a fraction whose denominator is 10, 100, 1000 or some 
other power of 10. 
Thus, a may be written in decimal form as .03. 


(2) Rounding off a decimal: approximate value of a decimal . 
In rounding off a decimal to the nearest tenth, replace the decimal by the tenth to which 
it is closest. Thus, .37 to the nearest tenth becomes .4. Here, .37 is between .30 and .40. 
However, .37 is closer to .40 or .4. 
Similarly, round off a decimal to the nearest hundredth, nearest thousandth, and so on. 
Note. When a decimal is exactly halfway between two possible answers, round it off to 
the larger. Thus, round off .25 to the nearest tenth as .3, not .2. 


(3) An approximate value of a decimal is a value obtained by rounding off the decimal. 
Thus, .4 is an approximate value of .37. 


(4) To estimate answers of exercises or problems involving decimals, use rounded off values 
of these decimals. 


Thus, to estimate .38x.72, round off to .4x.7 and use .28 as the estimated answer. 


B. Changing Forms of Fractions and Decimals 


(1) To change a common fraction to a decimal fraction, divide the numerator by the denomina- 
tor. Carry the answer to the desired number of places if a remainder exists. 


3 _ 3.000 5 _ 5.0000 
Thus, ri 8 = 37), ig 16 


= .3125. 
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Equivalent Fractions and Decimals 


+ =.5 | $=.33¢ | + = .125 + = .2 + = 142 (2) To change a decimal fraction to a common 
— 2 ge2|/3 = 2_ toe at fraction, change the decimal to a common 
* see ~ sie: : ae : 2 ae fraction and reduce to lowest terms. 
are = ,75 =z = 165 = = 625 Si = 6 iz = 085 Thus, .65 = &=Z. 
1-3 5 i a yo 1 - nel 
Spal [| @ = 835 q = 875) 3 =.8 | 4g = .06y 
C. Adding and Subtracting Decimals 
a) Add 1.35 and .952| 5) Subtract .952 from 1.35 

Procedure: Solutions: 
1. Arrange the decimals vertically with dec- 1. 1.35 1. 1.350 

imal points directly under each other: + .952 — .952 
2. Add or subtract as in whole numbers, plac- 2. 2.302 2. .398 

ing the decimal point in the result direct- 

ly under the other decimal points: Ans. 2.302 Ans. .398 
D. Multiplying and Dividing Decimals 


(1) Multiplying and dividing numbers by 10, 100, 1000 or some power of 10. 
To multiply a decimal by a power of 10, move the decimal point as many places to the 
right as there are zeros in the power. 
Thus, to multiply 5.75 by 1000, move decimal point three places to the right. 
Ans. 5750. 
To divide a decimal by a power of 10, move the decimal point as many places to the 
left as there are zeros in the power. 


Thus, to divide 5.75 by 1000, move decimal point three places to the left. 
Ans. .00575 


(2) Multiplying Decimals 


Multiply: @) 1.1 by .05 b) 3.71 x .014 
* Procedure: Solutions: 

1. Multiply as in whole numbers: 1. 1.1 (one place) 1. 3.71 (2 places) 
x.05 (two places) x.014 (3 places) 

2. Mark off decimal places in the product 2. .055 (three places) 1484 

equal to the sum of the decimal places 371 
in the numbers multiplied: 2. .05194 (5 places) 

Ans. .055 Ans. .05194 


(3) Dividing Decimals 


Divide: a) .824 by .04) 5) 5.194 by 1.4 

Procedure: Solutions: 

1. Move the decimal point of the divisor to the 1. -824 b) Vertically Arranged 
Tight to make the divisor a whole number: OF 3.71 

2. Move tbe decimal point of the dividend the 2. 824 1.4,)5.1,9 4 
same number of places to the right: 04 a 

3. Divide as in whole numbers and mark off dec- 3. 82.4 98 
imal places inthe quotient equal to new num- 4 14 
ber of places in the dividend: = 20.6 14 


Note. If a remainder exists, the quotient may be carried to additional decimal places by 
adding zeros to the dividend. : 


Thus, } = 1009000000000 = .142857142857+ 
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4, REVIEWING PER CENTS AND PERCENTAGE 


A. Understanding Per Cents and Percentage 


Per cent means hundredths. The per cent symbol, %, is a combination of a1 and two zeros 


Thus, 7% of a number means .07 or mw of the number. 


Rule. Percentage = Rate x Base 
The percentage is the answer obtained when a per cent is taken of a number. 
The rate is the per cent taken of a number. 
The base is the number of which a per cent is being taken. 
Thus, since 2% of 400 = 8, 8 is the percentage, 2% is the rate and 400 is the base 


B. Interchanging Forms of Per Cents, Decimals and Fractions 


(1) Interchanging forms of per cents and fractions. 


To Change a Per Cent to a Fraction To Change a Fraction to Per Cent 
1. Omit the % sign. 1. Add the % sign. 
2. Divide the number by 100. 2. Multiply the number by 100. 
3. Reduce to mais — Thus, 4 = (2x 100)% = 150%. 
ees a 
Thus, 150% = | 100 =F 
Also, 24%= ##xya=m.- Also, d = (dy 100)% = 24%. 


Equivalent Per Cents and Fractions 


+ = 50% + = 334% 4+ = 124% 4 = 20% 4+ = 142% 
+ = 25% 2 = 662% 2 =37L% 2 = 40% + = 114% 
2 = 15% t = 162% 2 = 624% 2 = 60% ty = 84% 
ab = 10% 2 = 834% 4 = 875% + = 80% + = 64% 
(2) Interchanging forms of per cents and decimals. 
To Change a Per Cent to a Decimal To Change a Decimal to a Per Cent 
1. Omit the % sign. 1. Add the % sign. 
2. Move the decimal point two 2. Move the decimal point two 
places to the left. places to the right. 
Thus, 175% = 1.75. Thus, 1.75 = 175%. 
Also, 12.5% =.125. Also, .125 = 12.5%. 
C. Percentage Problems (See algebraic solution of these types on pages 22 to 25) . 
Three Types of Percentage Problems 
‘Types and Problems and Problems and 
Theif Rules Their Solutions Their Solutions 


(1) Finding Percentage 
Rule. Rate x Base = Pe 


a) Find 5% of 400. 
.05 x 400 = 20 


d) Find 30% of 80. 


rcentage .30 x 80 = 24 


(2) Finding Base b) 5% of what no.is 20? e) 30% of what no. is 24? 


20, 2000 » 9D 24 _ 240 _ 84 


Percentage 7 
05 > 8 


Rate 


Rule. Base =. 


(3) Finding Rate 


_ Percentage 
Rule. Rate = Base 


¢€) 20 is what % of 400? 


20 = 1 _ a = 
400 20 ae 80 1 


\ 


REVIEWING ARITHMETIC 289 


5. REVIEWING STATISTICAL GRAPHS 


Statistical graphs, by picturing data, enable us to 
compare the guantities involved. 


(1) In the bar graph, the heights of the bars are 
used to compare quantities. The bars used 
have the same width. 

Thus, in the bar graph shown, quantity 1 
is half of 2 and twice 3. 


(2) In the circle graph, the central angles of sec- 
tors of the same circle are used to compare 
quantities. Since the sectors are parts of the 
same circle, each quantity may be compared 
with the whole. 

Thus, in the circle graph shown, quantity 
1 is half of 2, a quarter of 3, equal to 4 and 
one-eighth of the whole. 


(3) In the rectangle graph, the bases of rectangles 
are used to compare quantities. Since the rec- 
tangles are parts of the entire rectangle, each 
quantity may also be compared with the whole. 


Bar 
Graph 


Circle 
Graph 


“eran Lt] 2 JT 3 [| 


Thus, in the rectangle graph shown, quantity 1 is a third of 2, a third of 3, equal to 4 


and one-eighth of the whole. 


In each of the following graphs, comparisons should be made between the respective quanti- 


ties, using ratios and differences. 
The following bar graph pictures 


The following circle graph pictures the food dollar spent 


the average weights of American boys | by an average American family in a certain month: 


Miscel- || Whole 
Cereals | janeous || Dollar 


at ages indicated in the table: 
Age(yr) | 10 |11| 12/13] 14 | 15 


Weight (Ib) | 70 {75/81 | 89 |100|112 


Weights 


so th 12 13 14 15 
Ages 


Weight Bar Graph 


The following rectangle graph pictures 
the rate at which various kinds of automo- 


Butter 


Fats 


Kind of Accident 


Fruits 
and 
Vegetables 
25¢ 


Food Dollar 
Circle Graph 


bile accidents occurred in a certain month. 


Automobile Accidents Rectangle Graph 


40% 
Another Auto 


Collision with auto 40% 
Collision with pedestrian 24% 
Collision with train 4% 


Collision with fixed object 
Miscellaneous 


All accidents 


{ 100% 


24% 
Pedestrian 


Miscellaneous 


COIUM aAmwnore| Z 


Table of Approximate Sguare Roots 


VN 

18.73 
18.76 
18.79 
18.81 
18.84 


18.87 
18.89 
18,92 
18.95 
18,97 


19.00 
19.03 
19.05 
19.08 
19.10 


19.13 
19.16 
19.18 
19,21 
19,24 


19.26 
19.29 
19.31 
19,34 
19.36 


19,39 
19,42 
19.44 
19.47 
19.49 


19.52 
19.54 
19.57 
19.60 
19.62 


19.65 
19,67 
19.70 
19,72 
19.75 


19.77 
19.80 
19.82 
19.85 
19.87 


19.90 
19.92 
19.95 
19.97 
20.00 


06¢ 


XIQNUddV 


2) 


& Seats 


A> Mona 
DA PdD 


OO 


22. 
22. 
22. 
22. 
22. 
22. 
22. 
22. 
22. 
22. 
22. 
22. 


Table of Approximate Square Roots 


XIGNadddV 


16d 
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Angle 


— 
oo 9 


oO 


a0 0 


fe} 


Oo CO 1 ete 


Sine 


.0175 
.0349 
0523 
.0698 
.0872 


1045 
1219 
.1392 
1564 
.1736 


.1908 
.2097 
.22950 
.2419 
.2588 


.2756 
.2924 
.3090 
.3256 
.3420 


.3584 
3746 
.3907 
.4067 
4226 


.4384 
.4540 
.4695 
.4848 
.5000 


5150 
.5299 
5446 
5092 
.5736 


.5878 
.6018 
.6157 
.6293 
.6428 


.6561 
.6691 
.6820 
.6947 
.7071 
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Table of Natural Trigonometric Functions 


. 46° ; : 5 


Cosine 


.9998 
.9994 
.9986 
.9976 
.9962 


.9945 
.9925 
. 9903 
9877 
.9848 


.9816 
.9781 
.9744 
.9703 


.9659 


.9613 
.9563 
9511 
9455 
.9397 


.9336 
.9272 
.9205 
.9135 
.9063 


.8988 
.8910 
.8828 
.8746 
.8660 


.8572 
.8480 
.83 87 
.8290 
.8192 


.8090 
.7986 
.7880 
TT 
. 7660 


-T547 
7431 
-7314 
.T193 
.T071 


0175 
.0349 
.0524 
.0699 
.0875 


1051 
.1228 
.1405 
.1584 
.1763 


.1944 
.2126 
.2309 
.2493 
.2679 


.2867 
3057 
.3249 
38443 
-3640 


.3839 
.4040 
4245 
4452 
4663 


4877 
.5095 
5317 
5543 
.OTT4 


.6009 
.6249 
.6494 
6745 
7002 


.1265 
.1536 
-7813 
.8098 
8391 


.8693 
.9004 
.9325 
.9657 
1.0000 


11.4301 


14.3007 
19.0811 
28.6363 
57.2900 


Abscissa, 109 

Absolute value, 36-8, 40-1 

Addends, 2, 283 

Addition, checking, 2, 54-5, 283; equality 
tule, 20, 26; of decimals, 287; of frac- 
tions, 285-6; of monomials, 53-4; of 
polynomials, 54-5; of radicals, 210-11; 
of signed numbers, 40-2; words denot- 
ing, 4 

Adjacent angles, 139-40 

Age problems, 135-6 

Algebraic expressions, 1, 4-9, 11-12 

Angles, acute, 87; adjacent, 139-40; 
central, in circle graphs, 289; comple- 
mentary, 139-40; equal, 86; finding an, 
in trigonometry, 260-2, 264-5; of climb, 
269; of depression, of elevation, 265-6; 
obtuse, 87; problems about, 139-41; 
right, 87, 139; straight, 139; sum of, 
139-41; supplementary, 139-40 

Approximate numbers, 203, 207-8, 282, 
286 

Arc, 86, 91 

Areas, 92-5 

Arithmetic, 282-89; checking operations, 
283-4; decimals, 286-7; fractions, 184, 
185, 195, 284-6; mean, 273-4; per cent, 
percentage, 288; whole numbers, 282-4 

Average, 273; speed, 148 

Axes of a graph, 109 

Axis of symmetry, 277, 281; parabola, 229 


Bar, 57, 59 

Bar graph, 273-4, 281, 289 

Base, 87-9, 91-7, 103-6; in percentage, 
288; having exponents, 9, 46; literal, 10 

Binomials, 53; difference of two squares, 
171-2; factors of trinomial, 174-5; 
product of, 171-3; square of, 175-6 

Brace, 57-9 

Bracket, 57-9 

Broken-line graph, 273-4 


Center of symmetry, 277, 281 

Changing forms, of fractions and deci- 
mals, 286-7; of mixed numbers and im- 
proper fractions, 284; of per cents, 
decimals and fractions, 288 

Checking, addition, 2, 54-5, 283; divi- 
sion, 62-4, 284; equations, 17, 21, 23, 
25-8; identities, 18; multiplication, 3, 
61, 283; roots of an equation, 17, 21-8, 
222, 224; subtraction, 56-7, 283; verbal 
problems, 23, 25-7, 30, 130-2 

Circle, 86, 89, 91-2, 94 

Circle graph, 289 


INDEX 


Clearing equations, of decimals, 78-9; 
of fractions, 72-3, 76-8; of parentheses, 
75-6 

Coefficients, 8-9, 11-12; in quadratic 
equations, 226; in trinomial, 174 

Coin problems, 143-4 

Combining, areas, 94; like terms, 11-2, 
54-6; monomials, 11-2, 54-6; polyno- 
mials, 54-5; signed numbers, 40-3 

Common denominator, 191-5, 285; factor, 
188-9, 192-3; solution, 116-7, 124-8 

Commutative law, 59 

Complementary angles, 139-40 

Complete factoring, 172, 177-8 

Completing the square, 225-7 

Complex fractions, 194-5 

Cone, 88-9, 96 

Congruent triangles, 275-7, 281 

Consecutive integers, 133-4, 223 

Consistent equations, 116-7, 121-2 

Constant, 234; in power variation, 242-4; 
Product in inverse variation, 238-40; 
ratio in direct and joint variation, 235-7, 
241-2 

Constructions of lines, angles and tri- 
angles, 276-7 

Cosine, 260 

Cross-products, 254, 258 

Cube, 10, 88, 93, 95-6; root, 201 

Cubic measure, 95-7 

Cylinder, 88, 93, 95-7 


Decimals, 286-7; as rational numbers, 203 

Degree of an equation, 71, 124 

Delta form of slope rule, 271-2 

Denominator, 184, 284; lowest common, 
77-8, 192-5, 285; rationalizing a, 213-4 

Dependent equations, 116-18 

Deriving equations from tables, 118-9 

Descriptive statistics, 273-4, 280-1 

Diagonal, 252-3, 257 

Differences, 283; of two squares, 171-2; 
used to derive equations, 118-9, 123; 
used to determine distances, 251, 253; 
used to find slope, 271-2 

Digits, 282 

Directly proportional quantities, 235 

Direct variation, 234-7; square, cube, 
242-3 

Direction, 149-52, 248-9 

Distance, 44; between two points, 251, 
253; by trigonometry, 265-6; indirect 
measurement of, 248-50 

Distributive law, 60 

Division, by zero, 4, 13; checking, 63, 
284; in fraction form, 184; in variation, 
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236, 238, 241; of fractions, 191, 285; 
of monomials, 62-4; of polynomials, 
63-5, 213; of radicals, 212-4; of radi- 
cands, 205-6; of signed numbers, 47-8; 
tule of equality, 20-3; to reduce a frac- 
tion, 188-9, 284; words denoting, 5 

Duplicating, angles, lines, triangles, 
275-7, 281; in square root computation, 
206-8 


Eliminating an unknown, 124-7 

English into algebra, changing verbal 
statements into algebraic expressions, 
5-6, 13-4; changing verbal statements 
into equations, 1, 12, 18, 31; express- 
ing addition and subtraction, 4, 13; 
expressing multiplication and division, 
5; from verbal problems to equations, 
18, 31; in problem solving, 130-166; 
representing quantities by signed num- 
bers, 37, 49 

Equations, 17; consistent, 116-7, 121-2; 
containing parentheses, 75-6, 125, 221; 
dependent, 116, 118; deriving, from 
tables, 118-9; deriving, from sets of 
values, 98-9; first degree in one un- 
known, 71-85; first degree in two un- 
knowns, 124-9; graphs of linear, 112-22; 
graphs of quadratic, 228-30; inconsis- 
rent, 116-7, 122; linear, 112-22; literal, 
79-80; members of, 17; pairs of linear, 
116-8, 124-9; quadratic, 221-33; radical, 
214-5, 220-1, 223, 228; roots of, 17; 
simple, 17-35; solving pairs by addition 
and subtraction, 124-6, 128-9; solving 
by equality rules, 20-30; solving pairs 
by graphing, 116-8; solving pairs by 
substitution, 126-7; solving trigonomet- 
ric, 264-6 

Equilateral polygon, 86, 90; triangle, 87 

Equivalent fractions, 185-6, 284-5 

Estimating answers, 282, 286 

Evaluation, 6-8; of an unknown in a 
formula, 101-2; of powers, 10-1; with 
signed numbers, 48-9 

Exponents, 9-11; in division of powers, 
62-3; in multiplication of powers, 59-60; 
in power of a power, 59; in square roots 
of numbers, 170; in squaring numbers, 
169-70 

Expressions, algebraic, 53 

Extraneous roots, 215 

Extremes of a proportion, 254 


Factors, 3, 283; common, 168, 177-8, 188- 
93, 284; monomial, 167, 177-8; prime, 
167 
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Factoring, 167-83; complete, 172, 177-8; 
difference of two squares, 171-2; high- 
est common monomial factor in, 168-9, 
177-8; perfect trinomial square, 176-7; 
to solve quadratic equations, 222-3; 
trinomials, 174-5 

Formulas, 79-80, 86-108; area, 92-5; 
circle, 86, 89,94; coin, 98-9, 143-4; 
containing radicals, 215, 220; deriving, 
98-9, 253, 258; evaluating an unknown 
in a, 101-2; for circumference, 89, 91; 
from rules, 98-9; general, 98-9; in va- 
tiation, 234-44; length, 99; motion, 99, 
148-52; perimeter, 89-92, 141-2; quad- 
ratic, 227-8; solving, 79-80, 100-1; 
subject of, 100; time, 99; transforming, 
100-1; value, 143-5; volume, 95-7; 
xy =z type, 234 F 

Fractions, 184-200, 284-6; adding, 191-4, 
285-6; changing to equivalent, 185-6, 
284-5; common, 286-7; complex, 194-5, 
dividing, 191, 285; equivalent, 185-6, 
209-10, 284-5; fundamental principle 
of, 185; improper, 284; meanings of, 
184-5; multiplying, 190-1, 285; powers 
of, 11; proper, 284; rationalizing the 
denominator of, 213-4; reciprocals, 
186-7; reducing, 188-90, 284; simplify- 
ing complex, 194-5; square roots of, 
209-10; subtracting, 191-4, 285 

Frequency distribution, 273-4, 280-1 

Fundamental operations, 283-4 


Geometry, adjacent angles, 139-41; areas, 
92-5; circles, 86, 89,94; complementary 
angles, 139-41; congruent triangles, 
275-7; coordinate geometry, 251, 271-2; 
formulas, 87-97; indirect measurement, 
248-50; in variation, 236, 238, 240-1, 
243; law of Pythagoras, 251-3; perim- 
eters, 89-92; problems, 139-41; similar 
triangles, 255-7; solids, 88-9,95-7; sum 
of angles of a triangle, 139-41; supple- 
mentary angles, 139-41; triangles, 87, 
255-7, 275-7; triangles drawn to scale, 
248-50, 255, 257; volumes, 95-7 

Graphs, bar, 273-4, 281, 289; broken-line, 
273-4, 281; circle, 289; curved line, 
228-30, 233; in problem solving, 270, 
280; of consistent equations, 116-7, 
121-2; of dependent equations, 116, 
118, 123; of first degree equations, 
109-23; of inconsistent equations, 116- 
17, 122; of linear equations, 109-23; 
of quadratic equations, 228-30, 233, 
of square roots, 204-5; rectangle, 289; 
statistical, 273-4, 281, 289; straight 
line, 112-23; using intercepts, 112,114-5 

Grouped items, 273-4, 280-1 

Grouping, symbols of, 57-9 


Histogram, 273-4, 281 
Hypotenuse, 87, 251-2 


Identity, 17 
Imaginary numbers, 202 

_ Inclination, 271-2 
Incomplete quadratic equations, 223-5 
Inconsistent equations, 116-7, 122 
Index of a root, 201, 210 


INDEX 


Indirect measurement, 248-50 

Integers, 133-4, 140, 203 

Intercepts,-112, 114-5 

Tntecest problems, 146-8, 237 

Inverse operations, 19-20, 27-30, 71, 100 

Inverse variation, 234, 238-40; square, 
242-4 

Inversely proportional quantities, 238-40 

Investment problems, 146-8, 237 

Irrational numbers, 202-4 

TIsosceles, triangle, 87, 142; trapezoid, 
87, 142 


Joint variation, 234, 241-2 


Law of Pythagoras, 251-3 

Lever problems, 240 

Like terms, 11, 53 

Line of sight, 265-6 

Line symmetry, 277, 281 

Linear, equations, 112-22; measure, 89-92 

Literal, addends, 2; equations, 79-80 

Lowest common denominator (L.C.D.), 
192-5, 285 


Map, 110, 249-50 

Means, arithmetic, 273; of a proportion, 
254 

Measures, cubic, 95-7; linear, 89-92; of 
central tendency, 273-4; square, 92-5 

Median, 273 

Members of an equation, 17 

Minuend, 283 

Mixed numbers, 284-6 

Mixture problems, 144-6 


“Mode, 273 


Monomials, 53-70, 167-70; addition of, 
53-4; division of, 62-4; multiplication 
of, 59-60; simplifying addition of, 53-4; 
square roots of, 170; squaring, 169-70; 
subtraction of, 55-6 

Motion problems, 148-52, 237, 270, 280 

Multiplicand, 283 

Multiplication, by zero, 44-5, 47-8; 
checking, 3, 61, 283; in.solving equa- 
tions, 23-5; in variation, 236, 238, 241; 
of binomials, 171-3; of decimals, 287; 
of fractions, 285; of monomials, 59-60; 
of polynomials, 60-1, 212; 0f powers, 
59; of radicals, 211-2; of radicands, 
205-6; of signed numbers, 44-5; rule 
of equality, 20, 23; to obtain equivalent 
fractions, 185-6, 193-5, 284; words de- 
noting, 5 

Multiplier, 283 


Negative numbers, see Signed Numbers. 

Number scale, 37-9, 42-4, 50, 109 

Numbers, absolute value of, 36-8, 40-1; 
approximate, 203, 207-8, 282, 286; im- 
aginary, 202; irrational, 202-4; mixed, 
284-6; order of operations on,6-8; prime, 
167; rational, 202-4; reciprocal, 186-8; 
Roman, 282; rounding off, 282, 286; 
signed, 36-52; square roots of, 201-20; 
squares, 9-10, 169-70; whole, 282-4 


Opposites, 36, 42-3, 74 
Order of operations, 6-8 
Ordinate, 109 


Origin, 109 


Pairs of equations, graphing, 109-23; 
solving, 124-9 

Parabola, 228-30, 283 

Parallelogram, 87-8, 90, 92-3 

Parentheses, 1, 4-8, 57-9, 75-6 

Per cent, percentage, 288 

Perimeters, 89-92 

Pi, 77, 89,92 

Place-value, 282 

Plotting points, 109-12 

Plus and minus signs, 201 

Polygon, 86-94, 255 

Polyhedron, 88 

Polynomials, 53-72, 167-8; addition of, 
54-5, 57-9; arranging terms of, 54-6, 
64-5; division of, 63-5; factoring, 172, 
174-8; having a common monomial fac- 
tor, 168-9; multiplication of 60-1, 172-3; 
subtraction of, 56-7; using grouping sym- 
bols for, 57-9 

Positive numbers, see Signed numbers. 

Powers, 9-11; ascending order, 54; de- 
scending order, 54-5; dividing, 62; eval- 
uating, 10-11; multiplying, 59; of mo- 
nomials, 169-70; of a power, 59; of 
signed numbers, 46 

Prime factor, number, 167 

Principal, 146-8 

Principal square root, 170, 201-2 

Prism, 88, 95-7 

Problems involving, adjacent angles, 139- 
40; age, 135-6; area, 92-5, 223; check- 
ing, 23, 25-7, 30; coins, 143-4; combina- 
tion, 153-4; complementary angles, 139- 
40; consecutive integers, 133-4, 140; 
cost, 144-6; gears, 240; geometry, 89- 
97, 139-42; indirect measurement, 248- 
50; interest, 146-8, 237; investment, 
146-8, 237; law of Pythagoras, 252-3; 
lever, 240; maps, 249-50; mixture, 144- 
6; motion, 148-52, 237,270, 280; number, 
130-3, 138, 223; perimeter, 141-2; pes- 
centage, 22-5, 288; proportion, 237, 
239-40,242-4; pulleys, 240; ratio, 136-8; 
scale, 248-50, 257; solving graphically, 
270, 280; stamps, 143-4; steps of prob- 
lem-solving,130; supplementary angles, 
139-40; travel, 148-52; trigonometry, 
263-6; value, 143-6; variation in, 237, 
240, 242-4 

Products, 1, 3-4, 283; special, 167-83; 
square roots of a, 208-9. See Muleipli- 
cation. 

Proportions, 254-7; in similar triangles, 
255-73 in variation, 235, 237-44 

Protractor, 276 

Pyramid, 88, 96 

Pythagoras, law of, 251-3 


Quadrants, 109-10 

Quadratic equations, 221-33; complete, 
225-8; incomplete, 223-5; solved by 
completing the square, 225-7; solved by 
factoring, 222-5; solved by formula, 227- 
8; solved graphically, 228-30, 233; 

_ standard form of, 221, 227 

Quadrilaterals, 86-7, 90, 142 

Quotient, 1, 5, 47-8, 283-4 


Radicals, 201-20; addition of, 210-1; 
combining, 210-1; division of, 212-3; 
equations, 214-5; like and unlike, 210-1; 
multiplication of, 211-2; principles of, 
201-4; rationalizing denominators, 213- 
4; sign, 201; simplifying, 208-10; squar- 
ing, 212; subtraction of, 210-1 

Radicand, 201, 203, 205-6 

Range, 273-4 

Rank order, 273 

Rate, in percentage, 288 

Ratios, 136-8, 185, 202-4; continued, 
136-8; in a right triangle, 252; in direct 
variation, 235-7; in direct square vari- 
ation, 243; in inverse variation, 238-40; 
in inverse square variation, 244; in joint 
variation, 241-2; in scale triangles, 255- 
7; in similar triangles, 255-7; trigonom- 
etric, 260-2; ways of expressing, 136 

Rational numbers, 202-4 

Rationalize a denominator, 213-4 

Reciprocals, 186-8 

Rectangle, 87, 90-4, 289 

Rectangular solid, 88, 93, 95-6 

Reducing a fraction, 188-90, 284-5 

Regular polygon, 86, 90; pyramid, 88 

Remainder, 283-4 

Representation, 130 

Rhombus, 87 

Right triangle, 87, 251-3 

Roman numbers, 282 

Roots, 201-20; cube, 201-2; index of 
201; negative, 73-4; of an equation, 17; 
of a quadratic equation, 222-5, 227-30; 
principal, 170; square, 170, 201-15 

Rounding off numbers, 282-6 


Satisfy an equation, 113, 115-6, 118 

Scale, 248-50, 257 

Scale triangles, 248-50, 255, 257 

Sector, 86, 94 

Signed numbers, 36-52; addition of, 40-2; 
combining, 40-3; comparing, 38; division 
of, 47-8; evaluation with, 48-9; in num- 
ber scales, 37-9, 42-4, 50; meanings of, 
38; multiplication of, 44-5; powers of, 
46; simplifying addition of, 41-2; sub- 
traction of, 42-4 

Similar polygons, 255; triangles, 255-7 

Simple equations, 17-35 

Simultaneous equations, 
equations. 


see Pairs of 


INDEX 


Sine, 260 

Slope, 271-2, 280 

Solids, 87, 93-4 

Sphere, 88, 95-7 

Square, 9-10, 87; area of, 92-3, 170; com- 
pleting the, 225-7; difference of two, 
171-2; measure, 92; of a binomial, 175- 
6; of a monomial, 169-70; of the hypot- 
enuse, 251-3; unit, 87, 93 

Square roots, 170, 201-2; adding, 210-1; 
approximate, 203-8; as rational or irra- 
tional numbers, 203-4; computing, 206- 
8; dividing, 212-3; from graph, 204-5; 
from table, 205-6; multiplying, 211-2; 
of a fraction, 209-10; of a monomial, 
170; of a number, 201-20; of a perfect 
square trinomial, 176-7, 225-7; of a 
power, 208-9; of a product, 208-9; of a 
product of powers, 208-9; opposite, 202; 
principal, 170,201; rationalizing, 213-4; 
simplifying, 208-11; subtracting, 210-1; 
table of, 290-1 

Standard form, 119, 121-2, 221-2, 227 

Statistical graphs, 273-4, 281, 289 

Statistics, 273-4, 280-81 

Substitution, checking by, 17; method of 
solving equations, 126-7, 129 

Subtraction, 283; by number scale, 43-4; 
checking, 283; equality rule, 20, 25; of 
decimals, 287; of fractions, 285; of mo- 
nomials, 55-6; of polynomials, 56-7; of 
radicals, 210-1; of signed numbers, 42-4; 
symbol for, 3, 42; words denoting, 4 

Subtrahend, 283 

Sum, 1, 283 

Supplementary angles, 139-40 

Surd, 203 

Symbol for variable ratio, 278-9 

Symmetry, 277, 281 

Systems of equations, see Pairs of equa- 
tions. 


Tables, formulas from, 98-9; in problem- 
solving, 270, 280; of coordinate values, 
112-8; of equivalent fractions and dec- 
imals, 287; of equivalent per cents and 
fractions, 288; of sines, cosines and 
tangents, 292; of square roots, 290-1; 
of values, 98, 118-9, 229; statistical, 
273-4; trigonometric, 292 

Tangent, 260; of inclination, 271-2 

Terms, 8-9; combining like, 11-2; con- 
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stant, 223-4; like and unlike, 11, 53; 
of a fraction, 184, 284; of a polynomial, 
53 

Transforming equations, 79-80, 127; for- 
mulas, 100-2 

Transit, 265, 269 

Translation, see English into algebra. 

Transposition, 74-5 

Trapezoid, 87, 92, 142 

Triangles, 86-7, 139; acute, 87; area of, 
92-3; congruent, 275-7, 281; equilateral, 
87,90; isosceles, 87, 142, 253; obtuse, 
87; perimeter, 141; right, 87, 251-2; 
scale, 248-50, 255, 257; scalene, 87; 
similar, 255-7 

Trigonometric ratios, 260-2; finding an- 
gles by, 261-2; table of, 292 

Trigonometry, 260-9; in slope, 271-2 

Trinomial, 53; factoring a, 174-7; in form 
of ax*+bxte, 174-5; in form of xtbxte, 
174; perfect square, 176-7 


Units, cubic, 95; square, 92 
Unknowns, 17 
Unlike terms, 11, 53-4 


Value, absolute, 36-8, 40-1; approximate, 
282, 286; of a fraction, 185-6, 209-10; 
total, 143-5 

Variables, 234-47; a symbol for variable- 
ratio, 278-9; measuring change in a, 
234-5; multiplying or dividing, 235-9, 
241 

Variation, 234-47; direct, 234-7; direct 
square, 242-3; direct cube, 242-3; in- 
verse, 238-40; inverse square, 242-4; 
joint, 241-2 

Vectors, 37-9, 42-4, 50 

Verification, 130 

Volume, 95-7 


Whole numbers, 282-4 

X-axis, 109 

Y-axis, 109 

Zero, division by, 4, 13,47, 184-5; mul- 


tiplication by, 44, 47; when a product 
equals, 222 
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